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PREFACE TO THE ENGLISH EDITION 


The idea of designing this three-part problem book belongs 
to Professor B. Demidovich, but his early death prevented 
him from putting it into practice. The book was prepared 
by a group of us some of whom have had long pedagogical 
experience lecturing higher mathematics to engineering 
students. We have tried to do our best to develop and 
realize the ideas and plans of the late Professor Demidovich. 

The problems contained in the book cover all the branches 
of higher mathematics studied by engineering students. In 
addition, our problem book includes a number of problems 
which will enable the reader to repeat the main topics of mathe- 
matical analysis and vector algebra from his school course, 
studying them more carefully. 

The present book (Part 1) entitled “Linear Algebra and 
Fundamentals of Mathematical Analysis” consists of seven 
chapters (1 to 7) and includes the topics which, as a rule, 
are studied during the first two semesters of the course. 
Among them are: vector algebra with elements of analytical 
geometry, linear algebra, and also differential calculus of 
functions of one and several variables, and integral cal- 
culus of functions of one variable. 

Each chapter is supplied with answers to all the compu- 
tational problems. The answers are given at the end of each 
chapter. Those problems marked with an * are provided 
with hints and the ones with **, with solutions to be found 
with answers. 

Each section in all chapters is supplied with a brief in- 
troduction containing both the relevant theoretical material 
(definitions, formulas, and theorems) and a plenty of thor- 
oughly worked examples. 
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Part 2, entitled “Advanced Topics of Mathematical 
Analysis”, consists of six chapters (8 to 13) and includes the 
topics to be studied during the third and fourth semesters: 
multiple integrals, differential equations, vector analysis, 
theory of functions of a complex variable, series and their 
applications, and calculus. 

Part 3, entitled “Concluding Chapters”, consists of five 
chapters (14 to 18) and includes the following: theory of 
probability, mathematical statistics, optimization methods, 
equations of mathematical physics, and integral equations. 

In our work we were fortunate to have had the aid of 
Professors A.I. Prilepko, V.A. Trenogin, and 8.1. Pokhozha- 
ev, who brought to it both their profound knowledge of the 
subject and lecturers’ experience, for which we are very 
grateful. We should like to express our appreciation to 
Dr. L.V. Lapenko and S.A. Fomina for their help in pre- 
paring the present book for print. Special recognition is 
given to the translator of our book L.E. Levant for his 
numerous worthwhile suggestions. 

It is the fond hope of the authors that both the instructors 
and students who use this book will enjoy it as much as the 
authors have enjoyed its preparation. 


The Authors 
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Chapter 1 


INTRODUCTION TO ANALYSIS 


SEC. 1.1. 
REAL NUMBERS. SETS. 
LOGIC SYMBOLISM 


{. The Notion of a Real Number. As is known, every nonnegative 
real number zx is represented by a nonterminating decimal 


[eB Ses-e05 (4) 
where [z] is the greatest whole number not exceeding z and called the 
integral part of the number z, z, €{0, 1, 2, a 9) for any n EN. 


It should be noted that the decimals in which. z, = 9foralln > ny 
(rn) some natural number) are usually not considered here due to the 
following equalities: 


[x}.999... = [x] + 4, 


{xz}. TyLo.. -tng- _,999... = [z]. LiLo « - (tn, = | - 1)\ (No > 1: > Ing- 4929). 
A he number z is rational, i.e. ie presentable in the form of the 


ratio —, m, n€7, if and’ only if decimal (1) is periodic. Otherwise 


the number zx is irrational. 
The absolute value or the modulus of a real number z is defined as 
the nonnegative number 


jz i={ x, if z>0, 
—z, if r<0. 


It is supposed that the rules for comparing real numbers as also 
the arithmetical operations on them are already known to the reader. 


1.1. Prove that the number 


0.1010010001. . .10.. .01... 
Nee oe 


is irrational. Write the first three terms of either of the 
sequences of finite (or terminating) decimals approximating 
this number with deficit or excess. 

1.2. Represent the following numbers in the form of 
proper rational fractions: 

(a) 1.(2); (b) 3.00(3); (c) 0.110(25). 

1.3. Prove that the number log 5 is irrational. 


10) Introduction to Analysis Ch. 14. 


Let us assume that log 5 is a rational number, i.e. 


log 5=— ; m, n€Z. 


Then 
m 
10° ==5, 
190m = 57, 
gm .5m — 5n, 


But the last equality is impossible, since the number 2 enters into 
the factorization of the left-hand member in simple factors, but does 
not enter into a similar factorization of the right-hand member which 
contradicts the uniqueness of presenting whole numbers in the form of 
prime factors. Therefore our assumption is false and, consequently, 
the number log 5 is irrational. 


In problems 1.4 to 1.9 prove that the given numbers are 
irrational: 

1.4. V3. 1.5. ?/ p, p is a prime number, n> 1. 

16.2+V3. 14.7. V2+4V%3. 


1.8. log, p, p is a prime number. 
1.9. > |- mm, nm EZ, if it is known that a is irrational. 
In Problems 1.10 to 1.13 compare the given numbers. 
1.10. V¥2—YV5 and V3 — 2. 
Suppose the below inequality is correct: 
V 2—y5<y3-2. (2) 
¥24+2<yV5+73, 
64472<8+4+2 p15, 
272<14+7'15, 
8 < 164-2 p15. 


Since the last inequality is true, by virtue of the equivalence of the 
transformations performed, the initial inequality (2) is also true. 


Then: 


1.11. logs and logis 


yee 
1.12. en : and ( ; 
1.13. logic. = and 1. 


Gye 
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In Problems 1.14 to 1.16 prove the indicated numerical 


inequalities without using tables. 

1.14. log, 10 + 4 log 3 > 4. 

4 4 

ima carey ene o 

1.16. log, 26 > log, 17. 

1.17. Prove that the modulus of a real number possesses 
the following properties: 

(a) |x | = max {z, —z}; 

(b) |e-yl=iel-ly| and |= |= 

(c) |co-+yl<lel+lyland|z—y|>{|/2l—lyll 
(the triangle inequalities); 

(d) Vz? = [a |. 


In Problems 1.18 to 1.22 solve the given equations: 


bf 


1.418. [3e—4)-2—. 1.19. Vx2+23 0. 
‘ 2x2 — 1 
1.20. | —2?+27—3] =1. 1.21. aot |-1. 


1.22. V (x— 2)? = —x+2. 

In Problems 1.23 to 1.27 solve the given inequalities: 

1.23. | a — 2 | o> 1. 1.24. | 2? — 7x 4 12 | > a? — 7x 4- 
+ 12. 

1.25. 22, 2V (e+ 8P—10<0. 1.26. + <4—2. 


jz—T| 
1.27. V(a+1e<—2x—1. 


2. Sets and Set Operations. A set is understood as any well-defined 
collection of objects called the elements or members of the set. 

The notation a € A means that the object a is an element of the 
set A (belongs to the set A), otherwise we write a ¢ A. A special set 
that plays an important part in set theory is the empty set, sometimes 
called null set, which contains no elements. The notation used to 
denote the empty set is the symbol @. The notation A <B (read: 
“A is contained in B”, or, equivalently, “B contains A”) means that 
every clement in a set A is also an clement of a sct B, in this case A 
is called a subset of B. The sects A and B are equal (written A =: B) 
f@AcBand BCA. 

There are two basic ways of defining (describing) a set: 

(a) The set A is defined by a dircct enumeration of all of its ele- 
ments @,, do, ..-, @, i.e. written in the form 


A = {a,, Aoay « «© ey a, \. 
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(b) The set A is defined as the totality of those and only those 
elements belonging to a certain basic set 7 which possess the general 
property a. In this case we use a shorter notation 


A={zET| a (z)}, 


where a (rz) means that the element z possesses the property a. 
Example 1. Describe the set 


A ={zx€ Z| (x — 3) (x? —1) = 0 and z > 0} 


by enumerating (or listing) its elements. 

A is the set of all integral nonnegative roots of the equation 
(x — 3) (x? — 1) = 0. Consequently, A = {1, 3}. 

The union of sets A and B is defined as the set 


A UB={r|zE€A orzEB}. 

The intersection of the sets A and B is defined as the set 
A \B={r|x€EA and z€B}. 

The difference between the sets A and B is understood as the set 
AN B={x|xE€A and z é B}. 

In particular, if A is a subset of some universal set 7, then the 


difference set 7)\.A is denoted by the symbol A and is called the 
complement of the set A (relative to 7). 


1.28. Which of the two given notations is correct: 

(a) {4, 2} € {4, 2, {1, 2, 3}} or {1, 2} — {1, 2, (1, 2, 3}}; 

(b) £4, 2} € {41, 2, {1, 2}} or {1, 2} — {14, 2, 441, 2}}. 

In Problems 1.29 to 1.34 describe the given set by listing 
all of its elements. 


1.29. A= {x ER | x? — 32? + 2x = O}. 
1.30. A={x€R|e+—<2 and z>0}. 
1.31. A={x€N | 2?—32—4<0)}. 

or 
1.32. A={xez|+<2 <5}. 


1.33. A={zEN| logi— <2}. 


1.34. A = {f ER | cos? 2a = 1 andO<zx < 2a}. 
In Problems 1.35 to 1.42 represent the indicated sets on 
the coordinate plane. 


1.35. {(7, y)E Rel x+y — 2 = O}. 
1.36. {(z, y) € R? | 2? — y® > O}. 
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1.37. {(z, y) € R? | (2? — 1) (y + 2) = O}. 
1.38. {(2, y) € 22 |y > V 2x +1 and 2x -+ 1 > 0}. 
1.39. {(z, y) € R? | y? > 2x + 4}. 
1.40. {(z, y) € R? | Qt = y? + 4 and 23 < y}. 
1.41. {(x, y) € R? | cos 2x = cos 2y}. 
1.42. {(2, y ER? s>T) r%0, yO}. 
1.43. Describe by enumerating all the elements the sets 
AUB, ANB, ANB and BOA if 
A= {m€R|2? + 2 — 20 = O}, 
B= {e€R |x? —2z + 12 = O}. 


The notation m |n, where m,n € 7., means that the number 
m is the divisor of the number n. Describe the following 
sets (Problems 1.44 to 1.47). 


1.44. {cE N][ax{[8 and a~1}. 1.45. {7 €Z|8| Zz}. 

1.46. {EN |x| 12} 9 {fe EN |x| 8}. 

1.47. {x EC N | 12} 2} 9 f EN] 8[ 2}. 

1.48. Prove that: 

(a) the equality A (|) B = Bis trueif and only if BCA; 

(b) the equality A U B = B is correct if and only if 
Ac B. 


1.49. Let A = (—1, 2] and B = [1, 4). Find the sets 
AUB, A NB, ANB, BNA and represent them on the 
number axis. 


Taking the line segment 7 = [0, 1] for a universal set, 
find and represent on the number axis the complements of 
the following sets (Problems 1.50 to 1.53): 


1.50. {0, 1}. 4.54. (4/4, 1/2). 1.52. (0, 1/21. 
1.53. {4/4} U [3/4, 4). 


1.54. Prove that the operation of taking a complement 
possesses the reflexivity property 


(A) = A, 


and is also connected with the inclusive relation © and 
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operations [J and ) by the following duality laiwws: 
if Ac B, then A > B, 
AUB=ANBandANB=A UB. 


1.55. Prove that the operations (J) and {) are related by 
the distributivity laws: 


(AUB) NC =(ANC) UCB NC), 
(ANB) UC =(A UC) NB UC). 
Using the results obtained in Problems 1.54 and 1.55, 
prove the following equalities (Problems 1.56 to 1.59): 
1.56. ANB (A UB) =A. 


Since At} B=A 1) #B the left-hand member of the equality 
in question takes the form 


(ANB) N (A f) B)= (ANB) U (A 1) B)=A 
1.57. ALB =A QB. 1.58 AX B= AUB. 
1.59. 4) (ANB)=ANB. 
The operations U and f) are generalized in a natural way for the 
case of an arbitrary (finite or infinite) family of sets. Let, for example, 


there be given a family of sets A,, n € N. The wnion of sets belonging 
to this family is denoted by the symbol U_ 4,, and is defined as the 


neEN 
set of all those elements each of which belongs at least to one of the 
sets of A,,. The intersection (| A, is defined as the set of all the ele- 


nEN 
ments belonging to each of the sets of A,,. 


In Problems 1.60 to 1.62 find U A, and (ff) A, for 
nEN neEN 
the given families A,, n € N: 
1.60. A, = {x €Z|—n<xrgn}. 
1.614. A, = ee gn — 1}. 
1 1 

1.62, 4,={1,2, 3, ..., 2}. 

1.63. Let A be the set of all the points in the plane form- 
ing the sides of a triangle inscribed in a given circle. 
Describe the union and intersection of all such sets if 

(a) triangles are arbitrary; 

(b) triangles are regular; 

(c) triangles are right-angled, 
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A set X is said to be countable if there can be established a one-to-one 
correspondence between the elements of this sct and those of the sect 
of all natural numbers. 

Example 2. Show that the set % of all integers is countable. 

Let us establish one-to-one correspondence between the elements 
of this set and natural numbers, for instance, by ordering the set 
in the following way: 


Oy. 4a ead 2, 2a HS ws 

and then associating cach integer with its ordinal number in this 
sequence. 

In Problems 1.64 to 1.66 prove that the given sets are 
countable. 

1.64. {n EN | n= 2k, KEN}. 

1.65. {nEN | n= k*, KEN}. 

1.66. {n EN | n = 2", KEN}, 

1.67. Prove that if the set X is countable and AC X 


is ils infinite subset, then the set A is also countable. 
Using the obtained result, prove that the set 


neZ|n=k®—k+1,k€N} 


is also countable. 
1.68. Let X,, Xe, ..., X, be countable sets. Prove that 


their union UU X, is a countable set. 
nen 


Let X, ={2n,1) oz .}.; Then the elements of 

the set if X, can be ented. a "follows: 
neEN 

21411 21,95 oe ey Ly] 9 0 a oy 


To,12 Fe,av 22 +9 Tabs ee es 


@ e e s e e e e e 8 


Zniirtn,ar seer Tr sees 


To prove the countability of theset UU X,, it now suffices to number 
neEN 


all elements of this table in an arbitrary way. 


Taking advantage of the result of Problem 1.68, prove 
that the following sets are countable: 


1.69.) ={7EK [z= — for some m, n =~ OfromZ} is 


the set of all rational numbers. 
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1.70. The set of all points in the plane having rational 
coordinates. 
1.71. The set of all polynomials with rational coefficients. 


3. Upper and Lower Bounds. Let X be an arbitrary non-empty 
set of real numbers. The number M = max X is called the greatest 
(maximum) element of the set X if M€X and for any x € X the 
inequality z < M is fulfilled. The notion of the least (minimum) 
element m = min X of the set X is defined in a similar way. 

The set X is said to be bounded above if there is a real number a 
such that z <a for all xz € X. Any number possessing this property 
is termed the upper bound of the set X. For a given bounded above 
set X the set of all of its upper bounds has the least (minimum) ele- 
ment which is called the least upper bound or supremum and is denoted 
by the symbol sup X. 

The notions of a set bounded below, lower bound and the greatest 
lower bound or infimum are defined in an analogous manner. The latter 
is denoted by the symbol inf X. 

A set X bounded above and below is said to be bounded. 

Example 3. Find the supremum and infimum of the set [0, 1). 
This set has no greatest element, since for any xz €[0, 1) there is 
y €[0, 1) such that y > x. The set of upper bounds for the half- 
interval [0, 1) is the set [1, oo) with the least element equal to 1. 
Therefore 


sup [0, 1) = 14, 
where 1 ¢ [0, 1). 
On the other hand, the least element of the set [0, 41) exists and is 
equal to zero. The set of lower bounds is the set (-—-oo, 0] with the 


greatest element equal to zero which is the infimum of the half-inter- 
val [0, 1). Thus, 


min [0, 1) == inf [0, 4) = 0, 
and 0€ [0, 4). 


1.72. Prove that the above formulated definition of the 
supremum is equivalent to the following: 

The number /M is the supremum of the set X if and only if: 

(1) <M for all x € X; 

(2) for any ¢ >O there is an element x € X such that 
xr>> M—e. 

4 4 1 

1.73. LetX=(1, 5, paces he 

(a) Indicate the least and greatest elements of this set 
(if any). 

(b) What are the sets of upper and lower bounds for the 
set X? Find sup X and inf X. 
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In Problems 1.74 to 1.78 find max X, min X, sup X, and 
inf X (if any) for the indicated sets: 


1.74. X={z€R|2= 50, neN}. 1.75. X=[—4, 1]. 


1.76. X ={#€Z}|—5<a24< O}. 1.77. X = {ER lax 
< 0}. 
1.78. X={een|e=—e; m, n€N and m<nkh. 


1.79. Let X be the set of all the rational numbers satisfy- 
ing the condition r? < 2. Show that the set X has no greatest 
element. Find sup X. 

1.80. Let X Cc R be an arbitrary bounded set. Prove 
that the set —X = {z | —z € X} is also bounded and the 
following equalities hold true: 


sup (—X) = —inf X, inf (—X) = —sup X. 


1.81. Let X, Y < R be arbitrary bounded sets. Prove 
that the set 


X+Y={€R[z2=—=x+y, EX, yYEY} 
is bounded above and 
sup (X + Y) = sup X + sup Y. 


1.82. Let X CR and Y CR be sets bounded above and 
below, respectively. Prove that the set 


X-Y=€R|[2=2x—y, TEX, yEY} 
is bounded above and 
sup (X — Y) = sup X — inf Y. 


4. Logie Symbolism. When presenting mathematical considera- 
tions it is expedient to use a short notation with specific symbols 
utilized in logic. Here we shall introduce only several simplest and 
most widely used symbols. | 

Let a, 6, ... be some sentences or statements, i.e. narrative sen- 
tences each of which can be identified as true or false. 

The notation a means “not a”, i.e. the negation of the statement a. 

The notation « => B means: “the statement a implies the state- 
ment B” (=> is the implication symbol). 

The notation « <=> means: “the statement a is equivalent to 
the statement B”, i.e. “ifa, then B, and if B, then a” (<> is the 

ji e symbol). - 
tea ea aibolie Lee a A B means “a and B” (A is the symbol 
of conjunction). 


2—01176 
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The notation a \V B means “a or B” (\/ is the symbol of disjunction). 
The logic notation 
V rE Xa (2) 


means: “for any element z € X the statement o@ (z) is true” (Vis the 


generality or universal quantifier). 
The symbolic notation 


32 €Xa(z) 


means: “there exists an element z € X such that the statement a (r) 
is true for it” (4 is the ezistential quantifier). 

If an element zx € X, for which the statement @ (z) is true, not 
only exists, but is also unique, then we write 


=!a2€ X @ (2). 


Example 4. Using the logic symbols, write the following state- 
ment: “The number M is the supremum of the set X”. 

The statement M = sup z implies that the following two condi- 
tions are fulfilled: 

(a) VxeX (cx <M) (i.e. M is the upper bound of the set X). 

(b) VAER (VtEX (tx <A) SA SM) (ie. M is the least 
among the upper bounds of the set X). 

Condition (b) can also be written in the following equivalent form 
(see Problem 1.72): 


Ve>O0grcex (t«>M —.®). 


Example 5. Using logic symbolism, formulate the principle of 
mathematical induction. 
Let a be some statement making sense for all n € N. Let us intro- 


duce the set 
A ={n€N | @ (n)}, 


i.e. the set of all those natural numbers for which the statement a 
is true. Then the principle of mathematical induction can be formulat- 
ed in the following way: 


(1€A) A MEAS (n+ 1) EA) SAN. (3) 


Since the notation @ (n) means that the statement a is true for the 
number n€WN statement (3) can be written differently: 


(4 (1) A a(n) = a (n + 1) > Vr €Na@ (n). 


Example 6. Write the negations of the sentences: WY zx € X @ (z) 
and 3 x € Xa (xz). 
The negation of the sentence Y z € X a (z) has the form Jz € 


i 


€ Xa(z) (there is an element x¢€X such that the statement 
a (x) is false). In other words, for any statement a the following sen- 
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tence is true: 

VceXa(z) dre Xa(z). 
Analogously, 

d2xé€Xa(xz) —>V 2 € Xa (2). 


Example 7. Using the logic symbols, write the following state- 
ment: “The function f: X +R, X CR, is continuous at a point 
a € X”, and its negation. 

The given statement: 


Ver>ogobvrex ([ze—a| <b Sf) -—f@|<=®). 
Its negation: 
Fe>ovoqreX(le—al <b A lf) —f(@)| Se) 


(there is ¢ > 0 such that for any 5 there can be found anumber zx € X 
satisfying the conditions |z—a|<6 and | f(z) —f (a)| > e). 


In Problems 1.83 to 1.91 read the given sentences, clarify 
their sense and find out whether they are true or false (the 
symbols x, y, 2, a, b, c denote real numbers). 

1.83. (a) Vzdy (te +y = 3); (b) SJyVae (x+y = 3); 

(c) dx, y(t ty = 3); (d) Va, y («@ + y = 8). 

1.84. dz, y (ex >y>O0Azr+y=O0). 

1.85. Vz, y(a@<y)oeazs(«#<z<y). 

1.86. Va, y (2? ~ 2y’). 

1.87. Ve (Po>areor>iV«< 0). 

1.88. Ve (e>2Ar>3e2<2<3). 

1.89. dz (V 2? < 2). 

1.90. (a) Va, b,c (Ax (ax? + be +e = 0)<—>d? — 4ac> 0); 

(b) Va, b,c (Vx (az? + br +e > Od? — 4ac <x 
<O/A a>Q0). 

1.91. (a) Vbda Va (22 + ax + b> 0); 

(b) 4b Va dz (2? + ax + 6 = 0); 
(c) da Vb Ax (x? + ax + b = 0). 

In Problems 1.92 to 1.94 determine the exact meaning 
of the given sentences and write them using the logic sym- 
bols. Formulate and write the negations of these sentences. 

1.92. (a) The number z, is a solution of the equation 


f (x) = 0. 


Q* 
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(b) The number z, is the unique solution of the equation 
f (x) = 0. 

(c) The equation f (x) = O has a unique real solution. 

1.93. (a) The set X CR is bounded above. 

(b) The number m is the least element of the set X. 

(c) The set X has a minimum element. 

1.94. (a) The number m € Z is the divisor of the number 
n €Z, or in the shorter notation: m | n. 

(b) If the number n € Z is divisible by 2 and by 3, then 
it is divisible by 6. 

(c) p EN is a prime number. 


SEC. 1.2. 
FUNCTIONS OF A REAL VARIABLE 


1. The Notion of Function. Let D be an arbitrary set of real num- 
bers. If each number z € D is associated with exactly one definite real 
number f (x), then we say that a numerical function f is defined on the 
set D. The set D is called the domain of definition and the set 


E={yeR| y=f (z), c€D} 


the set of values of the numerical function f, the symbolical notation 
being: f: D> E or y= f (2). 

The most widespread method of specifying a function is its 
analytical representation. The analytical representation of a function 
is given by a formula which shows how the value of the function 
y = f (x) corresponding to any given value of the independent variable 
x can be determined. When a function is specified analytically its 
domain (of definition) is usually understood (provided that there are 
no additional conditions) as the maximum set of values of x for which 
the formula representing the function makes sense. This means that 
the application of the formula to these values of z should result in 
definite real values of y (natural domain of definition of function). 

Example 1. Find the domain (of definition) and the set of values 


of the function f (z) 7 qe ‘ 

The natural domain of definition of this function is the set D = 
—={x||2|< 1} = (—1, 1), and the set of values is the set EF = 
={yly >1}= (1, &). 

Let the function /: D — E be such that for any z,, x. € D from 
the condition z, ~ z, it follows that f (z,)  f (z,). In this case any 
number y € EF can be associated with quite a definite number zx € D 
such that f (z) = y; in this way a new function is defined f-!: E — D 
called the inverse of the given function f. 

Let there be given two functions: {: X > Y and g: Y —> Z. Their 
composition (or the composite function obtained by combining the 
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functions f and g) is defined as the function kh = go f: X — Z, specified 
by the equality 


h(x) =e (f(z), EX. 


2.1. Find the functional dependence of the radius R of a 
cylinder on its altitude H for the given volume V = 1. 

2.2. Write the expression for the volume V of a cone as 
a function of its lateral surface S for the given generatrix 
ee 

2.3. Write the expression for the area S of an isosceles 
trapezoid with bases a = 2 and b = 1 as a function of the 
angle a at the base a. 

2.4. Beginning with the instant of rest tf) a body moves 
with a constant acceleration a. Find the dependence of its 
velocity and the path covered on the time of motion. How 
are the path and velocity re- 
lated at the time ¢? BON C 

2.9. In an isosceles trape- 
zoid ABCD (Fig. 1) with 
bases a and 0b and altitude h 
a straight line MN is drawn 
perpendicular to the bases at 


a distance | AM|=2x from A M D 
the vertex A. Express the 
area S of the figure ABNM Fig. 4. 


as a function of the variable z. 

2.6. A cylinder is inscribed into a sphere of radius R. 
Write the functional dependence of the volume V of the 
cylinder on its altitude H. Find the domain of definition of 
this function. 

2.7. A right circular cone is inscribed into a sphere of 
radius R. Write the functional dependence of the area of 
the lateral surface S of the cone on: 

(a) its generatrix J; 

(b) the angle a at the vertex of the cone in its axial 
section; 

(c) the angle 6 at the base of the cone. 

Find the domain of definition for each of the functions 
thus obtained. 


2.8. Find f (—1), f (—0.004), f (100), if f (x) = log 2°. 


to 
ow) 
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2.9. Find f (—2), f (—1), f (0), f (1), f (2), if 
1+27, —o<r<0, 
2.10. Find Ff (1), ‘ile f(a+1), f(a— " 2f (2a), if 
f(z) = 2 — 
2.41. Find 7 f(—2), F(e+1), fi+4, f(>), 


1 ‘ 41—x 
Fe UOT, 
In Problems 2.12 to 2.21 find the natural domain of 
definition D and the set of values FE for the given function. 
2.142. y=In(x+3). 2.13. y=V5—2az. 


2.14. y=V sin) z. 2.15. y =arc cos —= : 


2.16. y=In(41—2cosz). 217. y=V1—]z]. 
2.18. y = log (54 — x? — 6). 
ZAve Y= 


2,20, y= Qeen(t-2), 204, y— gat 


In Problems 2.22 to 2.27 find the set G onto which the set F 
is mapped ee ae given oo 
2 


22. y = = [—4, 
223, y= [zl P= (elt< Jx}< 2}. 
Ho 

2.24. a ae F= (0, 1). 

2.25. y=V2z—2, F = (0, 1). 

2.26. y = log, z, F = (3, 27). 

2.21 y= sin, F=[0, 4/2). 

In deve 2.28 to 2.31 find the set of zeros D, = 
= Aa Ves = 0}, the domain of positiveness Dy = 
S12 yO and the domain of negativeness D_ = 


= io 4 << 0} for the given function. 
2.28. f(z) = 1+ 2. 2.29. f (7) = 24 4 — 2’. 


4 
2.30. f(2)=sin-2. 2.34. f()=1—e" 
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In Problems 2.32 to 2.35 show that the function y = f (z) 
satisfies the appropriate functional equation: 

2.32. f(x + 2) — 2f (t@ + 1) + f(z) =0,f (x) = kr + b. 

2.33. f(z) + f(@ + 1) =f@(@+1)), f@) = loge x 

2.34. f (21) f (%2) = f (1 + 22), f (z) = a. 

1 

2.35. f(r) +f (m)=f (FEE), f(e)=log GEE. 

In Problems 2.36 to 2.39 determine the function y = f (z) 
satisfying the given condition. 

2.36. f (c + 1) = 2? — 32 4 2. 


Letz+1=t, ie. c= t —1. Then zx? — 3x -+4+ 2 = t? — 5t+ 6, 
therefore 


f@®=f@tib=2—3r+2=—=2—5t+ 6. 
2.37. f(x +)=24+3, 2X0. 
2.38. f (= =)=24+ViIFe, z>0. 


2.39. f (2, + Lp) = SiN LZ, COS Ly + COS TF, SiN Ly. 
A function f (z) is said Be be even (odd) if its domain is symmetric 
about the point x = 0 and f (—z) = f (x) (f (—2z) = —f (2)). 


Which of the functions indicated in Problems 2.40 to 


2.45 are even, which are odd, and which are neither even 
nor odd? 


2.40. f (x) = 24 4+ 52?. 2.414. f(z) = 24+ 2. 
2.42. f (x)= 2.43, f (x)= 4 


2 
2*—{ ° —1° 
{tz 
2.44. f (xz) = sin x — cos z. 2.49. a log ea 
2.46. Prove that the product of two even or two odd func- 
tions is an even function, while the product of an even func- 
tion by an odd one is an odd function. 


A function f (z) is called periodic if there is a positive number 7 
(period of the function) such that VW xz € D (f (x + T) = f (z)). 


Which of the functions given below are periodic? Deter- 
mine the least period 7 for each function (Problems 2.47 
to 2.52): 


2.47. f (xz) = 5cos 7x. 2.48. f (xz) = cos? 2z. 
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2.49. f(z)=asinzr. 2.50. f(z) =cosz+sin(V 32). 

2.01. f(z)=sinz?. 2.52. f(z) = tan >" 2 tan — 

Which of the functions indicated below have inverses? 
Find the appropriate inverses and the domains of their 
definition (Problems 2.53 to 2.59): 

2.03. y = ax + b. 2.54. y = (x — 1)°. 


x 
ay 


2.00. y =cos2x. 2.56. y= In2z. 2.57. y=2". 


ey 9 

2.08. y= ara 2.09. y=2?+ 1. 

For the function y = zx? -j- 1 the natural domain of definition is 
the entire number line D = (—oo, +00) and the set of its values is 
the ray E = [1, -+oo). Since for any a € E the equation 77 +1—=—a 
has two distinct solutions x, (2) =a — 1 and z, (a) = —VYa—1, 
the given function has no inverse. 

But each of the functions 


j= 2 A, D, = (0, ++ oo), 


and 
yo= v’?+ i, D,= (—oo, O], 
has an inverse equal respectively to 


rr(y)=Vy—1 


ty) = —Vo=t. 


In Problems 2.60 to 2.63 find the inverse function and 
domain of its definition if the given function is defined on 
the indicated interval: | 

2.60. y = x? — 1: (a) ce € (—oo, —1/2]; (b) x €[1/2, +00). 

2.61. y = sin x: (a) x € [—n/2, n/2]; (b) x Eln/2, 3n/2]. 


9 62 Z, x E(—oo, O}, 
me I=) on, 2 €(0, +00). 
2.63. y = cos? x: (a) x € (0, 2/2]; (b) x € [n/2, al; 
(c) « € ln, 3n/2]. 
In Problems 2.64 to 2.68 find the compositions f > g and 
go f of the indicated functions: 


2.64. f (xz) = 2?, g(t) = Vu. 


and 
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We have: _ _ 
fog()=f(e@)) =f (Vx) =(V2xR=z 


gof(z)=g(f(t)) = ¢() =V22= | 2}. 
2.65. f (x) = 1 — 2, g (x) =: 2”. 
2.66. f (x) = e*, g(x) = Ing. 
2.67. f (x) = sin z, x €l—n, a], g (xz) = are sin z. 


0, xE(— oo, O], 
2.68. jt) = | EO. 426) 


= 0, LE(—o, O}, 
Cs ae (eee ae (eee 
2.69. Find fofof, if: 


4 x 
(a) f(z)= re (b) a ree 


2. Elementary Functions and Their Graphs. Listed below are the 
basic elementary functions: 

1. Power function: y = z2, a@ER. 

2. Exponential function: y == a*, a>0, a1. 

3. Logarithmic function: y = log, z, a> 0, a 1. 

4. Trigonometric functions: y = sin z, y= cosz, y = tanz, y= 
= cot z. 

5. Inverse trigonometric (circular) functions: y = arcsinz, y = 
—= arc cos z, y = arc tana, y = arc cot rz. 

Any function which can be constructed of a finite number of basic 
elementary functions with the aid of arithmetical operations and 
operations of forming a function of a function is called an elementary 
function. 

The graph of the function y = f (x) is defined as the set 


T={(r, y) €R?|2€D, y = f (x)}, 
where R? is the set of points in the plane. 

On a plane with a rectangular Cartesian system of coordinates O.cy 
the graph of a function is represented by a set of points M (x, y) 
whose coordinates satisfy the relation y = { (x) (graphical representa- 
tion of a function). 

In constructing graphs the following simple geometrical considera- 
ao are frequently used. If T is the graph of the function y = f (2), 
then: 

(1) the graph of the function y, — --f (z) is a mirror image of T 
relative to the z-axis; 

(2) the graph of the function yy — f (—r) isa mirror image of T 
relative to the y-axis; 

(3) the graph of the function y; = f (r -- a) is a displacement 
of T along the z-axis over the quantity a; 


and 
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(4) the graph of the function y, = b + f (x) is a displacement of T 
along the y-axis over the quantity )b; 

(5) the graph of the function y, = f (az), a > 0, a «1, is a-times 
contraction (for a > 1) or 1/a elongation (for a < 1) of I along the 
z-axis; 

(6) the graph of the function y, = df (zx), b > 0, b 1, is b-times 
elongation (for b > 1) or 1/b contraction (for b < 1) of T along the 

axis. 
A In some cases for constructing the graph of a function it is advisable 
to break its domain of definition into several nonoverlapping intervals 
and construct the required graph for each of them in succession. 

Example 2. Construct the graph of the function y= |z|+ 
+- | x? —1 |. 


Let us rewrite the given function as follows: 
z*’—z—1, zr€(—o, —1], 

—z?—2r+41, x€(—1, 0], 

—#+2+1, 2r€(0, 4], 
e+tez—1, r€(1, +0). 


The graph of the given function is a union of the graphs (parabolas) 
representing this function on each of the four intervals (see Fig. 2). 


Fig. 2. 


In Problems 2.70 to 2.75 write the given elementary 
function in the form of a composition of basic elementary 
functions: 


2.70. f (x) = | ax |. _ 
2.71. f (z) = sin (cos Vz). 
2.72. f (x) = Qsin x3, 
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2.73. f (x) = arc sin (eV), 
2.74. f (x) = sin (2**). 

1 
2.75. f (z) = antics 


In Problems 2.76 to 2.80 find the graph of the indicated 
function: 


2.76. y = V Insinz. 


The natural domain of definition of the given function is the set 


D=(e|sine=t}={F-+20k | hez}, 


ra{($+2n8, 0) |e ez}. 


2.77, y=x+V1—lesez|. 
278.. y=V = \22—4) 2. 
2.79. y=Vcost—1+-—. 


2.80. y=1+Vsinz+YV —sinz. 

In Problems 2.81 to 2.112 construct the graphs of the 
given elementary functions: 

2.81. y = kx + D, if: 

(a) k = 2, b=0; (b) k= 0, 6 = —2; 

(c) k= —1, b= — 

2.82. y = Yo + a (t — 2)’, if 

(a) a=1, z = 0, Yo = —1; 

(b)a=2, r = 1, yo = 9; 


3 
(c) a= —>, m= —2, Yom 
k oo 
2.83. Y=Yort L— Xp 9 if: 


(a) k = 1, ae. Yo 1; 


1 


therefore 
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2.84. y = asin (kx + a), if: 
(a)a=1,k=2,a=n/8; 


(b) a= —2, k= 1/2, a = —n/3. 

2.80. y = atan (kx + a), if: 

(8) S253, 413 a4 

(b) a = —1/2, k = 2, a = 3n/2. 

2.86. y = p arc sin (x + q), if 

(a) p = 4, g = —1; (b) p = —2/3, g = 1/2. 
2.87. y = p arc tan (x + q), if: 

(a) p = —3, gq = 5/2; (b) p = 2/5, q = —6. 
2.88. y = a®=t>. if: 

(a) @= 2,4 =] 1,6 =13 (b) a=] 1/2,% = 2,6 = —2. 
2.89. y = log, (kx + b), if: 

(a) a =10, k= 10, 6 = —1; 


(b). a= 4/10;,. 1/2, 6: = 2. 

2.90 y= |2—2e2]/4+ 4242]. 

2.91. y=xe74+ua—[2}. 2.92. y=27—6]x[4+9. 
2.93. y = | 62? + x | — 1. 


2.94. y=(z4?+2z) came 6. 2 Gao (eA, 
| 22-3 _ |a{—1 
2.96. y= z42 . 2.97. Y~ 72)’ 
1s. 20, 
2.98. ynsne=} O:. 20, 
—1, xr<0. 


2.99. y = [x], where [z] is the integral part of zx. 


24100. y={x}, where {x}=x—[z] is the fractional part 
of zx. 


2.101. y=2"'_1, 2.402. y= (4 yee. 
2.103. y = logy, | z — 3 |. 2.104. y = | log, (x + 1) J. 
2.105. y--arc sin (sin (2 ++)). 


2.106. y = arc cos (cos 32). 
2.107. y =cosx + |sinz |. 2.108. y = | arc tan (x — 1) |. 
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2.109. y-=-xsen(cosz). 2.110. y _| cot (x 4 a) - 


2411. y=sin? . 2.412. y=sin (arcsin =f"). 


In Problems 2.113 to 2.118 on the (zy)-plane represent the 

sets of points whose coordinates satisfy the given conditions. 
2.413. zy = 0. 2.114. Jy | = | 2? —2 | 2] —3 |. 
2.415. Jxz|+ly|[=1. 2.116. |e+ty|4+fle¢—y|=1. 
2.117. ||2| —|y]} = 1. 


2.418. |2y—1] + |2y+41)+—4 


V3 


|2| =4. 


SEC, 1.3. 
LIMIT OF A SEQUENCE OF REAL NUMBERS 


1. The Concept of a Sequence. The seguence of real numbers is 
understood as a function f: Ny +R defined on the set of all natural 
numbers. The number f (z) is called the nth term of the sequence and 
is denoted by the symbol zn, and z, = f (n) is called the formula of 
the general term of the sequence (rn),,¢y. 


In Problems 3.1 to 3.4 write the first five terms for the 
indicated sequence. 


3.4. ¢,=1+4+(—1)"—. 3.2. a, =n(1—(—1)"). 


Fs eee ate . 34. x, =(—1)”" arc sin ie 4- tn. 
In Problems 3.5 to 3.10 write the formula for the general 
term of the given sequence. 


4 1 4 4 
3.5. <>, pee 3.6. 0, 2, 0, 2, ... 


2 
4 6 8 
3.7. 2 5. a 


3 a hie ee 
3.8. 1, 0, —3, 0, 5, 0, —7, 0, 
sy) 7 9 11 
39. —3, 2, —2,7, -= 
vi, ¥2 yi v2 
3.10.0, >, 4, 4,0, -4-, -1, —4-,0, 
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In Problems 3.11 to 3.16 find the largest (smallest) term 


in the sequence (%p)pey having the upper (lower) bound. 
3.41. 2, = 6n — n? — 5. 3.12. 2, = elon—n’-24, 


3.13, t,=2™. 344. 2, = 3n?—10n—14, 
542 


n2 


3.16. 4,= —2. 


2. Limit of a Sequence. A number a is said to be the limit of the 
sequence (Zp) pcp ie. lim xz, = a, if for any e > 0 there is an ordi- 
TML-> 


3.15. 2, =2n+ 


nal number N (e) such that for n > M (e) the inequality | z, ~a|< 
< eis fulfilled. In this case the sequence itself is called convergent. 
Cauchy’s criterion: for a sequence (tp) ncpy to have a limit, it is neces- 
sary and sufficient that for any & > 0 there exists an ordinal number 
N (e) such that for n> WN (e) the inequality | t,+p —2,|<€& is 
fulfilled for any pE€ NN. 
A sequence (Z,,),¢,, is said to be infinitely small if lim z, = 0. 


1 co 


A sequence (t,),cx is said to be infinitely large (converging to infini- 
ty) (written lim z, = oo) if for any Z > 0 there exists an ordinal 


N+ 0o 
number WN (Z£) such that for n > N (£) the inequality | z, | > £ is 
fulfilled. In this case, if, beginning with some ordinal number, all 


terms of the sequence are positive (negative), then the following nota- 
tion is used 


lim z, = +oo (lim 2, = —ov), 
A number a is called a limit point of a sequence (Tn)nen» if for any 


& > 0 there can be found an infinite number of terms in this sequence 
satisfying the condition | z, —a|<e. 

Bolzano- Weierstrass principle: any bounded sequence has at least 
one limit point. 

The largest (smallest) of the limit points of a sequence is called 
the limit superior (the limit inferior) of this sequence and is denoted 
by the symbol lim gz, (lim z,). 

Nwoo 


N+ 00 

3.17. Using the logic symbols, write the following sen- 
tences and their negations: 

(a) The sequence is bounded; 

(b) The sequence increases monotonically; 

(c) The number a is the limit of the sequence; 

(d) The sequence (Z,)ney iS infinitely large; 

(e) The number a is a limit point of the sequence. 
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3.18. Find a@ = lim z, and determine tlhe ordinal 


number N (e) such that | LZ, ~a|<eforalln > N (e) if 
(a) z, = 0.33. ..3, ¢ = 0.001; 
——_ eee’ 


(b) c,=Y™t! | 2=0.005; 


(c) x, =— sin =: e= 0.001; 


(d) t,=25te, e=0.005. 
In Problems 3.19 to 3.33 compute the indicated limits: 


3.19. lim2—* . 3.20, lim 4" | 


N+ Oo N->oo 


5n+1 
3.21. lim 7—On ° 


(2 +2)? — (n— 2)8 
3.22. lim ~~ 95n84-39n A 


3,23. lim Vt an $1 


n—i 


3n2— Tn+1 
2—5n—6n2 ° 


; an—1 4+-2n8 
3.25. lim (457 - ae) ; 


3.26. lim (Vn +2—Y 7). 


3.27. lim n3/2(VWn3 +1—YV n3— 2) 
Te Qh4.3n 
3.28. lim 


> 


: | = 
3.29. lim (—-+4+...+ le ~). 


2 
n nm 


3,30. lim ae : 


3.24. lim 


] 
“a / nr? sin (n?) 
3.31. ona ae 
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‘ ; 1 1 4 
3.32. lim (ay t+yy+-- tagay): 
3.33. lim n(p—agte. fife tyr), 
3.34, Prove that if the sequence (z,)ncen is infinitely small 
and Vne€EN (z, #0), then the sequence (= is is in- 


finitely large. 

Which of the given sequences are infinitely large (Problems 
3.30 to 3.38): 

3.35. 2,=2¥". 3.36. 2,=nl-1)", 

3.0/. 2, —nsin — , 

3.38. 2, = log (log n), n > 2. 

In Problems 3.39 to 3.41 find all the limit points of the 
given sequence. 

2+(—1)" _ nun 

3.39. Ly, =o (4 . 8.40. ZL, == COs (=) ° 

3.44. x, =arcsin {" 
3.42. Prove: 


(a) limz, +lim y,<lim (z, -+y,)<limz,+ lim y,; 
rae ie =e =e n +00 

(b) lim z, + lim y,<lim (2, +y,)<lim az, +lim y,. 

For each of the following sequences (tn)nen find inf {z,}, 
sup {z,}, lim z, and lim 7,: 

noo noo 

3.43. t,=41+—. 3.44. 2,77 coset, 

3.45. 2, —(--1)" (27 +1). 

3.4652. mre sin, n>2. 


4 
Q4+(—1)% 4 
3.47, ¢,=2tCW _- 7 
3.48. Prove that the equality lim x, = lim zx, is a 


N—> oo 
necessary and sufficient condition for. the sequence (2%,)nen 
to have a limit. 
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SEC, 1.4. 
LIMIT OF A FUNCTION, 
CONTINUITY 


1. Limit of a Function. Let a function y - f (z) be defined on 
a set D. A number a is called the limit of the function y = f (x) at a 
point zy written lim f(r) = a if for any ¢ > 0 there is a number 


xX7>XO 
6 (¢) > 0 such that for any x €D the condition 0<|zx—2,|< 
< 6(e) implies the inequality | f (7) —a|<e. 

Cauchy’s criterion. For a function y = f (x) to have a limit at a 
point xp it is necessary and sufficient that for any & > 0 there is § (¢) > O 
such that | f (z') —f (x")|<&, whenever | x’ —2z)| <5 (e) and 
| 2” — ry | < 6 (8). 

A number a is said to be the limit of a function x = f (zr) as x 
tends to infinity (written lim f (x) = a) if for any ¢ > O there exists 


x CO 
a number A (e) > 0 such that | f (xz) —a|< e, whenever | z| > 
>A (é€). 
We shall use the following remarkable limits: 


(1) 
x >0 Zz 
: : i x 1; 1/x_. 
lim (4+—)*=lim (1+2)"/*=e, (2) 


where e = 2.71828... is the base of natural logarithms. 

Let us also introduce the following notion of a one-sided (unilateral) 
limit. The number a is termed the right-hand (left-hand) limit of the 
function y=f (x) at the point 2, (written lim f(x) =a 


x--x9+0 
( lim f (xz) = a)) if for any e > 0 there exis a number 6 (e) > 0 


such that the condition 0 << z — xy < 6 (e) (—6 (8) < t — ag < 0) 
implies | f (xz) — a | <s. The notion of a one-sided limit at infinity 
( lim f(z) and lim f(z)) is 

+ -- oo +— oo 
introduced in a similar way. 

In Problems 4.1 to 4.3, 
using only the definition of P 
the limit of a function, prove 


that lim f(z) =a and fill 
in the ‘given table: 
NN. F (OC) rs Dy ay ee 
Lee. fe) Se 1, A= 4. 
4.35. f(s) = loo 2, a, = 1, a= 0. 
In Problems 4.4 to 4.11 rewrile the given statements, 
using the logic symbols. 


0.4 0.01 0.001 


5 (€) | 


—— 


.8—01176 
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4.4, limf(z)=oo. 4.5. lim f(x) = — oo. 
x0 x71-0 

4.6. lim f(z)=0. 4.7. Ets a) = + oo. 
x> + 00 

4.8. lim f(r)=0. 4.9. lim f(2)= 
x+0+0 

4.10. lim f (x)= —oo. hd. lim f(z) =o 


In Problems 4.12 to 4.25 compute the limits of the indi- 
cated rational expressions. 


xz2— 2 a, 
4.12. eee ree B : 4. 13. lim => —3 
. (x—1)7/ 28—« 
4.14. lim —5r ° 4.15. aun ema ey pa : 
' 4 3 2z +4 
4.16. an (=> -sr) . 4.17. lim 7S. 
418. lim" sm, nEN. 4.419. lim SEM O® | 
x24 24 h+0 h 
. [23 -+ ¢—2| F 823 — 4 
4.20. Rees ar ree 4.21. on 6r?— 5241" 
ee 
4.22. lim Ser ere 
4.23, lim (sep). 484. lim oT 


(x + 1)? + (@4- 2)? +... + (a+r) 
4.25. = gat EN. 
4.26. Prove that if P, (xz) = agz" +... -|- Gn, Om (4) = 
= 62" +...4+ dz, then 
0 for n<im, 
lim ~~———_= 4 a)/b, for n=™m, 
HF 

fore) for n=>>m and a,>0O. 


When computing limits containing irrational expressions, use is 
frequently made of the following techniques: (a) introduction of a new 
variable for obtaining a rational expression; (b) transfer of an irra- 
tionality from the denominator to the numerator or vice versa. 
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— Va 


i mee 


3 
Example 1. Compute lim 
x84 9 


Let t=). Then 


— ; 4 = 
eye eee! aoe O° 
Example 2. Fvaluate lim (y/224-7-- /22—7). 
x2 oO 
lim (f/2?+7—y x?—7) 

x2>0Oo 


yy WEEIAV Fa) VERY F1) 
* gees V2tity2—7 14 


= ey 
In Problems 4.27 to 4.41 evaluate the given limits: 


4.27. lim 224. 4.28, lim Y2=1=3 | 


x00 OL-f bat a x x+10 z— 10 
4.29. lim Yt@t¥e=1-1 
xt yr—1 
4.30. lim V2t2#—V2 gto. 
h->0 a 
4.31. lim 2S¥%, 4.32. lim tet) 
x1 Vr—1 x0 
4.33. Ee ee 


x0 Vo.1 VW 3244/30 

4.34. eee oa oe 4.35. lim —=—— Ve— -m, n€N. 
x0 x x27 en 

4.36. lim V@H4—2 | 4.g7. lim Veter Vere 
x>0 py c2+9—3 x0 Po2pa—V 2-2 


4.39. lim eaten oy ek 


4.40. lim (V 4x2— 7z-+ 4—2z). 


-3* 
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4.44. lim 23/2 (VY 234+ 2—YV 23— 2). 

In Problems 4.42 to 4.53 compute the given limit, using 
remarkable limit (1): 

4.42, lim 222, 4,43. lim 


x70 x IT 


Sin 7x 
tan 32 ° 


1 n 
4.44, lim oe > n, mare integers. 
a>+0 


4.45. limzxcotnz. 4.46. line. 


x0 x0 4a 
a. tm, Ge ia 
x0 « a0 a 
4.49. lim Oe XP. 
x7 
4.50. lim( cota). 4.54. lim tan sin =", 
xo \ Sing ase 20 2 
_ f3— | 
4.52. lim VETERE 4.53. lim (4 — 2) tana. 
oe x 


— 2 
4.54. Jim A808" 455. Lim AOS 5e 
gp tan*a—sin? a xan 1—COS 4x 


In Problems 4.56 to 4.58 prove the given relationships: 


4.56**, lim 18eU4*) _ og e. 
x70 z 5 
4.57%. lim =Ina. 4.58*. lim ret =a 
x0 x0 


When computing limits of the form lim wu (z)»(“), where 


x>X 
lim u(z)=1, lim v(z) = 0, remarkable limit (2) is used. 
X7Xpq x+> XO 


Example 3. Compute lim (=). 
2+2z 


x-> 00 


We have 


(siz) =(t4ys) = (44a) 
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Since 
ore u 
lim (4+ i lim (1+ 2) 
x Co ( 2+2z pees 0 
=> 
and 
lim —*.3z= 6, 
xX +00 2+ 
we obtain 
lim ( = eset 
XN ->00 2+2 


(here the continuity of a composition of continuous functions has been 
used). 


Using remarkable limit (2) and the results obtained in 
Problems 4.53 to 4.97, compute the following limits (Problems 
4.99 to 4.68): 


4.59. lim (SS), 4.60. lim (342 )* 


x00 t— 2 x -> 00 
1 ca 
4.61. lim(cosz)*. 4.62. lim (41+ tan? Vz) * 
x—+0 x0 
4.63. lim xz (In (2+ 2)—I1n 2). 
4.64. lim — In ee a 
x0 
= —a 
4.65. limz(a® —1). 4.66. lim + = 
X »o0 x *i4 
LT Vi, BGS. ni 
xa Bae x>0 
4.69. Prove that lim f (xz) = a if and only if for any 


XX 
sequence of arguiments (2,)nex, convergent to zy, the 
corresponding sequence (f (%,,))nex of values of the function 


converges to a. 
Using the result obtained in Problem 4.69, prove that for 


the following functions lim f (x) is not existent (Problems 


4.70 to 4.72): ~~ 
4.70. f (2) = COSx, #y = 00. 471, J (x) = sin + xy = 0. 
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4.72, f (x) = « — Iz], zy = oo. 
In Problems 4.73 to 4.80 compute the indicated one-sided 
limit. 


4.73. lim 73—. 4.74. lim #22 


x->3£0 foe x20 4 = ) 
4.75. lim (2+-2)*. 4.76. lim 7°7*. 
x7>0+0 x>~2+0 
4.77. lim arctanz. 4.78. Lim |]. 
x— +00 . XxX +00 
R79... Vip: SN 80. lie 
peedary) 22 — xoaneg COSt—I 
a 


4.81. Prove that the limit of the function y = f (xz) at 
the point x, exists if and only if there exist at this point 
the left-hand and right-hand limits and they coincide. 


2. Infinitely Small and Infinitely Large Quantities. (Infinitesimals 
and Infinites.) A function @ (z) is called infinitesimal as r— x, 
if lim a@(zr)=—0. 

xX 
Infinivesimals a (c) and B (x) are said to be comparable if there 
exists at least one of the limits lim B (z) or lim “% (x) 


x>xg & (Zr x+xg B (x) 
Let a (x) and £ (x) be comparable infinitesimals as x ~ z, and let, 


for the sake of definiteness, there exist lim ~% (x) _ C. Then: 


xX>x Z 
(a) If C40, then @ (z) and B (z) are infinitesimals of the same 
order. In particular, for C = 1 the infinitesimals @ (x) and B (z) are 
said to be equivalent, written a ~ B 
(b) If C = 0, then @ (z) is an infinitesimal of higher order than 
B (x); in this case we write a = o (§). If there exists a real number 


r>Osuch that lim —2 (2) + 0, then @ (z) is said to be an infi- 


nitesimal of order r relative to B (2). 
A function @ (z) is called infinitely largeasx-> rjif lim @ (x) — 


r 


: adiaeae | 
== oo. The notion of comparable infinites and their classification is 
introduced much in the same way as it was done for infinitesimals. 


4.82. Prove that if lim aa -- C~0, then there can 
V>NG 


be found a number 6 > O and constants C, and C, such that 
jx—2, |< 6S C,p (zt) <a (x) <C,f (2). 
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4.83. Prove that a ~ £8 if and only if a — 8 = 0 (a) or 
a — BP =o (f). 

In Probiome 4.84 to 4.93 determine the order of smallness 
of a (x) relative to B (xz) = z as x > 0. 


4.84. a(x) = Nea . 4.85. a(x) =F/ 22-23. 


HF 


4.86. a(z)= = 4.87. a(x) =tanz—sing. 


4.88. a(x) ==sin (VY r+2—Y 2). 
4.89. a (x) =3 sin? xz — zt. 
of ff = 
4.90. a(z)=¥ 149/2—-1. 
4.91. a(x) =V 14+ 2r—1-YVz. 
4.92. a (x) = 3Y* —1. 4.93. @ (x) = 2% — cosa. 


4.94. Prove that « (x) — 6 (x) is of the second order of 
smallness relative to x as x — 0 if: 


(a) a(z)=z-—, B(2)=1—2; 
(b) a(2)=Vaefa, B(2)=a+ 5-2 (a#0); 


(c)a(z)= (1+ 2)", B (@) =1+nz (nr EN). 
In Problems 4.95 to 4.98 compute approximately the 
given expression. 


4.95. 1/1.03. 4.96. V 25.3. 
4.97. (1.03)®. 4.98. (0.97)*. 
4.99. Prove that if 
a (x) ~ a, (x) and B (z) ~ B, (x) asz > Zp, 
then 
lini (o) a (x) - Oy (2) 


x7 XO “B (x) ) aoe By (x) 


Using the result obtained in Problem 4.99, compute the 
following limits (Problems 4.100 to 4.106): 


arc sin 


Vi—a 
4.100. an ——In(t—a) ‘ 
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H 2 


Since arc sin Vi-w ~ ES and In(1—z) ~ (—z) as 


x—>0, then 


4.102. lim cos r— COS 2x 


14—cosz 


GAOS, Vite ee 0G, i 


arc sin (1— 2z) ie cal su 
co x>0 arc sin 3z-sin — 


1—cos 4x 
4.105. Jim Seinta-patan 72 


2 V2—(cosz+sin xe 
4— sin 2x 


AOL. lini = 


4.106. lim 


x - 
4 


In Problems 4.107 to 4.112 determine the order of growth 
of the infinite A (z) relative to B (x) = x as x > co: 
4.107. A (x) = x? + 1507 + 10. 


4.108. A(z) =V 224+ 32+5- |a}. 
4.409. A(z)=Va+rVx. 4410. A(z) =3/2?@—2+Yr. 
a es 


528 Ie? /2 
4AM. A(r)=sarpy 42. AQ) =a. 

3. Continuity of a Function at a Point. Classification of Points of 
Discontinuity. A function y = f (x) with the domain of definition D 
is said to be continwous at a point zr, provided the following three 
conditions are fulfilled: 

(a) the function y = f (x) is defined at the point zo, i.e. zp € D; 

(b) there exists lim _ f (2); 

X>XQ  pSepet ae 


(c) ae f (x) = f (Zo). 
If condition (a) is fulfilled, then conditions (b) and (c) are equiva- 
lent to the following: 
lim Af (Zo, Az) so QO, 
Ax>() 
Af (to, Ax) = f (zo + Ax) — fF (x) 


is the increment of the function y = f (7) at the point x, corresponding 
to the increment of the argument AG = © — Zp. 


where 
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If at least one of the three conditions is violated at the point zo, 
then zy is called a point of discontinuity (or simply, a discontinuity) 
of the function y = f (x). The following three cases are distinguished: 

(a) lim f (z) exists but the function is not defined at the point ry 


x +XY 
or the condition lim f (7) = f (z9) is violated. In this case zy is 
x +X 
called a removable discontinuity. 
(b) lim f (z) does not exist. If both one-sided limits 


xv7>XQ 
lim f(z) and lim f(z) exist (obviously not equal to 
x+>x9+0 x+KQ- 0 
each other), then zy is termed a discontinuity of the first kind. 
(c) In all other cases zp is called a discontinuity of the second kind. 


4.113. Using the logic symbols, write in terms of “e-6” 
the following statements: 

(a) The function y = f (x) with the domain D is con- 
tinuous at the point x, € D. 

(b) The function y = f (x) is not continuous at the point 
ew: 

In Problems 4.114 to 4.118 prove that the given function 
is continuous at each point of its natural domain of defini- 
tion. 


4.114. f(z) = 2”, nEN. 


Using the binomial formula, we obtain 
Af (gy Be) = (gst Aa) eh 
s.Garr Ne Crt Oar)? ao cos oe Ae) 
Hence lim Af (29, Ar) = 0. 
Ax—0 


4.115. f (xz) == a, a > 0. 

4.116. f (z) = log, xz; a>0, a¥1. 

4.117. f (x) = sin x. 4.118. f (x) = arc sin z. 

In Problems 4.119 to 4.121 determine at what choice of 
the parameters entering into its definition the given function 
f (x) will be continuous. 


z7-|-x -2 


4.119. f (z) - 


9 


, cA, 
hemes 
x—4, «rl, 


as? 24; 


4A20. f (2) =. 
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ax +1, t= 72, 


AAZ1. f(t) = 
f (2) | sing+b, x>n/2. 

In Problems 4.122 to 4.137 find the points of discontiuuily 
of the given function, investigate their nature, and if a 
discontinuity is removable, redefine the given function so 
as to make it continuous. 


1 iF ie 
4122. f(2)—o—y 4.123. f(y 
4.124. f(x) oo, n€N. 4.125. f (a) = sin L. 


4.126. f(c)=1—aesin=. 4.127. f(2)=3*™, 


§.128. f (2) =(e+4) arctan +, 


4.129. f (2) = 
— 
4.130. jj =", 4.131. f (a) =— In. 
ne 
a 
4.132. f(x) ==, TE 4.183. f (2) = EF, 
r—i1 
a —1<2<1, 
4.134. i0)=| x—i, 1<7<4, 
1, re tT. 


4.135. f(z)= — 


4.136. f(r) ¢ 4-227, 1tor—2.5, 


2V x, O<r<l, 
Zh 1s. $20 Ee. 
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COS Z, -> <r“< 


amy 


TT 
4? 
mn 
4137. f(z | ae. L=—7, 

n 
i 3 ra LT. 

4.138. Prove iat all points of discontinuity of a bounded 
monotone function are discontinuities of the first kind. 

4. Continuity on a Set. Uniform Continuity. A function y = f (2) 
is said to be continuous on a set D if it is continuous at each point 
x€D. It is called uniformly continuous on D if for any e¢ > O there 
exists a number 5 (c) > 0 such that for any z’, xz” € D the inequality 
| 2’ — x” | <6 (e) implies | f (z’) —f (x")|<e. 

Cantor’s theorem. [fa function y = f (z) is continuous on the inter- 
val [a, b], then it is uniformly continuous on this interval. 

.139. Prove that if y = f (x) is a function continuous 

on [a, b], then 

(a) it is bounded on [a, 0]; 

(b) reaches on [a, b] its upper and lower bounds (Weier- 
strass’ theorem); 

(c) attains on any interval (a’, 0’) cla, 6b] all inter- 
mediate values between f (a’) and f (b’) (€ ‘auchy’ s theorem). 

4.140. Prove that if a function y = f (xz) is continuous 
on la, oo) and there exists a finite lim f (x), then this 


function is bounded on [a, oo). = 
4.141. Show that the function 


attains on any interval [0, al all the intermediate values 
between f (0) and f (a), but is not continuous on [0, al. 

4.142. Prove that any polynomial of an odd degree has 
at least one real root. 

4.143. Formulate the following statement in terms of 
“e-6”: the function y —f (x) is continuous on the set D, 
but is not uniformly continuous on this set. As examples, 
consider the following functions: 


(a) f(e)=+, D=(0, 1); 
(b) f(x)=logz, D= (0, 10]; 
(c) f(z)=sin—, D=(0, 4]. 
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4.144. Prove that if a function y = f (zx) is continuous 
on [a, -+co) and there exists a finite lim f (z), then this 


Xx + 00 
function is uniformly continuous on [a, + 00). 

4.145. Show that the unbounded function f (x) = x + 
+ sin x is uniformly continuous throughout the entire axis 
—oo< r< +00. 

In Problems 4.146 to 4.152 investigate the given function 
for uniform era on the indicated set. 


4.146. f(z)= a D=[{—1, {]. 
4.147. f (x)= In x, D = (0, 4). 
4.148. f (x)= a , D=(0, a]. 


4.149. je) =ercos 4, D=(0, 4]. 
4.150. f (x) = arctanz, D =R. 


AAD. f(z) = Vz, D=l1, +0). 
4.152. f (xz) = xsinz, D =[0, +00). 


SEC. 1.5. 
COMPLEX NUMBERS 


1. Algebraic Operations on Complex Numbers. Compler numbers 
are defined as all possible ordered pairs z = (z, y) of real numbers for 
which the operations of addition and multiplication are defined in the 
following way: 


(x4, 91) 2a (Zo, Y2) = (x, is Lo yy -F Yo), (1) 
(Ty, Y1) (Zar Yo) = (LyZ_ — YiYar BWYe + Tey). (2) 


The set of all complex nuinbers is denoted by the symbol C. 

The real numbers z and y are called the real and imaginary 
parts of the complex number z == (zx, y) and are denoted by the symbols 
Rez and Imz, respectively. 

Two complex numbers z, = (r,, y,) amd 2, = (re, yo) are said 
to be equal if and only if z, == xz, and y, = yp. 

From definitions (t) and (2) it follows that any complex number 
(x, y) can be written as follows: 


(z, y) = (2, 0) + (0, 1) (y, 0). (3) 
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If now complex numbers of the form (r, VU) are identified* with real 
nuinbers .c, and the number (0, 1) is denoted by the symbol i, then 
equality (3) takes the form 


z=x+ iy, 
the latter being called the algehraic form of the complex number 
= (z, y). 


0.1. Prove that the operations of addition and multiplica- 
tion of complex numbers possess the following properties: 

(a) 2, + 2, = 2 -- 2, (commutativity of addition); 

(b) (2; + 2.) + 2, = 2, + (2. + 23) (associativity of ad- 
dition); 

(C) 2,25 = 22, (commutativity of multiplication); 

(d) (2,35) 2; == 2, (2923) (associativity of multiplication); 

(e) 2, (2. + 23) = 2,2, + 2,2, (distributive law). 

9.2. Prove that: 

(ay V 216 Se SOS 222 Zz) ) 


( the number z is called the quotient and is obtained by the 


division of z, by z,; itis denoted as 2 
b) if z; = 2, + iy, and z, = x, + iy,, then 


2 Pe eG Y1%_— T1Y2 


Zg (LB eh y8 


In Problems 5.3 to 5.12 perform the indicaled operations, 
presenting the result in the algebraic form. 

9.0. (1 — 2i) (2 + i)? 4 Oi. 

The task is to present the given complex number in the form 

(4 —2i)(2+80?4+ 5i= 2+ yy. 

To this end, we may take advantage directly of formulas (1) and (2), 
but the same result can be obtained in a simpler way. As is shown by 
the properties listed in Problem 5.1, when adding and multiplying 


complex numbers represented in the algebraic form, we may treat 
them as binomials of the form a + ib, bearing in mind that i? = 


* That is, a one-to-one correspondence (z, 0)+»z is established 
between the sets {(z, 0) | ze R} and R. It follows from (1) and (2) 
that this correspondence “retains the operations”: 


(z,, 0) + (eo, 0) = (2, + 22, 0) <> 4 + 2p, 


(xy, 0)-(zq, 0) = (2122, 0) <> 2142p. 
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= (0, 1) (0, 1) = (—1, 0) = —1. Therefore 
(24+ 12% = 44 46+ 2 = 3 +4 4i, 
(1 — 2i) (2 4+ i)? = (1 — 2%) (8 4+ 4i) = 3 — 2 — 82% = 11 — 2i, 
whence we finally obtain 
(14 — 2i) (2 + i)? + 5i = 11 — 2i 4+ 5i = 11 +4 3i. 


5.4, (2 + 3) (3 — i). 5.5. (A + 28)? 
5.6. 1 — i? —(1 + d% 5.7. (26 — 2)? + A — 33). 


2—i 
5.8. qT ° 
The required result can be obtained directly by the formula from 
Problem 5.2. We should like to notice, however, that (14 + i) (14 — ij)= 
== 2 is a real number. Therefore, multiplying both the numerator and 
denominator of the given fraction by 1 — i, we find 
2—i (2—i)(4—i) 1-31 1 3. 


———— Se re ths 


qt+i “@+i)U4—i #2 °° 2 «2 


e 1 4 1—7\3 
5.9. rey ia ear 9.10. (a) ‘ 
RK (4+i)8+i) (1-1) B—i) i>+2 \2 
5.11. eee? eg 5.12. (a4) f 


In Problems 5.13 and 5.14 find the real solutions of the 
given equation: 

5.413. 1 + ia + (—2 + 5i)y = —4 4 171. 

9.14. 12 (2a +7)(4+ 1) 4+ (@+ y) (8 — 2i)) = 17 4 Bi. 

In Problems 5.15 and 5.16 solve the given systems of 
linear equations: 

5.15. (3 — i) 2, + (4+ 2i) 2, = 1-4 3, 
(4 + 2i) 2, — (2 4 3i)2z, = 

5.16. (2 + i)z, + (2—i) 2, = 6, 
(3 + 2i) z, + (3 — 2i) z, = 8. 

If a rectangular Cartesian system (Ozy) of coordinates is specified 
in the plane, then any complex number z = z -+ iy can be associated 
with some point M (z, y) whose abscissa is xz and ordinate is y. 

The point M (z, y) is said to represent the complex number z = 
= x -+ iy. The plane on which complex numbers are represented is 
called the complex plane, the x-axis is termed the real axis and the 
y-azis the imaginary azis. 

The number r = Y z? + y? is called the modulus of the complex 
number z = zx -+ iy and is denoted | z |]. The modulus of the number z 
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is equal to the distance of the point AJ, representing this number, from 
the origin. 
Any solution @ of the system of equations 


£ : y 
COS Y -= ———_——- , sin 9 = ——_———. (4) 
° Vz? Fy? 4 V 2+ y? 


is called the argument of the complex number z = z -+ iy # 0. All 
arguments of the number z are distinguished as integers multiple of 
2m and are denoted as Arg z. Each value of the argument coincides 
with the magnitude @ of some angle through which the z-axis should 


be turned to be brought into coincidence with the radius vector OM 
of the point M (p > 0 if the rotation is accomplished anticlockwise 
and ~ < 0Q if otherwise). The value of Arg z satisfying the condition 
0O< Argz < 2m, is called the principal value of the argument and is 
denoted as arg z. 

In some cases the principal value of the argument is understood 
as the value of the Arg z satisfying the condition —n < Argz< a. 

It follows from (4) that for any complex number z the equality 


z= |2z{|(cosqg + ising) 
holds true. This equality is called the trigonometric form of the num- 
ber z. 


Example 1. Represent the complex number z= —2 + 2i V3 
in the trigonometric form. 


We have 
r= 2) =V (—2)? + 2 V3) =4, 
cos g = —1/2, sin g = y 3/2, 
therefore the principal value of the argument is equal to arg z —= 


== 21/3 and, consequently, z = 4( cos = ae =): 


In Problems 5.17 to 5.23 represent the given complex 
number in the trigonometric form and depict it by a point 
on the complex plane. 


6.47. —i. 5.18 1—iV 3. 
5.19, aes 


2 
{—-ji (oad & JU . ° IU 
5.20. cea 5.21 ; COS 7 +isin 7 


. IU ‘ AIS 
5.22. sin ar icos =. 


5.23. 1-+cos > + isin . 
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Ifz =z -+ iy, then x — iy is called the conjugate complex number 
of z and is denoted by z. 


Prove the following equalities (Problems 5.24 to 0.29): 
0.24. 2 +2 = 2 Rez and z —z = 2i Imz. 

5.25. (2) = z. 5.26. Jz] = [2 |. 

5.27. 2, -+ 25 = 2, + 2p. 


5.28. 2,2) = 2,°Z, and ()=2. 5.29, 22= |z|2. 
29 
9.30. Compute: 
(a) 42, and (=+)", if 4=51-iV3, 4=V3+i, 
2 


(b) 242, and 24, if 24=342i, 2.=2-+42i. 
2 

5.31. Let p(z) be an arbitrary polynomial with real 
coefficients. Prove that for any z €C the equality p (z) = 
= p (z) holds true. 

In Problems 5.32 and 5.33 solve the given re 

5.32. }z] —2 = 1+ 2. 3.33. | z |] + 2=2 +i. 

5.34. Prove the equalities given below and clarify their 
geometrical meaning: 


(2) i 
(b) Arg z,-+ Arg z,= Arg has and 
Arg z, —Arg z, = Arg (= ] 


ba 
b>] 


( equalities (b) are understood in the sense that the numbers 
standing in the left-hand sides coincide with some values of 
the arguments 2,2, and “1 


In Problems 5.35 to 5.42 clarify the geometrical meaning 
of the indicated transformations of the complex plane: 
0.30, 2 —>2 — 2. 5.36. 2 >2z + (3 — i). 5.387. 2 > iz. 


9.38. 27> rt —i)z. 5.39, z>—z. 5.40. 2 22. 


5.414. 23> — 5.42. 2—>z. 
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9.43. Prove that 

(a) the quantily | 2, — Zz, | is equal to the distance be- 
tween the points (7, and W/, representing the complex num- 
bers z, and z, on the complex plane; 

(b) | 2, + 22 |< 1411+ |22| and |2;—2,| > 

= | 121 |.-— | 2 | | 

(the triangle inequalities). What is the geometrical meaning 
of these inequalities? | 

59.44. Prove the identities: 

(a) |Z, + 2. |? + | 21 — 2 7? = 2 (| 2 [PF + | 4 |?) 


(what is its geometrical meaning?); 
Z Zz <a yA _— 
(b)* lal + lao) =|*5"*# + V2,2,|+| 252 -V 22, 


In Problems 5.45 to 5.55 give a geometrical description 
of the set of all points of the complex plane satisfying the 
indicated condition. 


5.45. Rez > 0. 5.46. 0 << Imz <1. 5.47. |Imz | <2. 

5.48. [2] <1.5.49.[2 +7%| = 2. 5.50.1< [242] <2. 

5.54. |z|>>1— Rez. 5.52. f2—-il=|]z+2],. © 

5.53. O< argz < n/4. 5.54. | m — argz | <i n/4. 

5.55. z =z. 5.56. Let 2 —1. Prove that Re 21 = 
—~O0s>][z|=1. : 


Let @ be an arbitrary real number. The symbol e’¢ denotes the 
complex number cos ~ } isin gy. With the aid of this designation any 
complex number z = | z| (cos @ 4+ isin :~) can be written in the 
exponential form 


z2== |2z| et, 


In Problems 5.57 to 5.62 represent the given complex 
numbers in the exponential form. 

5.57, LH 5.58.5 — 12%. 5.59. —3 — 4i. 

5.60. —2 +i. 5.61. sina —icosa. 

0.62. sina +i(1—cosa). | 

5.63. Prove that the symbol e‘® possesses the following 
properties: 


(a) Vn €Z (et 1); (b) et? = e- 79; 


e'® 


11 
— = e(91- 2), 
etPa ) 


(c) eiP1. etfs — et(914+%2) and 


4—01176 


ea 
Co 
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5.64. Represent the given numbers z, and Zz, in the expo- 
nenlial form and carry oul the indicated operations: 


(Q) 2g af 2, = 2V 827, 2,--3—3Y 3i; 


(b) 2'z,, = if 4y=—V2+iV2, 2=V8—iV8. 
9.69. Prove Euler’s formulas: 


e Nase 40 iP _¢ W 


cos ~ = 5 », sing= F 


5.66. Prove De Moivre’s formula: if z = re’?, then 
ie as le 
or, in the trigorometric form, 
z” = r” (cos ng + isin ng). 


Using De Moivre’s formula, compute the following expres- 
sions (Problems 0.67 to 0.70): 


(4+ i)5 1+ iy 3\20 
5.67. (11). 5.68. >> . 5.69. (= )". 
5.70. (1 + i)® (4 — iV 3). 


0.¢1. Prove the given equalities: 


(a) (1+ iy" = 2" (eos T+ isin a) : 


(b) (V3—i)" =2” ( cos —~ i sin =) : 


9.72. Using Euler’s formulas, express the following 
furclions in terms of cosines and sines of multiple arcs: 


(a) cos® @; (b) sin? g. 


Using De Moivre’s formula, express the following functions 
in lternas of cos @ and sin @ (Problems 5.73 to 5.76): 

d./3. cos 39. 5.74, sin 3q. 

0.4/0. cos 49. 9.76. sin 4q. 


Let a = rei? be a fixed complex number. Then the equation z” = a, 
n€Qf, has exactly n distinct solutions zy, z,, ...,; Zn-;, which are 
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given by the formula 


nr cs - (24 n) 


n-- 
Zk} = y r 9 


(cos S420K 4 isin OF 2nk ) 


k=0,1,...,n—1 


(here Yr is a positive real number). The numbers z,, k = 0,1, ... 
.., n—-1 are called the nth roots of the complex number a and 


are denoted by the symbol 7/a. 


Example 2. Find all cube roots of the number a = —2-+- 2i V3. 
. 20 
i 2 _ 2 
Since a—4e °? =4 (cos +tsin ) , then 
{2% | 27k 
(34+) 


(Va),-Yhe 
3/7 2m 2m oe 20 25 
=V5 (cos (+k) +esin (4 r) | a 
where k=0, 1, 2. 


For k=0: (3/a),=—3/4 (cos SE 4+ isin at ie 


For k=1: (/a),=V4 (cos “t +isin =), 
For k=2: (j/a),=yV4 (cos — + isin aK Ie 


9.77. Find and represent on the complex plane all square, 
cube and fourth roots of unity. 

In Problems 5.78 to 5.85 find all values of the indicated 
radical. 


5.78. Vi. 5.79. {7 —1. 5.80. / —9. 
5.81. V —1+iV-3. 5.82. YW 2V 342i. 
5.83. f—1—i. 5.84. ¥414+iV3. 
5.85. 7/ (2— 2i)é. 


9.86. Prove that the square roots of a complex number 
can be found by the formula 


— 4» -——— /\z|+z,. |z|—z 
Vi-Vati~ + (YEE ism f ES). 


4% 
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In many cases the use of the exponential form of complex numbers 
simplifies considerably the computations involved. 
Example 3. Compute the sum 


S (9) = sing +sin29-+...+sinng, py 2mm, me Z. 


Since sin @ = Im e?®, then, using the formula for the sum of a 
geometrical progression, we obtain 


S (p) = Im e?? + Im e290 +... + Im ein 
== Im (ce? + ei29 + ,, , + eng) 


i® (4 __. pin fae) 
Specie Seael de | ees IR) 
1—e’¥ z( Ey ar) 
é 2 é 2 ie 2 
_ np np nt 
sin —5— 2k @ sin —3-sin—y—® 
aa ia Im e = ° ‘ 
Sin ~> oe 


In Problems 5.87 to 5.89 compute the indicated sums. 
0.87. cos m + cos 29 + cos 39 +... + cos ng. 

0.88. cos m + cos 39 + cos op +... + cos (2n — 1) @. 
5.89, sin m + sin 3p + sin 59 +... -+ sin (2n — 1) Q. 


2. Polynomials and Algebraic Equations. A polynomial (or an 
entire rational function) of degree n is defined as a function of the form 


Py (2) = @p2™ + ay, y2t1 + 2... + a2 + ap, (5) 


where z€C, ado, a,,..-., a, are coefficients (generally speaking, 
complex ones) and a, ~ 0, n €N. The equation 


Anz" + a, 42714... + a2+a4,=—0, a, #0, (6) 


is called an algebraic equation of the nth degree. A number zp, for 
which p, (zo) = 0, is called the root of polynomial (5) or equation (6). 
Gauss’ theorem (the fundamental theorem of algebra). Any poly- 
nomial of nonzero degree has at least one root (generally speaking, a 
complex one). 
The number zy, is a root of the polynomial p, (z) if and only if 
Py (2) is divisible (without a remainder) by the binomial z — 2p, i.e. 


Pn (2) = (2 — 20) Gn-1 (2), 


where q,,-; (z) is a polynomial of degree n — 1. If p,, (z) is divisible 
(without a remainder) by (z — z))k, k > 1, but is not divisible by 
(2 — 29)k*1, then z9 is said to be a root of the order of multiplicity k 
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of the polynomial p, (z), and 
Pp (2) = (2 — 20)F Gn-z (2)s 
where qn-p (Zo) 0. 

Gauss’ theorem can be stated in a more precise way: a polynomial 
of degree n has exactly n roots if each root is counted the number of times 
equal to the order of its multiplicity. 

If the coefficients of polynomial (5) are real numbers and zp = 
== Zo + iyo is its complex root, then the conjugate number zy = 
= XZ) — iyy is also a root of this polynomial, both roots having the 
same order of multiplicity a Problem 5.31). 

Let the polynomial p, (z) have the roots 2, 22, ..-) 2m (m <n) 
whose orders of multiplicity are, respectively, ky, ko, .-., km (ky + 
+k, +...-+ k, =n). Then it can be presented in the form of 
linear factors, i.e. the following identity holds true 


Pr, (2) = Oy (2 — 24)" (@ — 2)". (Z — tq). 

And if the coefficients of this polynomial are real numbers, then, 
joining the parentheses corresponding to eae complex roots, 
this polynomial can be presented as a product of linear and quadratic 
factors with real coefficients. 

Example 4. Find the roots of the polynomial z2* + 223+ 1 and 
factor it. 

Since 26 | 223+ 4 = (z3+ 1)2, the roots of this polynomial are 
cube roots of —1: 


23> —1; 
z=008 2 fisin => 4; 14 as ; 
23 = COS —i sin fait yw 


Each of these roots has the order of multiplicity k = 2. Linear factor- 
ization of this polynomial has the form 


sangeet (4 AE) (-(F- YY 


Joining the last two parentheses into one cofactor, we obtain a factor- 
ization with real coefficients 


z® -+- 223 + 4 = (z -} 1)? (22 — z+ 1)?. 
Solve the following quadratic equations (Problems 5.90 
to 5.93): 
5.90. 22 + 22 +5 = 0. 5.91. 427 — 22 +4 = 
0.92. 22 + (5 — 2i)z +5(1 —i) = 0. 
9.93. 27 4+- (2i— 3)2+5—i=0. 
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Solve the following binomial equations (Problems 5.94 
to 5.97): 

5.94, 22 —1 = 0. 5.95. 22 +1 = 0. 

5.96. (2 + 1)* — 16 = 0. 5.97. (2 + 1)4 + 16 = 0. 

Solve the following biquadratic equations (Problems 5.98 
to 5.101): 

5.98. 24 + 1822 + 81 = 0. 5.99. 24 + 42243 = 0. 

9.100. 2* + 927 + 20 = 0. 

9.101. 2¢t— A+ i)24+2(14+ i) =0. 

Solve the following trinomial equations (Problems 5.102 
and 9.103): 

9.102. 26 + 42° + 3 = 0. 5.103. 28 -+ 1524 — 16 = 0. 

9.104*. Show that all the roots of the equation 

1+ ix\” 1-+ia 
(FE) "= en) 


are real and distinct. 

In Problems 5.105 to 5.110 present the given polynomials 
in the form of linear and quadratic factors with real coef- 
ficients: 

5.105. 24 — 1. 5.106. z2* + 4. 5.107. 24 4+- 22 + 1. 

5.108. 24 + 423 + 1412? + 14z + 10; known is one root: 
ZS 

9.109. 2° + 24 ae 2° — 22 — z — 1; known is the double 


root: 2; = 2, = —-—= aa ae, 
0.110. z* + 62° ie “a2 + 100: known is the root: z, = 
= 14 2. 


3. Limit of a Sequence of Complex Numbers. A number a is called 
the limit of a sequence of complex numbers (z,,),,-, (written lim z,, = 


nN 0o 
= a) if for any ¢ > O there exists a number AN (sg) such that for n > 
> N (e) the inequality |z, —a|<e is fulfilled. 
A sequence (z,,),¢,; is said to be convergent to infinity (written 


lim z, = oo) if for any EF > 0 there exists a number N (£) such 
N-> CO 
that for n > N (E£) the inequality | z, | > £ is fulfilled. 

D111. Let x, Rez, and y, ~ Imz,. Prove — that 
lim 2, :@ oo if and only if lim z, = Re a and 
21-00 4U-> CO 
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0.112. Let lim z, =a~o ana lim w,=b~o. 
Prove that: : = 
(a) lim (Z, + uw,) =a+ bd; (b) lim z,u, = ab. 


TL O© 


5.113. Let lim z,=aoo and lim w,=b~0. Prove 


. Z a 
that lim —=—. 
Pete Wn b 


In Problems 5.114 to 5.126 compute the given limits: 
0.114. lim (2— i+ are as i)). 5.115. lim 1 


7 > 00 1-00 1 -+- in” 
: 5n in? » (n+ 2i)(38+ Tin) 
5.116. lim ee een ee 5.117. eo en 


7 CO 


5.418. lim (14+). 5.419. lim e”4, 
n n 


i oa?) n+ 0o 


5.120. lim (2i)". 5.1214. lim (2"+i(4-—)). 
: 1 4 4 
5.122. lim (37—ygt" +onn)- 
5.123. lim 5) 4. 
h=0 


Tl > OO 


5.124. lim (nsin $i (1+--)"). 


T+ OO 


: = 4 ‘ 3-- 2i\™ 

5.125. lim 2 a=" 5.126. lim (1+—==)". 

Prove that the following sequences are bounded, but are 
divergent (Problems 5.127 to 5.130): 


n1i32c 
5.127. 2, =i". 5.128. z, =(—1) +is-. 


It 


5.129. tn = (1+) fF, 5.130. 2,5 (i + (—i"). 


Show that the following sequences are unbounded, but are 
not convergent to infinity (Problems 5.131 and 5.152): 
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: . un 
0.131. z,=n(41+i"). 5.132. an ce Inn. 
9.133. Let r, = |2, | and g, = argz,. Prove that 
lim z, =a (O< Jfa|< oo) if and only if lim r, = | a | 


VL CO TL > CO 


and lim g, = argq@ (for a properly chosen domain of 


principal values of the arguments). 


The result obtained in Problem 5.133 is frequently used for comiput- 
ing limits of complex sequences. 
Example 5. Let @ be a real number (» # 0). Prove that 


lim (1+ )" = 08 ot i sin p—e*?, 
Tl Co 


Consider two real sequences; 
ip \n| | gp? \n/2 
rno=| (142 =(1+-4] 


Gn = arg (1+—2 )"=narg (14+? )an arc tan =. 


Let us evaluate their limits 


ee | igs SO? 
2 (2 on tS oa : 
lim rn = lim ((1+-4} = enrmw “' =1, 
1—>00 N— 0o n 
arc tan = 
lim @p == lim narc tan ? lim ——___———__ = . 
2-00 N00 n N->00 DQ 
n 


Hence we obtain 
lim (14+ =2.)"-=1-(cos p+i sin g) =e. 
NCO 
0.134. Let z = x + iy. Prove (see Example 5) that 
lim ( 4+ = N= e* (cosy -- isin y) = e**4 = e’. 


noo 


In Problems 5.135 to 5.138 prove that the following 
sequences are convergent and find their limils. 


o.139. 2, = 2", |2| <1. 5.136. 2, = nz”, |2|< 1. 
0.137. 2, =1+2+...+2"%, |2z{< 1. 


5.138. qe an Iz| > 1. 
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5.139. Compute 
4+2+...+2? 
se area 
ib 2, |< 2 and: 25: |) <4. 
9.140. Let lim 2, =a oo. Prove that 


MM 0O 


lim 
Tm 


ZytZot...t2n 
n 


Answers 


1.1. Approximation with deficit: 0.4; 0.40; 0.101. Approximation 
901 2183 
with excess: 0.2; 0.11; 0.102. 1.2. (a) 3-3 (b) aay 3 (©) Goaqq- 
4 4 
(40, VoRj, slope 1.42 at, oo 
° ° 2i/2 3 21/3 9 ’ : e 5 ae 7 ‘ 
3 
am 2 
1.21. {0, 2}. 1.22. (—oo, 2]. 1.23. (— 00 
1.25. 1— V77, —1+ V5}. 1.26.( — 


113. logge g >t 148. fF, Sh. 149. (-1, 0). 1.20. 9. 


» AJU[8, oo). 1.24. (3, 4). 


7 SYS ) U ( SVS 


9 


ve ). 1.27, (—oo, —4]. 1.28. (a) (1, 2} (4, 2, (4, 2, 3}}: 


(b) both notations are correct. 1.29. A a 1, 2}. 1.30. A = {1}. 
1.31. A= (1, 2,3, 4}. 1.32. A= {-2, —1, 0 4, 2}.1.33. A= 4152. 3}. 
1.34. A ={n/2, a, 3n/2, 2m}. 1.35. See Fig. 3. 1.36. See Fig. 4 (the 
boundary of the hatched domain does not belong to the set). 1.37. Sec 
Fig. 5. 1.38. See Fig. 6 (the dashed line does not belong to the set). 
1.39. See Fig. 7 (the boundary of the hatched domain does not belong 
to the set). 1.40. Point (2, 2). 1.41. See Fig. 8. 1.42. See Fig. 9 (the 
boundary of the hatched domain does rot belong to the set). 
14.43. A UB ={—5, 3, 44,4 9 B={4s;,A\N B={-5};BN A= 
= {3}. 1.44. {2, 4, 8}. 1.45. {8k| KE 7}. 1.46. {1, 2, 4}. 
yi eee). 1.49. A U B= (—1, 4; 40 B= [1, 2]; 
= (1, 1); BY A= (1, 4). 1.50. (0, 1). 41.54. [0, 1/4] U 
‘ ri/2, 4}. 41.52. a U (1/2, 1). 1.53. [0, 1/4) U (1/4, 3/4) frie 
1.60. Z; {—1, 0, 1}. 1.64. {ne NI nF Bie KEN};  O. 
1.62. {2 € Ril w= = 1/n, n€N}, (1}. 1.63. (a) All points of the given 
circle; @; (b) all points of the annulus formed by the given circle 
and a concentric circle of radius equal to half the radius of the given 
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Fig. 6. Fig. 7. 


Fig. 8. Fig. 9. 
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circle; @; (c) all points of the circle; centre of the circle. 1.73. (a) min X 
does not exist; max X = 1; (b) [1, +00); (—oo, 0]; sup X = 1; 
inf X = 0. 1.74. 1/2; not existent; 1/2; 0. 1.75. 1; —41; 4; —14. 
1.76. Not existent; —5; 0; —5. 1.77. Not existent; not existent; 0; 
not existent. 1.78. Not existent; not existent; 1; 0. 1.79. sup X = V2. 
1.83. (a) True; (b) false; (c) true; (d) false. 1.84. False. 1.85. True. 
1.86. False. 1.87. True. 1.88. True. 1.89. False. 1.90. (a) True; (b) true. 
1.91. (a) True; (b) true; (c) false. 1.92. (a) f (xo) = 0; f (x9) # 0. 
(b) f(t) =O A Vax (@# 29> Ff (Xo) # 9); Ff (7%) FOV (Ff (to) = 
=O AA z (e # xt Af (z) = 9). () A to (FF (Zo) = 9) A 
A Wz(te Axil e)#9)) Ve) #0) V (2 2, Ze (Az. A 
A f (%) = f (2) = 0)). 1.93. (2) AMV TEX (& CM), V MAZE 
EX(¢> M). (b) (m EX) A WW EX (m<z)); (mEX) V 
V (A2€X(w<m)). (c) FE mex) A WrLEX (m<z)); Vx EX” 
Jxe€X (x<a2’). 1.94. (a2) JEEZ (n= km); VEZ (n-< km). 
(b) (2) nA 3]n)S6ln; 2] nA 31 n) A 67 n. (Note. Since the 
original sentence is true, its negation is false.) (c) Yn sh (n| ps 
p 


=(n=1Vn=p)); AnEN(n|p A (nA1 A nF p)). 


2 2... 2 
24. oe 99. yi. S2V 16n?— 8? 
tH 


24m? 
2 
23, Sa tana. 24 vaa(t—t); say (t—t)% s=z-, 
where ¢ > fp. 
2h a—b 
es ce ae 
—byh —b . +6 
2.0. SABNM — ne pe <= ,<2 ’ 
a+b (a—zx)*h atb 
sechre A  s a 
ore ee a Gee ge 


— 
2.6. V => nh (AR? 2%), D=10; DR). 27.) S=5 V4R2--2, 


D=[0, 22]; (b) S—4nR? sin cos? D == (0, nm}; () S= 


= 4nR? cos B sin? B, D = [0, n/2}. 2.8. 0, —6, 4. 2.9. —1, 0, 1, 2, 4 
2.40. 0, a®—1, a3 +3a2+3a, a3—3a2+3a—2, 16a28—2. 2.11. 1 
1-+-zx ee: 2 x—i1 112 

1—<2 ’ Q+2° Ate’? 241? 1-2 © 
E==(—oo, +00). 2.13. D=(— oo, 5/2), E=-[0, +00). 2.14. D= 


[4m2k2, m2(Qk+1)2], E-=(0, mn]. 2.45. p=[|—+ 


2.42, D- (--3, 9%), 


= JV 
REN U {0} 
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5 20 1 2m 5) 

=|. F=[(0, qt}. 2.16. ae (= (sk+—), 3 (3+5)), 
E=[—oo, In 3].2.17. D = [—1, 1], E = [0,41]. 2.18. E = (2, 3), E = 
=(—o, ie =|. 2.19. D = [—4, 4], E = [0, 0/4]. 2.20. D = [0, 2], 


E=(1, 2]. 2.24. D = (—oo, +00), E = [1/e?, +00). 2.22.G6= 
—[0, 4]. 2.23. G=[4, 2]. 224 G=(—«, 0) UU, +o). 


2.25. G= (0, 1/2].2.26. G= (4, 3]. 2.27. G=[0, 2/2). 2.28. 
Dy, ={—1}, D+ = (-1, +0), D_ = (—oo, —1). 2.29. Dp ={—1, 
2}, D+=(—1,2), D.=(~o, —1) U (2, +o). 2.30. Dy = 


4 4 4 
={zeRiz =|—, neEZ 0}}, d= Det } 


4 { 
-= en ( Inti’ 2m+4) 


0) U (1, +0), D_=(0, 1)" 2.37. f(z)=2?—-2. 2.38. f(z)= 
ete Ee . 2.39. f (z) = sin z. 2.40. Even. 2.41. Neither even, 


), 2.31. Dy={1}, Dy=(—o~, 


nor odd. 2.42. Neither even, nor odd. 2.43. Odd. 2.44. Neither even, 
nor odd. 2.45. Odd. 2.47. T = 2n/7. 2.48. T=m/2. 2.49. Nonperiodic. 
2.50. Nonperiodic. 2.51. Nonperiodic. 2.52. T = 6m. 2.53. If a = 0, 
xz — b 
a 


then the inverse does not exist; if a = 0, then the inverse is y = 
and D = (—o, -+oo). 2.54. The inverse is 
{ —f—z+i1, if «<0, 
y = 


ae D=(—.o, -+ 00). 
Vz+i, if z>0, 


2.05. The inverse is not existent. 2.56. The inverse is yan, 
D=(—o, +00). 2.57. The inverse is y=2log,z, D=(0, +00). 


2.08. The inverse is y= <= ; zrxA—i. 2.60. (a) y= 


=—VeHi, D=[—2. te); Wy=Veti, v-[—4, 


+ 0), 2.64. (a) y=are sinz, D=[—4, 4]; (b) you-+ 


Bio BE) 
arc Sinz, D=({—1, 4]. 2.62. ={ 77S) 9 63. _ 
alr [ ] y Pe (a) y 


1 
=p are cos (2z—1), D=[O, 1]; (b) y= — are cos (2x-—-1), D== 
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== (0,715 tc) y=n+— are cos (2z—1), D=[0, 1]. 2.65. fog= 


=1—277, gof=(1—z2z)?. 2.66. jose. 20} gojaaz. 
z+n, x€[—xn, —7/2), 

2.67. fog=—2z, gof= 1 8 z€{—n/2, n/2], 2.68. fog=—0, 
zr—mn, -x€(n/2, mn). 

gof=g. 2.69. (a) 2; (b) 2/V1+322, 2.70. f(u)= Yu, u=2?. 

2.71. f(u)=sinu, u=cosv, v= V2. 2.72. f(u)=2¥, u=sinv, 

v=z, 2.73. f(u)=arcsinu, u=e, v=jz. 2.74. f (vu) =sin u, 

u=2°, v=z*, 2.75. f(u)=u-', u=v?, v=tant, t=—logsc. 


2.77. { (3 +4ax, + +ix | kez}. 2.78. {(—4, 2), (4, 2)}. 


2.79, {(2kn, kn)|k € Z}.2.80. {(kn, 1)|[ kK EZ}. 2.81. (a) Straight 
line passing through the origin and the point (1, 2); 0) 
straight line parallel to the z-axis passing through the 
point (0, —2); (c) straight line passing through the point 
(0, —=) parallel to the bisectors of the second and fourth 
quadrants. 2.82. (a) Parabola y = x? displaced downward along the 
y-axis by 1; (b) parabola y = z? stretched along the y-axis to double 
size and displaced rightward along the z-axis by 1; (c) parabola y = x? 
reflected in the z-axis, contracted along the y-axis to half size, displaced 
leftward along the z-axis by 2, and upward along the y-axis by 3/2. 


2.83. (a) Hyperbola y = + displaced downward along the y-axis by 4 


and rightward along the z-axis by 1; (b) hyperbola y =+ reflected 


with respect to the z-axis, stretched along the y-axis to a double size, 
displaced downward along the y-axis by 1/2 and leftward along the 
x-axis by 1. 2.84. (a) Sinusoid y = sin z contracted to half size along 
the z-axis and displaced leftwardZalong the z-axis by 1/6; (b) sinusoid 
y = sin z reflected with respect to the z-axis, elongated along the 
y-axis to a double size, stretched along the z-axis to a double size, 
and displaced rightward along the z-axis by 22/3. 2.85. (a) Tangent 
curve y = tan z stretched threefold along the y-axis, stretched three- 
fold along the z-axis, and displaced leftward along the z-axis by 32/4; 
(b) tangent curve y = tan z reflected with respect to the z-axis, 
compressed to half size along the y-axis, contracted to half size along 
the z-axis, and displaced leftward along the z-axis by 3n/4. 
2.86. (a) Graph of the inverse trigonometric function y = arc sin x 
stretched fourfold along the y-axis and displaced rightward along the 
z-axis by 1; (b) graph of the function y = arc sin z reflected in the 
z-axis, contracted to 3/2 its size along the y-axis, and displaced leftward 
along the z-axis by 1/2. 2.87. (a) Graph of the inverse trigonometric 
function y = arc tan x reflected with respect to the z-axis, stretched 
threefold along the y-axis, and displaced leftward along the z-axis 
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by 5/2; (b) graph of the function y = arc tan x contracted to 5/2 its 
size along the y-axis and displaced rightward along the z-axis by 6. 
2.88. (a) Graph of the exponential function y == 2* reflected in the 
y-axis and displaced rightward along the z-axis by 1; (b) graph of the 
function y = 2* reflected in the y-axis, contracted twofold along the 
z-axis, and displaced rightward along the z-axis by 1. 2.89. (a) Graph 
of the logarithmic function y = log x displaced upward along the 
y-axis by 1 and rightward along the z-axis by 1/10; (b) graph of the 
function y = log z reflected in the z-axis, displaced upward along 
the y-axis by log 2 and leftward along the z-axis by 4. 


—22r, r€(—o, —2], 
2.90*. =| 4, «x€(-—2, 2], 
az, 2x€(2, +0). 
(c+1)?—1, r€(—~», O}, 
v={ x2, z€(0, +00). 
(x+3)?, 2€(—oo, 0}, 
A tt an, et ad, 


6(*+45) —Se, 2€(—~, —4 ]Ul0, +2), 


2.91. 


2.93. y= 
1 \2 23 1 
—6 (+35) 34? ze(— =, 0). 
= (@ 1) Pd, LE(—oo, {], 
2.94. y= 
qo { (z+ 1)?—1, zE(1, +00). 
2.95 ={ 2 (x— 1), xr€ (—o, 1], 
eG, z€(1, +0). 
7 
2— a+ FE(— 0, —2)U 3/2, +0), 
2.96. y= 7 
Rea ee eg z€(—2, 3/2). 
1 
eee TED rE(—o, — 2), 
2.97. Yy == thoy. xz€ (—2, 0}, 
3 
ern z€(0, +00). 
2.98. For zx € (—oo, 0)--straight line y = —4, for zx € (0, +-00)— 


straight line y = 1, for « = 0—straight line y = 0. 2.99. For z€ 
E[n, n-+- 1), n € Z—straight line y = n. 2.100. For z €[n, n + 1), 
n € Z—straight line y = xz — n. 


* TIere and henceforward all similar problems of this section are 
supplied with answers which actually provide that form of the original 
function which yields readily its graph. 


2.101. 


2.102. 


2.103. 


2.104. 


2.105. 


2.106. 


2.107, 


2.108. 


2.109. 


2.110. 


2.111. 
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y= 1, xE({—o, O}, 
PV peg, x€ (0, +00). 
ee rE(—o, — 4], 
y= { \x+1 
(=)’ ey xré(—1, + oc). 
y={ logy/2(3—z), x€(—o, 3), 
logy/s (z— 3), x € (3, + 00). 
_§ —log, (c+1), xE(—1, O], 
=\ logs (z+ 1), x € (0, + 00). 
1 31 qt ba 
at go kn, re [2kx——*, aan | k€Z, 
—_— 
3 
e+5—(2k+1),2€ ((2r-+4) n—, (2k-+4) n+ | 
S0— Qka, re| 2k, ek+n |, . 
a z zs ke @. 
32—(2k-+4)m, 2€ ((2k-+4) > 2(k+1) =) , 
V 2cos (2+) , ©€[2kn, (2k+1) x], 
1 ke TZ, 
Vicos (2+), 2E((2k-+4)n, 2(k+1) 2), 
-{ —arc tan(x—1), x€(—~o™, 1], 
= arc tan(z—1), 2zE€(1, +0). 
ee (2en— =, 2x +>} 
y= 0, z= kn, k€d. 
1 I 
—2, 2€((2k+1)n—+, (2k+4) n+), 
cot (7+) ; re| kn—Z, kn |, 
y= ke Z. 
—cot (2+ , «&€ (in +=, (k+41)a—— | ; 


y= 7 ({ — cos z). 2.112. Line segment y = z+, rE 


€ {—7, 3]. 2.113. The coordinate axes. 2.114. A curve symmetrical 
about both coordinate axes; in the first quadrant: a part of the parabola 
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bas —(x« — 1)? -+- 4 for z¢€[0, 3] and a part of the parabola y = 

(x — 1)? — 4 for x € (0, --oo). 2.115. A square with the vertices 

(1, 0), (0, 1), (—1, 0), (0, —1). 2.116. A square with sides z= 
1 


= cot 7 y= + x 2.117. A curve syminetrical about both coor- 


dinate axes and bisectors of the first and third quadrants; in the 
domain G={(z, y)|x« >0,y>0, tp y}—a ray y=x— i. 
2.118. A curve saametrical about both Se condinale axes; in the first 


1 1 
quadrant for y< za line segment zx as for y >>z a line 
x 


3 = 

2 <f:. 4 
3.4. 0, F929 Fo qepec 3.2. 2, 0, 6, 0, 10, ... 3.3. —8, 41, 
A447 2000 gy 2H Tm BN ABM 

go! oe peek ye ae eS ey = a 

| 2 

3.5. ty =F. 3.6. Yn =—1+(—1)”. ee Ce a 3.8. ee 
=n COS ae eee ees | eae nt . 3.10. tn = =sint— 4) 
3.11. The largest term z3 = 4. 3.12, The largest term sz; = e. 
3.13. The largest term z, = 1/6. 3.14. The smallest term r= 22. 
3.15. The smallest term zg = 24. 3.16. The smallest term x, = —9/8. 


3.17. (a) JA SOV rEN (12,1 <4);VA>OIZnEN( 2, [>A). 
(bt) Vr EN (p< 2,4); JN EN (pn Santi). ) Ve>OANeEN 
Vrn€ NQr>NSlz,—al<e)) JeS>OVNEN AnEN 
(n>NAl2z,—al >e). QVESOFNENVr2EN(D > NS 
=lt,| >) SES>OVNEN 32nEN (PSN A lanl). 
()Ve> OFnrEN(l 2, —2l<e);de>0Vn€N (| 2,—2| > &). 
3.18. (a) a = 1/3, N = 3; (b) a= 1, N = 10; (c) a= 0, NM = 999; 


(d) a= 5/7, N = 3. 3.19. = . 3.20. 0. 3.21. —5/9. 3.22. 0. 3.23. oo. 


3.24, —1/2. 3.25. 0. 3.26. 0. 3.27. . 3.28. —41. 3.29. 1/2. 3.30. 1/3. 
3.31. 0. 3. 32. 1. 3.33. 41/6. 3.35. Infinitely large. 3.36. Not 
infinitely large. 3.37. Not infinitely large. 3.38. ‘Infinitely large. 


3.39. 1/3, 3. 3.40. 0,;V2/2, 1, —Y2/2 —1. 3.41. 1/6, —26. 
3.43. inf {zn}= lim tn= Jim In=—1, sup {tn}=— 2. 3.44. lim zp = 


Shee] 


_ N00 N00 noo 
= inf {rp}= 0, lim zp=1, sup {tn}=—5/4. 3.45. The sequence 
TN —>oCo 
is unbounded; lim z, = +0, lim Ln == —- 0. 3.46. 
nN->0o n> 0o 
- = | a 
inf {zn} = — V3, sup {rtp}=2 V3, lim zn —-— Ua , lim zy = 


noo Nn CO 
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; 4 
=, 3.47, inf {zn} == ~ 7 ’ sup (tna ’ lim Ln => 5 


tl CO 


44,.XVE>09F6S>00<[2r|<b6S/f(z)|> £)45. VE 
>096>0(-6<2—-1<0=53f (2) < —£).46.V¥e>059AD 
>0(@>ASlf()| <8). 47. VE>09A>0 (t >A f(t) > 
> E).48.~e>096>00< 24 <S S ff (z)] <8).49.Ve>0 
JA>O (lz|> ASD f(t) —2)<e) 410 VES>OIASO 
(¢< —-Asf(e2)< —E£). 411. YVESOAIASO(t<-A SS 
= | f(z) | > E). 4.12. —2. 4.13. 2. 4.14. —oo. 4.15. 3/2. 4.16. oo. 
4.17. 0. 4.18. m/n. 4.19. 327. 4.20. 00, 4.24. 6. 4.22. (a — 1)/3a?. 


4.23. 1/4. 4.24. 00. 4.25. n + 1. 4.27. 3/5. 4.28. 1/6. 4.29. 7/ 2/2. 
1 oe 
4.30. 5 ve: 4.31. 3. 4.32. 00. 4.33. 2/3. 4.34. 1/n. 4.35. m/n. 
ie 


4.36. 3/2. 4.37. 39 32. 4.38. 0. 4.89. 1/2. 4.40. —7/4. 4.41. 2. 
4.42. 3. 4.43. 7/3. 4.44. 0 for n>>m, 1 forn =m, wo forn< m. 


2: = B22 
4.45. 1/1. 4.46. 3'4. 4.47. 2. 4.48. 4. 4.49. p * 4.50. 0.4.51. —a/s. 


5) 
4.52. —/ 2/4. 4.53. 1. 4.54. = . 4.55. = 4.56. Hint: bearing in mind 


2 16 © 
log, (4 + 2) 
£ 


that = log, (1 + x)'/*, and taking advantage of the 


continuity of the function f (z) = log, x (see Problem 4.105), 


we may write: lim log, (1 + 2) = lim log, (4 + zyx = 
x->() L x +0 
= log, (lim (4 + 2)!;*) = log, e. 4.57. Hint: make the substitution 


x-> 
aX —1 = y. 4.58. Hint: make the substitution (1 + z)¢ —1 = y. 
Then a in (4 + 2) ~= In (4 + gy). Consequently, (id a ee = 


Y 
x 


seS sa DS ars . 4.59. e!9. 4.60. ¢°. 4.61. e1/%. 4.62. e3. 


4.63. 2. 4.64. 1. 4.65. Ina. 4.66. a In a. 4.67. — log, ¢. 4.68. a — b, 


4.73. +41, —1. 4.74. —0co, oo. 4.75. +00, 0. 4.76. 0, +00. 
4.77. n/2, —n/2. 4.78. 0, —1. 4.79. 2, —2. 4.80. —oco, —oo, 
4.84. 3/2. 4.85. 2/3. 4.86. 1. 4.87. 3. 4.88. 1. 4.89. 3. 4.90. 1/3. 
4.91. 1/2. 4.92. 1/2. 4.93. 1/2. 4.95. 0.97. 4.96. 5.03. 4.97. 1.45. 
4.98. 0.88. 4.101. —In 10. 4.102. 3. 4.103. —2. 4.104. 2/3. 4.105. 8/9. 


4.106. 3 2/2. 4.107. 3. 4.108. 1. 4.109. 4/2. 4.110. 2/3. 4.111. 2. 
4.112. 1/6. 4.119. A = 3. 4.120. a = 2. 4.121. b = ma/2. 4.122. x,—0, 
zy == 1 are points of discontinuity of the second kind. 4.123. 2 — 5/3 
is a point of discontinuity of the first kind. 4.124. 2 = 0 is a removable 


5—01176 
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Coe aane [ (0) = n. 4.125. « = VU is a removable discontinuity; 
{ (0) == 4. 4.126. 2= 0 is a removable discontinuity; f (0) = 14. 
4.127. : = 2, wy == ~2 are points of discontinuily of the second 
kind. 4.128. x == U is a discontinuity of the lirst kind. 4.129. 2 = —2 


is a discontinuity of the first kind. 4.130. 7 =~ 2 is a discontinuity 
of the first kind. 4.13t. « = 0 is a removable deconunuiy. f (0) = 2: 


x = + 1 are points of discontinuity of the second kind. 4.132. 2, = 0 
is a removable discontinuity, f (0) == —1; xz, = 1 is a removable dis- 
continuity, f (1) = 0; 73; = —1 is a discontinuity of the second kind. 


4.123. © = (0 is a removable discontinuity; f (0) = 1 2. 4.134. 7 = 1 
is a discontinuity of the first kind. 4.135. 2 == 1 is a discontinuity of 
the first kind. 4.136. ©. = 2.5 is a discontinuity of the first kind. 
4.137. x = 1'4 is a discontinuity of the first kind. 4.143. (¥¢ > 0 
Vr €D 46 >O0 (Lra—2y| << O61 f (%) —fs (eo) | <2) A 
A(ade>0Vb>092,2° €D (le —2"| <6 A lf ’)—-Ff Oe’) |> 
> ¢)). 4.146. Uniformly continuous. 4.147. Not uniformly continuous. 
4.1448. Uniformly continuous. 4.149. Not uniformly continuous. 
4.150. Uniformly continuous. 4.151. Not uniformly continuous. 
4.152. Not uniformly continuous. 


et 


94. 9+7%. 5.5. —34+4i. 5.6. —4i. 5.7, -—-294+ 223. 
5 3 14 4 3 

Po G0 iG Met B40 ee. SG. oe 
ei FAO. BM, i. BAZ SS. BAB. 22, 
Y 3. 5.14. t= y= . 5.15. £1, Z = 1. 5.16. | A ie 


3 53 
Zy == 2-—ie 9.17. COS +i Sin . 0.18. 2 ( cos “ti sin +) ; 


e 2.20. sg +7 sin a «One ls cos |. 


5.19. agus oe 5 


3 3 

-- isin =. Hint; determine the angle ¢ satisfying the conctitions: 
uc Ko a Tt 

pe [0, 2m), cos~p= oe , Sing@=sin —. 9.22, cos aes 


+ isin, 5.23. 2 cos = = (cos 7, tésin= =)- 5.30. (a) —4i, 


a 7 17 e : : 
s+ i ue (b) 10— 23, yee eee D.o2. +2. 5.30. ae 


4+ i. 5. A shift by the vector a (—2, 0). 5.36. A_ shift by 
the vector a (3, —1). 5.37. Anticlockwise rotation through an angle 
of n/2. 5.38. Clockwise rotation through an angle of 2/4. 5.39. Sym- 
metry about the origin. 5.40. A homothetic transformation with centre 
at the origin and the ratio of similitude k = 2. 5.41. Anticlockwise 
rotation through an angle of 1/4 followed by a homothetic transforma- 


tion with centre at the origin and ratio 1/2. 5.42. Reflection with 
respect to the real axis. 5. 4h. (a) The sum of the squares of the lengths 
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of the diagonals of a parallelogram is equal to the sum of the squares 
of the lengths of its sides. (b) dint: use identity (a). 5.45. Half-plane 
x 2. 5.40. Strip 0 Sy <1. 5.47. Strip | y | <2. 5.48. Interior of 
a circle of radius 1 with centre at the origin. 5.49. ‘Circle x? -- ly as 
== 4. 5.50. Annulus bounded by two concentric circles y,: (x + 2)? + 
-{- y? = 1 and yo: (x + 2)" + y? = 4 (y, does not belong to the annu- 
Is), 5.51. D ={(z, y)| yy > 1 — 22x}. 5.52. Straight line 2x + y +- 


+5 = 0. 5.53. Sector bounded by the rays 1, ={(z, y)|y = 0, 


> 0} and /, ={(t, y) | y = z, x 0} (the ray 1, does nt belong 
to “the sector). 3.04, ries bounded by - rays l, = = ay ly = 2, 
z2<0} and 2,=—{(z, y)|y=—z, x <0}. 5.55. rhe z-axis. 


oy 12 
t arc tan — i arc tan (-) 


5.57. 5e 7 | 5.58. 13 


. 1 i : i 
i(m-arc tan x) 5 64. ilar) 5 62. 2sin =e iF for 


ee? i(x+2) a ea 
sin = 0,52 sin =e for sin <0. 5.64, (a) 24e a 


: 4 
. 5.59. asi tan gen) 


5.60. Y5e 


’ 


ae eee 
33 (b) 16¢ 4 2e 8*. 5.67. 321. 5.68. 2. 5.69. 512(t{—i V3). 


5.70. +. 0.72, (a) 7 cos ¢ + cos 39); (b) +6 sin @— Sin 3q), 


5.73. 4cos?g¢—scos@. 5.74, 3sing—4sin?@. 5.75. cost g— 
— 6 cos? sin? @ -++ sin! g. 9.76. 4sin@cos? gp — 4cos@sin' @. 


5.77. Square roots of unity: z;=1, z,—=—1; cube roots of unity: 
Z,=1, m= ti ys aay v3 ; fourth roots of 
unity: 2,—=41, 2,=i,.%—=—1, %4=—i. 5.78. mes —— (4+ i). 


5.79. «Yate, eae 5.80. (24 2s) 


isin (E+ : k). k=0, 1, ..., 8. 5.84, eV cg/5). 


5.82. V2 ( (s+4 a (= x )} = 
9.82. W2 | Cos 5h k)-+isin 5h +. — 5 EAs SHO, 452.3 
V2 (cos eek (F+B xl), e=0 1,2, 


3, 4. 5.84. V2 (cos (+ k) fe sin (+4 k | ,k&-0, 1, 2, 


3, 4,5. 5.85. 28/3 (cos (A sin ia) \, K=O: 


r 


he 
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ee ee ae n-+4 © 

10 —y7 cos F ° wn? 

2,3, 4. 5.87. Tea eae: ere 5.88. se 69.0. 
. @ 2Sin @ sin ® 
ey 


5.90. —14 27. 5.91, + 4 V3; 5.99. a ee Oy Pat Ye 


| fee eee vs 
2—3i. 5.94. 1, > ca eae } a . 5.99. - 1, + i . 9.96. 1, 
5) 


—38, —142i%. 597. (—14- V2 +i V2, or ee 
5.98. 2, 5=25.,= 438i. 5.99. +i, 1V3i. 5.100. +21, 415i. 


5.404. +(4-+i), +) 3 (cos = —isin =). 9.102. =U +i ¥3), 


V3 ah 8 , rep 
Ny ey ee V3), —y 3. 5.103. +1, ti, HV2(4 47%). 5.104. 


Q-|- Uk 
t=tan —~——, k=0, 1, ..., m—1, where a-=arctana, 


Hint: seta = tana, « = tany and make use of the trigonometric 
form of a complex number. 5.105. (¢ — 1) (2 + 1) (2? + 1). 
5.106. (22 —z V2 +1) (22 2 Y2+1). 5.107. (22 —z24+1) x 
X (22 + 2+ 1). 5.108. (22 + 22 4 2) (22 + 22 + 5). 5.109. (2 — 1) X 
xX (22 4- 2 + 1)?. 5.110. (22 — 22 + 5) (22 + 82 4 20). 5.114. 2 — i. 


5.415. —1. 5.116. > i. 5.417. = a = i. 5.118. 4. 5.119. 0. 
—1-—-5i 3 
ict an series, 9 bi ts . 
5.420. 0. 5.124. oo. 5.122. 8B. B+ ae 
5.424, 1-Lie. 5.125. s 5.126. e3(cos2-+i sin 2). 5.135. 0. 
4 1—Z. 


5.136. 0. 5.137. 5.138. 0. 5.139 


4{—2z ; : 4—2z,° 


Chapter 2 


VECTOR ALGEBRA AND ANALYTICAL GEOMETRY 


SEC, 2.1. 
VECTOR ALGEBRA 


1. Linear Operations on Vectors. The vector (geometrical vector) a 
is defined as the set of all directed line segments having the same length 
and direction. Each line segment AB from this set is said to represent 
the vector @ (that is, it is obtained by applying the vector @ to the 
point A). The length of the line segment ABjisjthe}length (modulus) 
of the vector a and is denoted as !a@{ = 
=|AB|. A vector of length 0 is called 
a null vector and is denoted by 0. 

Two vectors a and 86 are said to be 
equal (written a= 6b) if the sets of 
directed line segments, representing them, 
coincide. 

In a number of problems it is often Fig. 10 
convenient not to distinguish between a 
a vector and some directed segment 
representing this vector. For instance, the expression “to construct 
a vector” should be understood just in this sense. 

Let a line segment AB represent the vector a. Applying a given 
vector 6 to the point B, we obtain a directed line segment BC. The 
vector represented by the directed Jine segment AC is called the sum 
of the vectors a and 8 and is denoted a + 6b (Fig. 10). 

The product of a vector a by a real number i will again be a vector, 


denoted ia, such that: 

(1) [Aa] = ]A]-] a]; 

(2) the vectors a and ia are in the same direction for 4 > 0 and 
are in opposite directions for ’ < 0. 


1.1. Prove that the operation of addition of vectors 
possesses the following properties: 

(a)a +0 =@; 

(b) a, |-a@, - @, | a, (commutativity); 

(c) a, -|- (@g +3) = (a, |- ay) + a, (associativity); 

(d)Va dib(a+b=0 
(the vector 6 is said to be opposite to the vector @ and is 
denoted by the symbol —a); 
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(e) Va,, a, 5! a3 (a, + a3 = Gy) 

(the vector a, is called the difference of the vectors a, and a, 
and is symbolized a, — a,). 

1.2. Prove the following equalities: 

(a) —a = (—1)a; 

(b) a, — a, = a, + (—a,); 

(c) a = |a | ay, where a, is the unit vector of the vector a, 
i.e. a vector of unit length in the same direction with the 
vector a (a ~ 0). 

1.3. In a parallelepiped ABCDA'B’C’D’ the vectors m, 
n, p are represented by the edges AB, AD, AA’, respectively. 
Construct the vectors: 

(a) m+n- p; 

K (b) (1/2) m + (1/2) n — p; 

[’ (c) —m —n + (1/2) p. 

'° 1.4. Given two vectors: a, and a,. Construct the following 
vectors: 3a,, (1/2) a, a, + 2a,, (1/2) a, — ay. 

1.5. Prove that: 

(a) the operation of multiplication of a vector by a number 
possesses the following properties: 


Oa = ’\0 = 0, (AyAg) @ = Ay (Aga); 


(b) the operations of addition of vectors and multiplica- 
tion of them by numbers are related by the following two 
distributive properties: 


(a, + a.) = ha, + Aa, and (A, + A,)a — Aa + Aga. 

1.6. Prove the following equalities: 

(a) a + (1/2) (6 — a) = (1/2) (a + DB); 

(b) a — (41/2) (a + b) = (1/2) (a — BD). 
What is their geometrical meaning? 

1.7. AD, BE and CF are medians of a triangle ABC. 
Prove the equality AD + BE + CF = 0. 

1.8. AK and BAL are medians of a triangle ABC. Express 
the vectors 1B, BC, and CA in terms of p = AK andq = BM 

1.9. In a parallelogram ABCD: AB a, AD =: 6b. Ex- 


press in terms of a and 6 the vectors WA, WB, MC, and MD, 
where A/ is the point of inlersection of the diagonals of the 
parallelogram. 
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1.140. In a triangle ABC AM = aAB and CN = BCM. 
Setting AB = aand AC = b, express AN and BM in terms 
of the vectors a and Bb. 

1.41. In a regular hexagon ABCDEF: AB = p, BC = qq 
Express in terms of p and q the vectors CD, DE, EF, FA, 
AC, AD, and AE. 

1.12. MW is the point of intersection of the medians of 
a triangle ABC and O is an arbitrary point in space. Prove 
the equality OM = (1/3) (OA + OB + OC). 

1.13. Two triangles ABC and A’B’C’ are given in space; 
M and M’ are the points of intersection of their medians, 


respectively. Express the vector MM’ in terms of AA’, 
BB’ and CC’. 

1.14. E and F are the midpoints of the sides [4D] and 
[BC] of a quadrangle ABCD. Prove that EF -: 


== (1/2) (AB -- DC), and then derive the theorem on the 
midline of a trapezoid. 

1.15. In a trapezoid ABCD the ratio of the length of the 
base [AD] to the length of the base [BC] is equal to A. Setting 


AC -= a and BD = b, express the vectors AB, BC,CD, and 
DA in terms of a and Bb. 


A system of vectors a@,, ..., @, is said to be linearly dependent if 
there exist numbers 2,, ..., 4,, such that at least one of them is son- 
zero and A,a, -- ... + A,@, — 0. Otherwise the system is called 


linearly independent. 


1.16. In a triangle ABC AM = a&AB and AN = BAC. 

(a) For what ratio of a and £ are the vectors ‘ZN and 
BC collinear? 

(b) Let w and B be such thal the vectors MN and BC 
are noncollinear. Setting BC -= p and MN -= q, express 
the vectors AB and AC in terms of p and q. 

1.17. Prove the following geometrical criteria of a linear 
dependence: 

(a) a system {a,, a} is linearly dependent if and only if 
the vectors @, and @, are collinear, i.e. their directions coin- 
cide or are opposite; 
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(b) a system {a@,, a, a;} is linearly dependent if and 
only if the vectors a,, @,, and a; are coplanar, i.e. parallel 
to some plane; 

(c) any system of n >4 vectors is linearly dependent. 

1.18. Laid off along the side [AD] of a parallelogram 


ABCD is a vector AK of length | AK | tt 5) | AD |, |, and 
along the > diagonal [AC] a vector AL of length | {AL |= 
= (1/6) | AC |. Prove that the vectors KL and LB are col- 


linear and find 4 such that KL = A-LB. 

1.19. Decompose the vector s =a-+-6--ec along the 
three noncoplanar vectors: p =a -+-b—2c, q=a — 8, 
r= 26+ 3e. 

1.20. Find the linear dependence among the given four 
noncoplanar vectors: p =a }-6,q =- b—c,r—-a—b4+- 
t+es=b-+4+ (1/2)ec 

1.21. Given four vectors: a. 0, c, and d. Find their sum 
if it is known thata + 6 ;-c =ad,b +c —d = Ba, and 
the vectors a, 8, and ¢ are noncoplanar. 

1.22. Prove that for any given vectors a, 6, and c the 
vectors a + 6, b6+.c, and c —a are coplanar. 

1.23. Given three noncoplanar vectors a, b, and c. Prove 
that the vectors a +- 2b —c, 3a —b-+ce, —a - 5b — 3¢ 
are coplanar. 

1.24. Given three noncoplanar vectors a, 6, and ec. Find 
the values of } for which the vectors A@ -+ 6 4+-c,a -- Xb +- 
+e,a+6b-+hde are coplanar. 

1.25. Given three noncoplanar vectors a, b, and c. Compute 
the values of 4 and w for which the vectors ra + wb + € 
and @ + 46+ ne are collinear. 

2. Basis and Coordinates of a Vector. An ordered triple of non- 
coplanar vectors €,, ey, 3 is called the basis in the set of all geometrical 
vectors. Every geometrical vector @ can be uniquely represented in the 
form 

a= Xe, + Xo@, + Xe3; (1) 
the numbers Xi, Ny, Ny are called the courdinates of the vector @ 
in the basis #8 (@;, €2, @3). Notation (1) is also called the decompo- 
sition of the vector a in the basis &. 

Analogously, an ordered pair e,. es of noncollinear vectors is called 
the basis 8 (e,, @.) in the set of eeometrical vectors coplanar with 
some plane. 

Finally, every nonzero vectov e forms the basis & == (e) in the set 
of all geometrical vectors collincar with some direction. 
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If a vector @ is a linear combination of vectors a,, ..., @, with 
the coefficients 4,, ..., Ay, Le. 


n 
a= > ARG, 
k=1 


then each coordinate X; (a) of the vector @ is equal to the sum of the 
products of the coefficients 4,, ..., 4, by the like coordinates of the 
vectors @,, ..., @,: 


2 


X;(@)= >) ArXi (ax), i=1, 2, 3. 
h=1 


The basis @ — (e,, @), e3) is said to be rectangular if the vectors 
€;. @», and e; are pairwise perpendicular and have a unit length. In 
this case the following notation is used 


e, i, @5 — J, @3. =k. (2) 
The projection of a vector a onto a vector e is defined as the number 


TOS 
pre @ = | a| cos g, where © -= (a, e) is the angle between the vectors 
aande (O<Qg< 7). 
The coordinaies ¥, Y, Z of a vector @ in a rectangular basis 
coincide with the projections of the vector @ onto the basis unit vectors 
t, J, k, respectively, and the length of the vector @ is 


ja} = VX?+Y24 22. (3) 
The numbers 
NS i ¢ 


cos &-=008 (@, i) = aa 


I Y 
Cos 6 —-COS (a, 1) -- i o2y 9 
SN Z, 


cos yp = COS (a, a ee VV XOPY? EE 


are termed direction cosines of the vector a. 


1.26. Given a tetrahedron OABC. In the basis formed 
by the edges OA, OB, and OC find the coordinates of: 

(a) the vector DE, where D and F are the midpoints of 
the edges OA and BC, respectively; 

(b) the vector OF, where F is the point of intersection of 
the medians of the base ABC. 
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1.27. In a tetrahedron OARAC the median [AZ] of the face 
ABC is divided by the point M in aratio| AM |: | ML = 
— 3:7. Find the coordinates of the vector O.VY in the basis 


formed by the edges OA, OB, and OC. 

1.28. A point O is taken outside the plane of a parallelo- 
gram ABCD. In the basis formed by the vectors OA, OB, OC 
find the coordinates of the vectors: 

(a) OM, where M is the point of intersection of the diag- 
onals of the parallelogram; 

(b) OK, where K is the midpoint of the side [AD]. 

1.29. In a trapezoid ABCD the ratio of the lengths of 
the bases | AB |/| CD | = XV is known. Find the coordinates 
of the vector CA in the basis formed by the vectors AB 


and AD. 


In what follows, if it is not stated otherwise, vectors are represent 
ed by their coordinates in some rectangular basis. The notation 
a(X, Y, Z) means that the coordinates of the vector @ arecqua 
to X, Y, and Z, ie. a= Xi+ Yj + Zk. 


1.30. Ina triangle ABC AM = aAB,AN = BAC (a, BA 
~ 0.1 and aB ~1) and O is the point of intersection of 
(CM) and (BN). 

In the basis formed by the vectors OAL and ON find the 
coordinates of 

(a)** the vector AO; 

(b)* the vectors AB, BC, and CA. 

1.31. In a triangle ABC AK = aAB. BM = BBC, and 
CF = yCA. Let P,Q, and FR be the points of intersection 
of the following pairs of straight lines: (BF) and (Ck), 
(CK) and (AA/), (AAT) and (BF), respectively. Find the 
coordinales of the vectors AP, BO, and CR in the basis 
formed by the vectors AB and AC. 

1.32. Given a regular pentagon ABCDE. In the basis 


formed by the veclors AB and AE find the coordinates of 
the following vectors: 


(a) AC and AD; __ 
(b) BC, CD, and DE. 
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1.33. Given a triangle ABC in which AM = < AB and 


AN = = AC. The straight line (WN) intersects (BC) at 


point K. 

(a) Find the coordinates of the vector AX in the basis 
made up from the vectors AB and AC. 

(b) Prove that the vectors p= AB + KN, q= BC |. 
+ NM, and r =CA +. MK are collinear and determine 
the coefficient y in the’ equality p = yq. 

1.34. In a tetrahedron ABCD [DM] is the median of the 
face BCD and Q is the centre of gravity of this face. Find 
the coordinates of the vectors DM and AQ in the basis AB, 
AC, and AD. 

1.35. Given vectors a, (—1, 2, 0), a, (3, 1, 1), a; (2, 9, 1), 
and a =a, — 2a, + (1/3) a,;. Compute: 

(a) |a, | and the coordinates of the unit vector a,,9 of 
the vector a,; 

wos 

(b) cos (a, J); 

(c) the coordinate X of the vector a; 

(d) pry; a. 

1.36. Given vectors e (—1, 1, 1/2) and a (2, —2, —1). 
Get convinced that they are collinear and find the decom- 
position of the vector a in the basis 8 = (e). 


1.37. Given in a plane are vectors e, (—1, 2), e, (2, 1), 
and a (0, —2). Make sure thal 8 = (e,, @,) is the basis in 
the set of all vectors in the plane. Construct the given vectors 
and find the decomposition of the vector a with respect to 
the basis &. 

1.38. Given a triple of noncoplanar vectors e, (1, 0, 0), 
e, (1, 1, 0), and e; (1, 1, 1). Gompute the coordinates of the 
veclor @ =: —2i—k in the basis 8 = (e,, €g, e3) and 
write the corresponding decomposition with respect lo this 
basis. 

1.39. Given vectors a = 2% 4- 37, b == —3j — 2k, ¢ = 
= tt y—k. Find: 

(a) the coordinates of the unit vector a); 

(b) the coordinates of the vector a — (1/2) 6 -} ¢; 
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(c) the decomposition of the vector a@ ++ 6 — 2c in the 
basis 8 = (i, J, k); 

(d) pr; (@ — 6). 

1.40. Find the coordinates of the unit vector a, if 
a (6, 7, —6). 

1.41. Find Z (a) if X (a) = 3, Y (a2) = —9, and Ja] = 
12: 

1.42. Find the length and the direction cosines of the 
vector p = 3a — 56+ if a=4i+ 74 3k, 6b=t+ 
+ 2j7 +k, and ¢c = 2i— 3j — k. 

1.43. Find the vector x, collinear with the vector a -= 
— § — 2j — 2k, forming an acute angle with the unit vector 
j and having the length |z | = 10. 

1.44. Find the vector x forming equal acute angles with 
all the three basis unit vectors if |a | = 2V3. 

1.45. Find the vector x forming an angle of 60° with the 
unit vector Jj, an angle of 120° with the unit vector k if 
le] =5YV2. 

1.46. For what values of a and 6 are the vectors a = 
= —2i+ 33 + ak and b= Bi — 6) 4+ 2k collinear? 

1.47*. Find the vector x directed along the bisector of 
the angle between the vectors a = 7i — 4j — 4k and 6 = 
= —2i—j4 2k if ja}=5YV6. 

1.48. Given vectorsa (1, 5, 3), b (6, —4, —2), e (0, —5, 7), 
and d@ (—20, 27, —35). Select the numbers a, B, and y 
so that the vectors aa, Bb, yc, and d form a closed polygonal 
line if the initial point of each subsequent vector is brought 
to coincidence with the terminal point of the preceding one. 

1.49. In a tetrahedron OABC the plane angles of the 
trihedral angle with vertex O are right ones. The point H 
is the foot of the perpendicular drawn from the vertex O 
to the plane of the face ABC. Find the coordinates of the 


vector OH in the basis OA, OB, and OC if |OA | — a, 
|OB | = b, and | OC | =e. 


3. Reetangular Cartesian Coordinates of a Point. Simplest Problems 
of Analytical Geometry. A rectangular Cartesian coordinate system 
(symbolized (O, 3)) is said to be introduced in’ three-dimensional 
space if we are given: 

({) some point O called the origin of coordinates (vr, simply, the 
origin); 
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(2) some rectangular basis 8 = (i, j, k) in the set of all geometri- 
cal vectors. 


The axes Or, Oy, and Oz drawn through the point O in the direc- 
tions of the basis unit vectors t, j, and k are called the coordinate azes 
of the coordinate system (O, @) = Ozyz. 

If M is an arbitrary point in space, then the directed line segment 
OM is called the radius vector of the point M. The coordinates of the 
point M in a system (O, 8) are defined as the coordinates of its radius 
vector OM as a geometrical vector in the basis §, i.e. 


z(M) = X (OM), y(M) = Y (OM), z(M) =Z (OM). 


If M, (z,, yy, 2;) and My, (re, Yo, 22) are two arbitrary points in 
space, then the coordinates of the vector M,M, are 


X= f2—2, YHy,—Yyy 2% — %. (4) 


Hence, by virtue of (3), the distance between the two points is ex- 
pressed by the formula 


0 (M,, M2) = | M,M,| = V (22 — 21)? + (Ye — yy)? -F (2g —2))?. 


When solving the problems of analytical geometry, it is advisable 
to use the methods of vector algebra as frequently as possible. 

Example 1. Given in a triangle ABC two vertices A (4, 0, —1), 
B (2, 2, 1) and the point # (—1, 2, 1) of intersection of its medians. 
Find the coordinates of the vertex C. 

Since the coordinates of the vertex A are given, to compute the 
coordinates of the vertex C, it is sufficient to find the coordinates of 


the vector AC. Let BF be the median drawn from the vertex B. Then 
AC =24F =2 (B44 BF) =2 (AB+= BE) (5) 


(here use is made of the fact that the point # divides the median in 
the ratio 2: 41). Further, from the hypothesis, with the aid of formu- 


la (4), we compute the coordinates of the vectors AB (1, 2, 2) and 
BE (—3, 0, 0), whence, by (5), we obtain AC (—7, 4, 4), and finally, 
using formula (4) once again, we find the coordinates of the point C: 


z(C) = 2(A) + X (AC) = —6; 
y (C)=y (A) + ¥ (AC) = 4; 


z(C) =2(A)+Z (AC) =3. 
Let on a straight line Z there be given points M,, M,, and M, 
where M, + M,,. Consider the vectors @,M and MM,. Since they are 


collinear, there can be founda real number Asuch that M,M = 4}-MM,. 
The number A is said to be the ratio in which the point M divides the 


directed line segment M@,M,. This ratio is positive if the point M is 
inside the line segment M,M,, negative (and A = —-1) if M is found 
outside M,M,, and is equal to zero if M = M,. 
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Example 2. Knowing the coordinates of the points 4%, (zy, 41, 21) 
and My (to) Yo. 2) and the ratio ’ in which the point 47 divides 


the directed line segment M,M7o, find the coordinates of the point M. 
Let O be the origin and OM, =r,, OM,=r,, OM =r. Since 


hen 
rp—ry =A(re—1F), 


whence (since A + —1) 


ea ase’ 

4+A~ ° 

The obtained formula yields the solution of the problem in the 
vector form. Passing to coordinates in this formula, we get 


_ Ly +hxy _ Yit Aye _ 21+, 
eee Sm Weg nk am ee (6) 


1.50. The point M (1, —5, 5) is specified by its coordi- 
nates in a rectangular Cartesian coordinate system (O, 8 -= 
= (i, J, k)). Find the coordinates of this point in the system 
O', 8 =, J, k’)) it: 

(a) OO’ = —2i+]y—kandi’ =i,j' =—j,k' =k; 

(b) O’ = Oandi’ = —j,j’ = k,k’ = i; 


ar ; és 4 ‘ en 45; : ees : : 
(c) OO" = jandi ae: (ié+-J),J =a ae =k 


(prior to solving the problem, make sure that 9’ is a rect- 
angular basis). 

1.51. Given three vertices A (3, —4, 7), B (—5, 3, —2), 
and C(1, 2, —3) of a parallelogram ABCD. Find its 
fourth vertex D opposite to B. 

1.92, Given two adjacent vertices of a parallelogram 
A (—2, 6), B (2, 8) and the point of intersection of its 
diagonals Af (2, 2). Find the two other vertices. 

1.53. Determine the coordinates of the vertices of a 
lriangle given the midpoints of its sides: K (2, —4), M (6, 1), 
and N (—2, 3). 

1.54. On the axis of abscissas find the point M whose 
distance from the point A (3, —3) is equal to 5. 

{.55. On the axis of ordinates find the point A7 equidistant 
from the points A (1, —4, 7) and B (5, 6, —5). 

1.06. Given the vertices of a triangle: A (3, —1, 5), 


r= 
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B (A, 2, —5), and C (—4, 0, 3). Pind the length of the median 
drawn from the vertex A. 

1.57. A line segment with the end points A (J, —2) and 
B (6, 4) is divided into three equal parts. Find the coordi- 
nates of the division points. 

1.58. Determine the coordinates of the end points of a 
line segment which is divided into three equal parts by 
the points C (2, 0, 2) and D (5, —2, 0). 

1.59*. Given four points: A (1, 2, 3), B(2, —2, 1), 
C (3, 0, 3), and D (16, 10, 18). & is the point of intersection 
of the plane OAB (O is the origin) and a straight line drawn 
through the point D parallel to the straight line (OC). 
Find the coordinates of the point £. 

1.60*. Given two points: A (2, 5, 2) and B (14, 5, 4); 
C is the point of intersection of the coordinate plane Oxy 
and a straight line drawn through the point B parallel to 
the straight line (OA). Find the coordinates of the point C. 

1.61. Given the vertices of a triangle: A (1, —1, —3), 
B (2, 1, —2), and C (—5, 2, —6). Compute the length of 
the bisector of its interior angle at the vertex A, 


Let us find the decomposition of the vector AE with respect to the 
basis formed by the vectors AB and AC. 

Let e, = AB/| AB | and e, = AC/| AC | be the unit vectors of 
the vectors AB and AC. Then the vector AZ is in the same direction 
with the vector e = e, -]- e, (cf. Problem 1.47), i.e. there exists a 
number A> 0 such that 


AE =he=) ( (7) 


On the other hand, 
AE = AC +CE = AC + pCR = AC + p GB —AO) 
=pAB+({—p) AC, poo. (8) 


Formulas (7) and (8) represent two decompositions of the vector AF: 


with respect to the basis formed by the vectors 4B and AC. By virtue 
of the uniqueness of the decomposition of a vector with respect to 
a basis, we have 


oy and oe ey g 
|AB | [AC| ) 


Solving system (9), we find 
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7 { {ABI [AC] 
1/|AC|+-1/|AB| |AB|4-|AC] ’ 
hence formula (7) takes the form 
|AB|+ |AC| |AB|+ |AC| 


From the conditions of the problem we find: 
AB (1, 2, 1)and| AB| = V6, AC (—6, 3, —3) and| AC | = 3 V6, 


and, by virtue of (10), we obtain 


whence 


AE (—+ = +0) and [AE] =—- V'10. 


1.62. A triangle is given by the coordinates of its vertices: 
A (3, —2, 1), B (3, 1, 5), C (4, 0, 3). Compute the distance 
from the origin to the point of intersection of the medians 
of this triangle. 

11.63. Given the vertices of a triangle: A (1, 0, 2), 
B (1, 2, 2), and C (5, 4, 6). The point LZ divides the line 
segment AC in the ratio A = 1/3, [CE] is the median drawn 
from the vertex C. Find the coordinates of the point A/ of 
intersection of the straight lines (BL) and (CE). 


4, Sealar Product of Vectors. The scalar product of lwo non-zero 
vectors @,, @, is defined as the number 


Pa 
(a,, 4.) = | a, | | a, | cos (a, a). 


The designation a,a, is also used for a scalar product. 

Geometrical properties of a scalar product: 

(1) a, | ay => aja, = 0 (the condition for perpendicularity of 
vectors); 


“~™ 
(2) if @ = (a, a.), then0 <@gp<can/2 Ss aa,>O0 and a/2< 
<Q <n eomaa, < 0. 
Algebraic properties of a scalar product: 
(1) aa, = a,a,; 
(2) (Aa) a, = kh (a,4,); 
(3) @ (b, + 6.) = ab, + aby. 
If the vectors a, (X,, Y,, 2,) and a, (X2, Yo, Z,) are represented 
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by their coordinates in a rectangular basis, then the scalar product 
Ga, = XX, -- YY. + 2142p. 
This formula, in particular, yiclds the formula for determining the 
cosine of the angle between two vectors 
x tt XiXotViY,4+7212, 
ly] 1G) X24 24-2? V X34- 34-43 
1.64. Prove the algebraic properties of a scalar product. 


COS (@,, Q@,)= 


1.65. [a, | = 3, |a,| = 4, (a,, a,) = 2n/3. Compute: 

(a) a; = aja,; (b) (8a, — 2a,) (a, + 2a2); (c)(@, + ay)’. 

1.66. |a, | = 3, |a@, | = 95. Determine for what value 
of a the vectors a, -+ aa, anda, — aa, will be mutually per- 
pendicular. 

1.67. Compute the length of the diagonals of a parallclo- 
gram constructed on the vectors a = p — 3q, 6 = Sp |- 2q 


rx yor 
ifit is known that | p | — 2) 2,|q | = 3, and (p,q) = a/4. 
1.68. Determine the angle between the vectors a and b 
if it is known that (a — 6b)? -+ (a + 26)? = 20 and |a{ = 
=a me a 
1.69. In a triangle ABC AB = 3a — 4b and BKC = 


= a -- 5b. Find the length of its altitude CH if il is known 
that a and b are mutually perpendicular unit vectors. 
1.70. Compute pros, (2a — 6b) if |a | = |6|=1 and 


FOS 
(a, 6) = 120°. 

1.71. It is known that AB -= 2a — 6b and AC == 3a + Dy, 
where a and 6 are mutually perpendicular unit vectors. 
Determine the angles of the triangle ABC. 

1.72. Find the angle formed by the unit vectors e, and e, 
if it is known that the vectors a = e, + 2e, and Bb =- 5e, — 
— 4e, are mutually perpendicular. 

1.73. Find the angle a at the vertex of an isosceles tri- 
angle if it is known that the medians drawn from the end 
points of the base of this triangle are mutually perpendicular. 

1.74. Applied to a vertex of a cube are three forces equal 
to 1, 2, 3 and directed along the diagonals of the faces of 
the cube passing through this vertex. Find the resultant of 
the three forces. 

1.75. Given a rectangle ABCD and an arbitrary point M 


6-01176 


82 Vector Algebra and Analytical Geometry Ch. 2. 


Jying outside of il. Prove the equality MA-MC = MB-MD. 
Hence show that | MA P+ [MCP -|MB P+] MD iP. 

1.76. ABCD is an isosceles trapezoid, AB == a is the base, 
AD = b is the lateral side, the angle between AB and AD 
is equal to 2/3. Express the vectors DC, CB, AC and DB 
in terms of a and Bb. 

1.77. Knowing that |a| = 3, |b] = 1, |e |= 4 and 
a+6b-+ce¢=0, compute ab + be + ca. 

1.78. Given vectors a, (4, —2, —4) and a, (6, —3, 2). 
Compute: 

(a) @,@,; (b) (2a, — dag) (@; + 2ay); (c) (@, — a2)’; 

(d) | 2a, — Q, |; (e) Pla, Bo; (f) Pra, &; 

(¢) the direction cosines of the vector a,; 


° “~™ 
(h) Pra;+a, (@; — 2@,); (i) cos (a,, a). 
1.79. Given two points A (2, 2) and B (5, —2). On the axis 


POs 
of abscissas find a point M such that AMB = n/2. 

1.80. Find the lengths of the sides and the magnitudes of 
the angles of a triangle with vertices A (—1, —2, 4), 
B (—4, —2, 0), and C (8, —2, 1). 

1.81. For the given vectors a, b, and e compute 
pr, (2a — 36): 

(a)a = —it+2+kh, b= 3it+ +h, c= 4i+ 37 

(b) a= i— 2j+ 3k, b= —3i+ 27—k, c= 6i+4+ 27+ 
+ 3k. 

1.82. Prove that the quadrangle with vertices A (—3, 5, 6), 
B (1, —5, 7), C (8, —3, —1), and D (4, 7, —2) is a square. 

1.83. Find the cosine of the angle m between the diagonals 
(AC) and (BD) of a parallelogram given three of its vertices: 
A (2, 1, 3), B (5, 2, —1), and C (—83, 3, —3). 

1.84. Compute the work done by the force F = i+ 27 +k 
on a material point when the latter is displaced from the 
position A (—1, 2, 0) to the position B (2, 4, 3). 

1.85. Given two vectors: a (1, 1) and b(1, —1). Find 
the cosine of the angle between the vectors x and y satisfying 
the system of equations 27x + y =a, x + 2y = b. 


1.86. The vectors a, b, and e are of equal length and 


See. 2.4. Vector Algebra 83 


form pairwise equal angles. Find the coordinates of the 
vectorc ifa=i+tjy, b=j+k. 

lle = Xt j- Vy j- Zk, then it follows from the hypothesis that 
the vector ec satisfies the system of equations 

ea - X 4+-Y =ab— 1; 
cb= Y4+2Z4=—-ab=—1; 
pel? == XA Yee Ze a= af [8 Fea 2. 
Solving this system, we find X, = —1/3, Y, - 4'3, Z, = —1/3 or 
X,=1, Y,=0, Z,=1 

1.87. Three rays [OA), [OB) and [OC) form pairwise equal 
angles of magnitude m/3. Find the angle between the bisectors 
of the angles 7 AOB and Z BOC. 

1.88. Find the coordinates of the vector x which is col- 
linear with the vector a (2, 1, —1) and satisfies the condition 
ax = 3. 

1.89. Vector x is perpendicular to the vectors a,(2, 3, —1) 
anda, (1, —2, 3) and satisfies the condition x (2i — J 4-k) = 
= —6. Find the coordinates of z. 

If we are given some vector e, then the orthogonal component of an 
arbitrary vector a along the vector e is defined as such a vector ae which 
is collinear with e, the difference a — a, being perpendicular to the 
vector e. 

Analogously, the orthogonal component of vector a in a plane P 
is defined as a vector ap, coplanar with the plane P, the difference 
@ — ap being perpendicular to this plane. 

1.90. For the vector a(—1, 2, 1) find the orthogonal 
component along the unit basis vector j and the orthogonal 
component in the plane of vectors z and k. 

1.91. Given two vectors e (1, 1, 1) and a (—1, 2, 1). 
Find: 

(a) the orthogonal component of the vector a along the 
vector @; 

(b) the orthogonal component of the vector @ in the plane 
P which is perpendicular to the vector e. 

1.92. Given the vertices of a triangle: A (—1, —2, 4), 
B(—4, —1, 2), and C (—5, 6, —4); [BD] is its altitude 
drawn through the vertex B. Find the coordinates of the 
point D. 

1.93*. Given three vectors e, (1, —2,0),e, (1, 1, 1), 
anda (—2, 0, 1). Find the orthogonal componenta,,, », ol the 
vector a in the plane of the vectors e, and ég. 


6* 
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If the basis @ = (e,, és, @3) is rectangular, then the coordinates 
of an arbitrary vector a =- X,e, + NX ye, 4- X4e3 in this basis can 
be computed by the formula 


XxX; = ae;, i= 1 2. 3. (11) 


In particular, formula (11) makes it possible to find readily the 
relation between the coordinates of one and the same vector in dilferent 
rectangular bases. 

Example 3. Let the basis 8’ = (i’, j’) have been obtained from 
the basis @ = (2, /) by rotating the ee about the point O through 
an angle o (yp > Oif the rotation is performed 
anticlockwise and @ < 0 if otherwise) (see 
Fig. 11). Find the relation between the 
coordinates of the vector @ in the bases & 
and %’. 

Let a = Xi-+ Yj. Then 


X’ =ai' = Xi’ + Yji', — (42) 
Y’ = aj’ = Xij’ + yjj’. 


On the other hand, we have 


Fio. 11. 


Sap a Af : 
tt —cosq, Jl =cos (—++ p) =—sing, 


ah mt : say 
tj =Cos (+9) =sing, JJ =cos @. 


Therefore formulas (12) for transforming coordinates take the fori 
X’'’ = Xcosg — Ysing, Y’ = X sing + Ycos q. 


1.94. Derive the formulas for transforming the coordinates 
of points in the plane when passing from the coordinate 
system (O, 8 = (i, j)) to the system (O’, 8’ = (WW, j’)), 
if OO’ = x,i + yoJ, and the basis 8’ is obtained from the 
basis B by rotating the latter about the point O through 
an angle @ 

1.95. Write the formulas for transforming the coordinates 
of vectors when passing from the basis 8 = (#, J, k) to the 
basis 8’ = (v', J’, k’), if 


i’ = cos g-i + Sin @-J, J’ = —Sin L -+ COS @: oe ee 
1.96. In a rectangular basis YJ = (i, J, k) vector a@ is 
decomposed as a = —2i+ J — k. Make sure that the 


triple of vectors 


fe Pas 7 sk a 
Vy 2 V2? V2 
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also forms a rectangular basis 8’ = (i’, j’, k’), and find 
the coordinates of the vector a@ in this basis. 

1.97. Given a noncoplanar triple of vectors e, (1, —2, 0), 
e, (0, 1, 1), and e, (1, 2, 2) forming an oblique basis (this 
Should be checked!). Vectors a, and a, are decomposed in 
this basis as follows: a, = Xe, + XMe, + XD) e, and 
a, = Xe, + Xe, + XGe3. Express the scalar product 
a,a, in terms of the coordinales of the vectors in the given 
basis. 


5. The Vector Product of Vectors. An ordered triple of noncoplanar 
vectors (€,, @5, @3) is called right-handed if rotations (by the shortest 
route) from e, to e, and {rom e, to e3 are performed in an anticlock- 
wise sense for an observer found inside the solid angle formed by these 
vectors. If the rotation is clockwise, then the triple (e,, e,, es) is 
called left-handed. 

The vector product of a vector a, by a vector @, is again a vector 
symbolized [a,, @,] (or a, X a,), and defined by the following three 
conditions: 

(1) the length of the vector [a,, a,] is numerically equal tv the 
area of a parallelogram constructed on the vectors a, and ay, 1.e. 


| [a,, ao} | = | a, |+| a, | sin (Q, a); 
(2) the vector [a,, a] is perpendicular to the plane of the vectors 
a, and a,; 


(3) the ordered triple a,, a, [a,, az] is right-handed. 

It follows from the definition of the vector product of two vectors 
that 

a, || d2 <> [a,, a.) = 0. 

The algebraic properties of the vector product: 

(1) [a,, a@,] = — [a,, a); 

(2) [Aa,, ag] = A [a,, a); 

(3) [a -- @2, 6] = [a,, 6} + fag, 4}. 

If a, (X1, Y,, Z2,) and a, (X, Yo, Z,) are vectors specified by 
their coordinates in a right-handed rectangular basis, then the decom- 
position of the vector product in the same basis has the form 
[a,, @2) -= (YZ -- Z,Y2) t+ (2,X, — XZ.) f -- (X1Y2 — Y1%,) &, 


ov in symbolic notation (using the notion of a third-order determinant; 
see Sec. 3.1 in the next chapter) 


t 1 ek 
[a;, @]=|X, Yy ZI, (13) 


“™ 
1.98. |a@, | — 1, |a, | = 2, and (a,, @) = 2n/3. Com- 
pute: 
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(a) | [a,, a.) |; (b) | [2a, + ag, a + 2a,) |; 

(c) | la, + 3a,, 3a, — ay] |. 

1.99. What condition must be satisfied by the vectors 
a, and a, for the vectors a, 4- a, and a, — @, to be col- 
linear? 

1.100. Simplify the following expressions: 

(a) li, f+ hk] —ly, i+ kl) 4+ [k, i+ 74 &l, 

(b) la +b+c,cl+la+6-+c, 6] + [b —e, al, 

(c) [2a + b, e—al + [lb+c,a-+ Ol, 

(d) 2ilj, k] + 37 li, kl) + 4k (4, Jl. 

1.101. Prove that [a — b, a + b] = 2 la, 6b] and explain 
the geometrical meaning of this identity. 


oN 

1.102. |a| = |6| =5, @, Bb) = a/4. Compute the area 
of the triangle constructed on the vectors a — 26 and 
da + 26. 

1.103. Vectors a, 6 and ¢ are related by the condition 
a+-b+c=0. Prove that [a, b] -[b,c] = le, a]. What 
is the geometrical meaning of this result? 

1.104. Prove that for any vectors a, p,q, andr the vectors 
la, p], la, q] and [a, r] are coplanar. 


HO 

1.105. |a | = 2,| 6] = 5, (a, 6) = x/6. Express in terms 
of vectors a and 6 the unit vector e, which is perpendicular 
to the vectors a and 6 and such that 

(a) the triple (a, b, c,) is right-handed; 

(b) the triple (6, ¢,, a) is left-handed. 

1.106. Given vectors a, (3, —1, 2) and a, (1, 2, —1). 
Find the coordinates of the vectors: 

(a) [a,, ay]; (b) [2a, + ay, al; (c) 2a, — ag, 2a, + a,]. 

1.107. Compute the area of the triangle whose vertices 
are A (1, 1, 1), B (2, 3, 4), and C (4, 3, 2). 

1.108. In atriangle with vertices A (1, —1, 2), B(5, —6, 2) 


and C (1, 3, —1) find the altitude h = | BD |. 

1.109. Determine for what values of a and $6 the vector 
att 37 + Bk will be collinear with the vector la, 6] if 
a (3, —1, 1) and 6 (14, 2, 0). 

1.110. For the given vectors a@ (2, 0, 3), B(—3, 5, 4), and 
c (3, 4, —1) compute the projection of the vector [a, 6] on 
the vector (a, b)c. 
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1.1411. For the given vectors a (2, 1, —1), 6(1, 2, 1), 
c (2, —1, 3), and d(3, —1, 2) compute the projection of the 
vector a +c on the vector [b — d, cl. 

1.1412. Find the vector fa, a+b] + la, fa, 6] if 
a (2, 14, —3) and 6 (1, —1, 1). 


1.113. Find the vector[AB + AC,IBC, ABIJifA (2, 2, 3), 
B (A, 0, 4), and C (2, 3, 5). 

1.114. Three nonzero vectors a, 0, and c are related as 
follows: a = [b, c], 6 = [ec, a], e = la, 6). Find the lengths 
of these vectors and the angles between them. 

1.115. A force F = 2i — 4j + 5k is applied at the point 
A (4, —2, 3). Determine the moment of this force about the 
point O (3, 2, —1). 

1.116. Three forces F, (2, —1, —3), F, (8, 2, —1), and 
F., (—4, 1, 3) are applied at the point A (—1, 4, 2). Deter- 
mine the magnitude and the direction cosines of the moment 
of the resultant of these forces about the point O (2, 3, —1). 

1.117. Compute the area of the parallelogram whose 
diagonals are the vectors 2e, — e, and 4e, — 5ée,, where 


e, and e, are unit vectors and (e,, e,) = a/A4. 

1.118. Find the coordinates of vector x if it is known that 
it is perpendicular to the vectors a, (4, —2, —3) and 
a, (0, 1, 3), forms an obtuse angle with the unit vector J 
and |x | = 26. 

1.119. Find the coordinates of vector x if it is perpen- 
dicular to the vectors a, (2, —3, 1) and a, (1, —2, 3) and 
satishes the condition # (¢ + 27 — 7k) = 10. 

1.120. Under what conditions does the equation a, = 
—[a,, x] have a solution with respect to 2? How many 
solutions are existent? 

1.121. Find the component of the vector a (—1, 2, 0) 
perpendicular to the plane of the vectors e, (1, 0, 1) and 
51s. 15-1). 

1.122. How will expression (13) change if the coordinates 
of the vectors are specified in a left-handed rectangular 
basis? Will this formula be correct in the case of an oblique 
basis? 

1.123*. The vector la, [b, cl] is called the vector double 
product of the given vectors. Prove that the following equal- 
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ity holds: 
[a, [b, cl] = Ba, c) — ca, 5B). 


6. Scalar Triple Product. The scalar triple product of an ordered 
triple of vectors a,, @,, @3 is defined as the number [a,, a,] as. 

Geometrical properties of a scalar triple product: 

(1) if V is the volume of the parallelepiped constructed on the 
vectors @,, @,, and as, then 


ac V, if the triple (a,, a@,, @3) is right-handed, 
ee { —V, if the triple (a,, @,, @3) is left-handed; 


(2) for three vectors a,, @,, a; to be coplanar, it is necessary and 
suflicient that the condition [a,, a,] a; = 0 is fulfilled. 

The main algebraic property of a scalar triple product consists 
in that a circular permutation of the vectors does not change its mag- 
nitude, i.e. 

[a,, a] a3 = [@2, a3] ay = (a3, a] ay. 


This property allows to introduce the notation [a,, a,] a, = a,d,a3 
(the result is independent of the way in which the square brackets are 
arranged in the right-hand member). This is how a scalar triple prod- 
uct is written in terms of the coordinates of the vectors specified in 
a right-handed rectangular basis: 


X,Y, 4 
XV 2: 


£04,403 = 
X3 Ys 2 


1.124. Three mutually perpendicular vectors a,, a@,, a 
form a right-handed triple; |a@, | = 4, |a, | — 2, Ja; | = 
= 3. Compute a,a,a@3. 

1.125. The vectors a, 6, ec form a left-handed (triple, 


on™ 
la|=1, |b| = 2, |e | = 3, @, b) = 30°, and ¢ is per- 
pendicular to a and 8b. Find abe. 

1.126. Given three vectors: a, (1, —1, 3), a, (—2, 2, 1), 
and a; (3, —2, 5). Compute a,a,a,. What is the oricnlalion 
of each of the indicated triples: 

(a) (Gy, @y, 3); (b) (@g, A, Gs); (C) (@y, G3, Ag)? 

{.127. Do the vectors a,, a,, and a, form a basis in the 
set of all vectors if: 


(a) ay (2, 3, —1), Qo (1, —1, 3), as (1, 9, —11); 

(b) a, (3, —2, 1), Qo (2: 1, 2), As (3, —1, —2). 

1.128. Prove that |a,a,a; | < |a,|]|a,||a@, |; in what 
case does an equality take place? 
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1.129. Prove that for any a, B, and ¢ the vectors a — B, 
b —c and ec —a are coplanar. What is the geometrical 
meaning of this fact? 

1.130. Prove the identity 

(a+b-+ ce) (a — 2b + 2c) (44a + b+ Se) = 0. 

1.131. Prove that if ala, b] + Bld, c] + y le, al] =: 0, 
and at least one of the numbers a, £, and y is nonzero, then 
the vectors a, b, and c¢ are coplanar. 

1.132. Compute the volume of the tetrahedron OABC if 
OA = 31+ 47; OB = —3j7 + k, OC = 2j + ok. 

1.133. Compute the volume of a tetrahedron with vertices 
at the points A (2, —3, 5), B (QO, 2, 1), C (—2, —2, 3), and 
D (3, 2, 4). 

1.134. In a tetrahedron with vertices at the points 
A (1,1, 1), B (2, 0, 2), C (2, 2, 2), and D (3, 4, —3) compute 
the altitude h = | DE |. 

1.135. Check to see whether lhe given vectors are co- 


planar: 
(a) Ss —2t+jy+hk, 6 = i — 27 4- 3k, Cs 14¢ — 137 + 


(b) a == 2i4+-j — 3k, 6 -= 3i — 27 + 2k, e=i—4j+k. 
1.136. For what 4 are the vectors a, 6 and ¢ coplanar: 
(a) a (a, 3, 1), B(5, —1, 2), e (—1, 5, 4); 

(b) a (1, 2a, 1), OB (1, A, 0), e (0, A, 1)? 


1.137. Prove thal the four points A (1, 2, —1), B (0, 1, 5), 
C (—1, 2, 1), and D (2, 1, 3) lie in one plane. 

1.138. Find the coordinates of the fourth verlex of a 
tetrahedron ABCD if it is known that it lies on the y-axis 
and the volume of the tetrahedron is equal to v: 

(a) A (—1,10,0), B (0,5, 2), C (6, 32, 2), v = 29; 

(b) A (0, 1, 1), B (4, 3, —3), C (2, —1, 1), v = 2. 

1.139. Show that the volume of the parallelepiped con- 
structed on the diagonals of the faces of the given parallel- 
epiped is equal to the doubled volume of the given paral- 
Jelepiped. 

1.140. Prove the following identities: 

(a) (a +c) b(a + b) = —abe; 

(b) (a — b) (a — b — €) (a + 2b — ec) = Babe; 

(c) (a + 6b) (6 + ©) (ce + a) = 2abe; 

(d) Va, 6 (ab (e + aa + Bb) = abc). 
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SEC, 2.2. 
LINEAR GEOMETRICAL OBJECTS 


{. Straight Line in the Plane. A straight line in a plane with a 
reclangular Cartesian coordinate system Oy can be given by an equa- 
tion of one of the following forms: 

(1) Ax - By | C = Oisthe general equation of the straight line; 

(2) A (x — 2x9) + B (y — yo) == Ois the equation of a straight 
line through a point Mo (zo, yo) and perpendicular to a normal vector 
n (A, B); 

L— = 

(3) 0 __ y = Yo 
a point JALy (tg, yo) and parallel to a direction vector q (l, m) (the 
canonical equation of a straight line); 


Y = Yo ae mt, 
a straight line; in vector form, they are replaced by one equation 


r=Pro + qt, 


where #y (79, Yo) is the radius vector of the point AZ (zo, 49), g (2, me) 
is the direction vector of the straight line; 

(5) < ++ -- isthe intercept form of the equation of a straight 
Jine, where a and b are the lengths of the directed segments intercepted 
by the straight line on the z- and y-axes, respectively; 

(6) zcosa-+ y cos B — p = Visthe normal equation of a straight 
line, where cos x and cos f are the direction cosines of the normal 
vector rn directed from the origin towards the straight line, and p > U 
is the distance from the origin to the straight line. 

GeneraJ equation (1) is reduced to normal Jorm (6) by multiplying 
by the normalization factor 


is the equation of a straight line through 


t € (—oo, oo) is the parametric equations of 


sgn C 
VRE | 
Ifa straight line L is given by an equation of form (6), and M (rc, y) 
is some point in the plane, then the expression 


5 (M, L) =zcosa+ ycosfh — p 


is called the deviation of the point M from the straight line L. The symbol 
6 (47, L) indicates the mutual positions of the point (7, the straight 
line / and the origin, namely: if the point M/ and the origin lie on 
different sides of the line LZ, then 6 (47, 1) > 0, and if Mf and the 
origin are on one side of 4, thea 6 (MW, 1) < U. The distance p (M, L) 
from the point A to the straight line 1 is determined by the equality 
po (M, L)-= | 8 (M, ZL) |. 

Example ft. Write the equation of a straight line L’ which is par- 
allel to two given lines Ly: «+ 2y —1=0, 2,: 2+ 2y+2=0 
and passes in the middJe between them. 


H= — 
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First method. Since the vector wv (1, 2), normal to the given lines 
L, and Ly, is at the same time normal to the line Z’, it suflices to 
lind some point Al’ equidistant from Z, and ZL, (i.e. lying between them 
at an equal distance from either of them). F rom the equations for L, 
and L, we find any two points M, € LZ, and AM, € Ly, for instance, 
M, (1, 0) and MM, (—2, 0). Then the point AZ’ (—1/2, 0), bisecting 
the line segment Al, A/,, lies between 1, and L, and is equidistant 


from them. Therelore the equation of the straight line L’ has the 
form 


L's e+ 2y+5 <0. 
Second method. An arbitrary point 47 belongs to L’ if and only if 
ep (M, L,) =p (M, L,), 1.e 
| 6 (M, Ly) | = | 6 (M, Lz) |. (1) 
To remove the moduli in this relation, let us determine the position 


of the origin relative to the given lines L, and L,. The normal equa- 
tions of these lines are 


1 2 


1 
Ly: —x yy —- — 
an en: V5 


and 
bs: ‘cot 


SS ee — 
V5 V5 V5 
Since the normals vz, and ry, from the point O towards L, and Ly, 
respectively, are in opposite directions, the point O is situated in the 
strip bounded by Z, and Log. 
Therefore relation (1) takes the form 6 (A7, L,) — 6 (AI, L,), or 


In Problems 2.1 to 2.3: 

(1) write the equation of the given line, reduce il lo the 
general form, and construct the line; 

(2) reduce the general equation to the normal form and 
indicate the distance from the origin to the straight line. 

2.1. A straight line / is given by a point AJ, (to, Yo) € L 
and a normal vector n (A, 8B): 

(a) Aly (1, 2), a (2, 2); (b) AT, (2, 1), 2 (2, 9); 

(c) M7, (A, 1), nm (2, —1). 

2.2. A straight line L is given by a point M7 (%. Yo) € L 
and a direction vector q (l, m): 
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(a) My (—4, 2), ¢ (3, —1); (b) My (1, 1), ¢ 0, —1); 
(c) My (—4, 1), @ (2, | 
2.3. A straight line L is given by two points M, (z,, y,) 
and M, (Xe, Yo): 
(a) M; (A, 3) M, (—1, 0); (b) M, (1, 1), M2 (4, —2); 
(c) M, (2, 2), M, (0, 
2.4. Given a straight line Z and a point M. 
(1) Compute the distance p (M, L) from the point 


to the straight line L; 

(2) write the equation of the straight line L’ passing 
through the point / and perpendicular to the given line L; 

(3) write the equation of the straight line ZL” passing 
through the point M and parallel to the given line L. 

(a) L: —2x7 + y—1=0, M (—1, 2); 

(cc) Lx«+ty+tit=0, wd, 1). 


Let there be given two straight lines Z, and Z,. Two cases of their 
mutual positions are possible: 

(1) L, and L, are parallel lines; in particular, they coincide; 

(2) LZ, and L, intersect. 


In Problems 2.5 to 2.9 investigate the mutual positions 
of the given lines L, and L,. In Case (1) find the distance 
o (Z,, L,) between the straight lines, and in Case (2) find 


a 
the cosine of the angle (£,, Z,) and the point 1/, of inter- 
section of the given lines. 
2.0 L,:; —27 +y—1=0, Ly: 2y+1=0, 
6.6) i Oe 


2 FT? 
246 1 & Eye 1 = 0, La: 2x — 2y +1 = 0, 


I, 
L 

2.8. Lyxz+y—1=0, : $=, 
us 


2.9. sie A) asl Ly: 2x — 4y —2 = 0. 

2.10. logge ABC is given by the coordinates of its 
vertices. 

(1) Write the equation of the side (AB); 

(2) write the equation of the altitude (CD) and compute 
its length h = | CD |; 

(3) find the angle @ between the altitude (CD) and median 
(BM); 


4 0? 
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(4) wrile the equations of the bisectors 1, and Ly of the 
interior and exterior angles at the vertex A. 
F 2.11. Show that the point M (—1, 2) belongs to the 
straight line 1: 2 = 2t, y = —1 — 6¢. Find the value of 
the parameter ¢ corresponding lo this point. 

2.12. Compute the distance from the point M (1, 1) to the 
straight line 2: 2 = —1 4+ 2t, y=2 +4. 


If a straight line is given by the general equation Az + By + C= 
= 0 and B # 0 (i.e. the given line is not parallel to the y-axis), then 
this straight line can be described by an equation in the slope-intercept 
form y = kz +- 6. 

Example 2. Write the equation of the straight line ZL’ passing 
through the point M (2, 1) at an angle m/4 to the straight line L: 
2x +3y +4 = 0. 

The angle between two lines L and J,’ is defined as the smaller 
(acute) angle of the two adjacent angles formed by these lines. There- 
fore (sce Problem 2.13) 


2 
‘an (Ly, Lo) = fog eee Ie ge = = 
ai ( --+) k 
3 
where & is the slope of the straight line 7’. From this equation we find: 
ky = 4/5, kg = —5. Consequently, the problem has two solutions. 


Using the coordinates of the point M, we can wrile for cach solution 
an equation in the slope-intercept form: 


1 3 
year+, y=—de+I1, 


or in the general form 
x—Sy4-3=0, Sr-l-y -—-11 = 0. 


2.13. Write the equation of the straight line passing 
through the point A/, (2, 4) at a distance of 9 = 1 from the 
point A (0, 3). 

2.14. Write the equation of the straight line passing 
through the point M, (1, 2) twice as distant from the point 
A (—2, —5) as from the point B (4, 8). 

2.15. Write the equation of the straight line perpendicular 
to the straight line 2x + 6y — 3 = 0 and passing at a 


distance of /10 from the point A (5, 4). 
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2.16. Prove that if two lines ZL, and 4, are given by 

equations in the slope-intercept form, then 

(kik, 


tan (Ly, L;) = | 


2.17. A light ray emanates from the point M (5, 4) at an 
angle @ --: arc tan 2 to the z-axis and reflects from it. Write 
the equations for the incident and reflected rays. 

2.18. Write the equation of the straight line intercepting 
on the axis of abscissas a line segment 2 cm long and forming 
an angle of 45° with the straight line 2x —y +3 = 0. 

2.19. In the equation of the straight line 4x + Ay — 20 = 
<== 0 choose A so that the angle between this line and the 
straight line 2x — 3y + 6 = 0 be equal to 45°. 

2.20. Given in an isosceles triangle ABC: the vertex 
C (4, 3), the equation 2x — y — 5 = O of the base (AC), 
and the equation xz — y = O of the lateral side (AB). Write 
the equation of the side (BC). 

2.21. Write the equation of the straight line which passes 
at a distance 0 = V 34 from the point A (—1, 2) and forms 
with the z-axis an angle equal to twice the angle formed 
by the straight line 2x — 6y + 5 = 0 with the z-axis. 

2.22. Wrile the equation of the straight !ine which passes 
through the point AZ (8, 6) and cuts off the quadrant a 
triangle whose area is equal to 12. 

2.23. Write the equation of Lhe straight line parallel to 
the two given lines L, and L, and passing in the middle 
between them if 


(a) Ly: 382—2y—1=0, L,: eh, 


2 
4 1 
tty yt 
(b) Ly: 32—15y—1=—0, L,: ae 


2.24. Write the equation of the straight line passing 
through the point A/ (2, 1) at an angle a/4 to the straight 
line Li: c=1+t, y = —2 — (2/8) t. 

2.25. Given two opposite vertices of a square: A (1, 3) 
and C (—1, 1). Find the coordinates of [he remaining two 
verlices and write the equations of its sides. 
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2.26. Given the equation of one of the sides of a square 
x + dy — 3 = VU and the point of intersection of its diago- 
nals NV (—2, V). Write the equations of ils remaining sides. 

2.27. The point A (5, —4) is a vertex of the square whose 
diagonal lies on the straight line x — 7y — 8 = 0. Write 
the equations of the sides and the other diagonal of this 
square. 

2.28. Write the equations of the sides of a triangle ABC 
given ils vertex A (1, 3) and the equations of two medians: 
z—2y+i=0 and y—i1= 0. 

2.29*. Prove that the straight line 2x + y4+3= 0 
intersects the line segment [M,M,], where M, (—5, 1) and 
M, (38, 7). 

2.30. Write the equation of the straight line passing 
through the point AZ, (—2, 3) equidistant from the points 
M, (9, —1) and M, (8, 7). 

2.31. Find out whether the point AZ, (1, —2) and the 
origin lie in the same angle, in adjacent angles or in the 
vertical angles formed by the intersecting straight lines 
L, and L, if 


(a) Ly: 2a —y—5=0, L,: 384 + y +10 = 0; 
(b) Ly: « — 2y —1=0, Ly: 82 —y —2=—0. 


2.32. Which of the angles (acule or obtuse) formed by 
the straight lines 3% — dy — 4 = O and z 4- 2y +- 3 = O 
contains the point WM (2, —5)? 

2.33. Write the equations of the sides of a triangle, know- 
ing one of ils vertices 6 (2, 6) and the equations of its 
altitude x — 7y + 15 = Oand the bisector 7z -|- y -- 5 -: O 
drawn from one vertex. 

2.34. Write the equations of the sides of a Lriangle, know- 
ing one of its vertices B (2, —7) and the equations of the 
altitude 32 -- y 4- 14 = O and the median z -+ 2y 4 7 - O 
drawn from different vertices. 

2.35. Write the equations of the sides of a triang]e, know- 
ing one of its vertices A (3, —1) and the equations of the 
bisector x — 4y + 10 = O and median 6z 4+ 10y — 59 = 0 
drawn from different vertices. 

2.36. Given the equations 5x +- 4y = 0 and 32 — y — O 
of the medians of a triangle and the coordinates (—5, 2) 
of one of its vertices. Write the equations of its sides. 
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2.37. Given the equalionsy -+- 4 = Oand7z + 4y°+ 5 — 
= 0 of the bisectors of two interior angles of a triangle and 
the equation 4z |- 3y -= VU of the side joining the vertices 
from which the given bisectors emanate. Write the equations 
of the remaining two sides of the triangle. 

2.38. (a) Prove that the point A of intersection of the 
altitudes of a triangle lies on one and the same straight 
line with the point M of intersection of its medians and with 
the centre NV of the circumscribed circle. 

(b) Verify the statement of (a) for the triangle with 
vertices at the points A (5, 8), B (—2, 9), and C (—4, 5). 
Determine in what ratio 4 the directed segment MN is 
divided by the point A. 

2.39. In the triangle A (—3, —1), B (1, —5), C (9, 3), 
AM = 3MB and AN = 3NC. Show that the point of 
interseclion of the straight lines (RN) and (CM) lies on the 
median drawn from the vertex A. 


2. A Plane and a Straight Line in Space. Jn a rectangular Cartesian 
coordinate system Ozyz a plane P can be given by an equation of one 
of the following forms: 

(1) Az -+ By + Cz + D = Ois the general equation of a plane; 

©) A (tx — x) + B (y — yo) + C (2 — 29) = Ois the equation of 
a plane passing through a point My (z9, yo, 29) and perpendicular 
to a normal vector n (A, B, C); 

(3) = 454 — =1 is the intercept form of the equation of a plane 
where a, 6, c are the lengths of the directed line segments inter- 
cepted by the plane on the z-, y-, and z-axes, respectively; 

(4) xcosa+ycosB + zcosy — p = Oisthe normal equation of 
a plane, where cosa, cos f, cosy are the direction cosines of the 
normal vector 2 drawn from the origin towards the plane, and p > 0 
is the distance from the origin to the plane. 

The general equation (1) is reduced to the normal form (4) by 
multiplying the former by the normalization factor 


_ sen D 
VAT 


If a plane P is given by a normal equation of form (4), and 
M (r, y, 2) is some point in space, then the expression 


5(M, P)=zxcosa+ ycosB + 2zcosy — p 


is called the deviation of the point M from the plane P. The symbol 
6 (M, ?P) indicates the mutual positions of the point JZ, the plane P, 
and the origin, namely: if the point M and the origin lie on different 


p= 
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sides of the plane P, then 6 (M, P?) > 0, and if M and the origin are 
found on one side of the plane P, then 6 (M, P) < 0. 

The distance p (MV, P) trom the point M to the plane P is deter 
mined by the equality 9 (M, P) = |6(M, P)}. 

A straight line Z in space can be given by: 

(1) the general equations 


pa Nee laa hi 
A,z + Boy + Cyz + Dy = 0, 
where the coefficients A,, B,, C, are not proportional to the cocffi- 
cients A,, B,, C, which is equivalent to its specification as the line 
of intersection of two planes. 

(2) the parametric equations 


Y=Yotme, 


Z=2,+ nt, 
or in vector form 
r(t)=r,+q, 
where Fo (Lp, Yo, 29) iS the radius vector of some point belonging 
to the straight line andq (/, m, n) is the direction vector of the straight 
line; 
(3) the canonical equations 


l m n ? 


which is equivalent to describing a straight line as the line of inter- 
oe of three planes projecting this straight line on the coordinate 
ylanes. 
Example 3. Write the equation of the plane P passing through 
the two points M, (1, 1, 1) and M, (0, 2, 1) parallel to the vector 
a (2, 0, 4). 

The problem has a unique solution, since the vectors M,M, ( -1, 
1, 0) and a (2, 0, 4) are noncollinear. The vector 


ijk 
n=[M,M,, a]=|-—-1 1 0/=i+j—a2k 
20 1 


can be taken as a normal vector to the plane. The equation of the 
plane has the form (z — 1) + (y —1) —2(2 —1) = 0 orz+ y — 
— 2z = (0. Since the last equation has no constant term, the plane 
passes through the origin. 


Other method. Point M (z, y, z) belongs to the desired plane P 
if and only if the vectors M,M, M,M, and a are coplanar. Hence 
zr—1 y—1 z—1 
—1 1 () 

2 () 1 


M,M-M,\M,.a= =) 


i.e. c+ y —2z2=— 0. 
7—01176 
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Example 4. A straight line L is given by the gencral equations 


{ ety —z = 0, 
2x —y+t+2= 0. 


Write the canonical equation of this line and the equation of its 
projection on the zz-plane. 

Tho point M (0, 2, 2) satisfies the general equations of the straight 
line (check this!) and, consequently, lies on this line. As the direction 
vector of the line, we can take the vector g = [m,, mo], where 


nm, (1, 1, —1) and n, (2, —1. 0) are the normal vectors of the planes 
the line of intersection of which is the given straight line. Thus, 

i j k 

q=|1 4 —1/=—i—2j—3k, 

2 —4 0 

and the canonical equations of the given line are: 
££ jy—2 2-2 
—1 —2 £4—8° 


The obtained proportion is equivalent to the system of three equa- 


tions 
—2zx-+ y—2= 9, 
| B+ 2= 2 = 0, 
—3y + 22 +2 = 0, 


describing the three planes projecting the given line on the ry-, 72z-, 

and yz-planes, respectively (the equations of a straight linein the pro- 

jection form). In particular, the equation —3z + z — 2 = 0 is the 

equation of the projection of the given straight line on the 2xz-plane. 
Example 5. Given skew lines 


— £& yt 242 ee’. yeh. Be 
Li: a (ene ae and JL,: fo 


Find the distance op (Z£,, L,) between the given straight lines and write 
the equation of the common perpendicular L to these lines. 

Let us find the equation of the plane P passing through the line L, 
parallel to the line 1, (Fig. 12). The point M7, (0, 1, —2) lies on L, 
and, consequently, belongs to the desired plane P. We take as a nor- 
mal vector to this plane the vector 


ij k 
N=(Qi, Qal=|—2 0 = 1/= —2i—j—4k. 
12 —4 


The equation of the plane P: 
—2x — (y —1) —4 (z+ 2) = 0, 
or, in the general form, 22 + y + 42+7= 0. 
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The distance p (4,, Ly) is equal to the distance frum any point 


on L,, say M,(—-1, --1t, 2), to the plane ?. The normal equation of 
the plane P has the form 
2 1 4 7 


SS ee oe ES Se 
V 21 V 21 V 21 V 24 
whence 
4 8 7 12 


2 

_ : Vu VU V2 Vul Vr 

To write the equation of the common perpendicular LZ, let us find 
the equations of the planes P, and ?, passing through the given lines 


Fig. 12. 


L, and L,, respectively, and perpendicular to the plane P. We have 
M, (0, 1, —2) € P, and n, = (q;, n] = « — 107 + 2k L P,, whence 
Pi: 2 —10y + 2z -+ 14 = 0. Analogously, M, (—1, —1, 2) € P, and 
No = (qo, nm] = —9i-+ 67 + 3k 1 Py, whence P,: 3x — 2y —2+ 
+3= 0. 
Since L = P, (\ Ps, we obtain 

x —410y + 22+ 14=0, 

3x — 2y —z+3=0 
which are the general equations of the line LD. 


2.40. Given a plane P and a point M. Write the equation 
of the plane P’ passing through the point M parallel to the 
plane P, and compute the distance 0 (P, P’) if 

(a) P: —2x +y—2+1=0, M(1, 1, 1); 

(b) P: ex —y—1=0, M (4, 1, 2). 

2.41. Write the equation of the plane P’ passing through 
the given points M, and M, perpendicular to the given 
plane P if 


7* 
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(a) P: —z 4+-y —1=0, M, (1, 2, 0), M, (2, 1, 1); 

(b) P: 2x2 —y+2+1=0, M, (0, 1, 1), M, (2, 0, 1). 

2.42. Write the equation of the plane passing through 
the point M parallel to the vectors a, and a, if 

(a) M (4, 1, 1), a, (0, 1, 2), a, (—1, 0, 1); 

(b) M (0, 1, 2), a, (2, 0, 1), a, (4, 1, 0). 

2.43. Write the equation of the plane passing through 
the points M, and M, parallel to the vector a if 

(a) M, (1, 2, 0), M, (2, 1, 1), a (8, 0, 1); 

(b) M, (1, 1, 1), M, (2, 38, —1), a (0, —1, 2). 

2.44. Write the equation of the plane passing through 
the three given points M,, M,, and M, iif 

(a) M, (1, 2, 0), My, (2, 1, 1), Ms, (8, 0, 4); 

(b) M, (4, 1, 1), M, (0, —1, 2), M, (2, 3, —1). 


Let there be given two planes P, and P,. Two cascs of their mutual 
positions are possible: 

(1) P, is parallel to P,, in particular, the planes coincide; 

(2) P, and P, intersect along a straight line. 


In Problems 2.45 to 2.48 investigate the mutual positions 
of the given planes. In Case (1) find the distance op (P,, P,.) 
between the planes, and in Case (2) find the cosine of the 
angle between them. 

2.45. Py: —x + 2y—24+1=0, Pz: y+3z2—1=0. 

2.46. Py: 2e—yt2z2—-1=0, P,: —4x + 2y — 2z2— 


= 1 = 0. 
2.47. Py x—yt+i=d0, Py, y—z+1=0. 
2.48. Py: 2a —y—z+1=0, P,: —4¢% + 2y + 22— 

=. =O: 


2.49. Compute the volume of the pyramid bounded by the 
plane P: 2x — 3y -+ 62 — 12 = O and the coordinate planes. 

2.00. Through the point M, (1, 7, —5) pass a plane which 
would intercept equal positive segments on the coordinate 
axes. 

2.01. Three faces of a letrahedron situated in the second 
octant (c << 0, y > 0, z > 0) coincide with the coordinate 


Sec. 2.2. Linear Geometrical Objects 104 


planes. Write the equation of the fourth face if the lengths 
of the edges bounding this face are: |AB|=6, | BC|= 
— V29, |AC |=—5 and find the length of the altitude 
[OH] of the tetrahedron. 

2.02. Write the equations of theplanes bisecting the 
dihedral angle formed by the planes P, and P, if: 

(a) Py: x — dy + 22 —5 = 0, P,: 34 — 2y —2 +3=0; 

(b) Py: 22 —y +52 —3=0, Py: 24 —10y + 42 —2= 

=, 

2.93. Write the equation of the plane equidistant from 
the two given planes P, and P, if: 

(a) Py: 424 —y — 2z —3 = 0, P,: 4x4 —y — 22 —5 = 0; 

(b) Py: 52 — 38y +24 3=0, Py: 10x — by 4+ 22+ 7= 

= 0; 

2.04. Find out whether the points M, (2, —1, 1) and 
M, (1, 2, —3) lie in one angle, in adjacent or vertical angles 
formed by the planes P, and P, if: 

(a) Py: 82 —y + 22 —3 = 0, Py: e—2y—2+4=0; 

(b) Py: 2k —y+o0z2—1=0, P,: 3x—2y4+6z—-1= 

=), 

2.55. Given the coordinates of the vertices of a tetra- 
hedron: A (2,0, 0), B (5, 3, 0), € (0,1, 1), and D (—2, —-4, 1). 
Write the equations of its faces. 

2.56. Write the equation of the plane passing through 
the point A (1, 1, —1) perpendicular to the planes 2x — y+ 
+5z+3=0 and «4+ 3y —2—-7=0. 

2.57. A straight line ZL is given by ils general equations. 
Write its equations in the canonical and projection forms 
(see Example 4) if: 

(a) (b) 

2x£—y+2z—3=0, . ere 
ae ar ~ | 2a—y4-24+2=0. 

2.58. Write the canonical equations of the straight line 
passing through the point M, (2, 0, —3) and parallel to: 

(a) the vector q (2, —3, 09); 

4 


(b) the straight line a ee 
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(c) the z-axis; 
(d) the z-axis; 
32—y+2z—7=0, 


(e) the straight line x + 3y —22—3=0: 


(f) the straight linex = —2 4+ t,y = 2t,z = 1 — (1/2) t. 

2.59. Write the equations of a straight line passing through 
the two given points M, and M, if: 

(a) M, (1, —2, 1), M, (3, 1, —1); 

(b) M, (3, —1, 0), M, (4, 0, —83). 


2.60. Given a straight line L: > == and 


0 

a point M (0, 1, 2) 6 Z (verify this!), 

(a) write the equation of the plane passing through the 
straight line L and point M; 

(b) write the equation of the plane passing through the 
point M perpendicular to the line L; 

(c) write the equation of the perpendicular dropped from 
the point M on the line L; 

(d) compute the distance 9 (VM, L); 

(e) find the projection of the point M on the line L. 

2.61. Given a plane P: x 4+ y—2z2+1 = Vand astraight 


p — | 4 
line L: _ =$=55 , and L¢P (check!), 


“on™ 

(a) compute sin (P, L) and the coordinates of the point 
of intersection of the line and the plane; 

(b) write the equation of the plane passing through the 
line Z perpendicular to the plane P; 

(c) write the equations of the projection of the line L 
on the plane P. 

2.62. Let there be given two straight lines: 


~ FT—Z% TY 
4° eee i 0c a TT 
ly my ny 


and 
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Prove that the lines Z, and L, lie in one plane if and only 
if the following condition is fulfilled: 


Lo —2X, Yo—Yy 2-4 
Li my n, |==0. 
ly Ms No 
2.63. Using the result obtained in Problem 2.62, make 


sure that the straight lines Z, and L, belong to one plane, 
and write the equation of this plane: 


= io) ae as ee = 
(a) Ly: 2 tyre i) jie aan y--Z. 2 a 


2 —3 #4? 3 pA —2’ 
p8= 2) yt 23 ~2—-1 y—2_ 243 
DME Ta sae ea oe oe 


2.64. Find the distance between two parallel straight 
lines 


2.65. Find the distance from the point A (2, 3, —1) to the 
given straight line L: 


(a) (b) 


| x-=3t+oa, 
| 22—2y+24+ 3=0, y =2t 
32 —2y+224+17=0; 7 —2t__25. 
2.66. Prove that the straight lines 
: lie ae eae and L,: sn Py eG aa 
: Pa e222 = 0 “ 3 —1 4 


are parallel and find the distance p (Z,, Lg). 

2.67. Write the equations of the straight line passing 

through the points of intersection of the plane x — 3y -+ 
+ 2z + 1 = 0 with the straight lines 

g--5  y-kl xz—3 yoes Z—9 

—6 _ 


z—3 
Sy ag Oe D 
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2.68. For what value of A will the plane 52 — 3y + z + 
z—-4z—1=0, 


+ 4=0 be parallel to the straight line y —32+2—0? 
2.69. Find the equations of the projection of the straight 
line — J+" = 4 on the plane x — 3y—24+8=0. 
2.70. Determine the angle between the straight line 
CY eS 0, 
2x +y—z—1=0 
and the plane passing through the points A (2, 3, —1), 
B (1, 1, 0), and C (0, —2, 1). 
2.71. Through the point M, (7, 1, 0) and parallel to the 


plane 22 + 3y —z—15=0 draw a straight line to 
intersect the line 


zc Y1 23 
: a 
2.72. Write the canonical equations of the straight line 
which passes through the point M, (3, —2, —4) parallel 
to the plane 3x — 2y — 32 — 7=0 and intersects the 
straight line a ae — 
2.73. Prove that the distance between the skew lines 
Li r(t) =r, + qt and L,: r (tt) =r, + qot can be com- 
puted by the formula 


— | (ei) 1192 | 
p (2, La) nC One 

In Problems 2.74 to 2.76 for the given straight lines 
L, and L, do the following: 

(a) prove that they do not lie in one plane, i.e. that 
they are skew lines; 

(b) write the equation of the plane passing through the 
straight line ZL, parallel to L,; 

(c) compute the distance belween the straight lines; 

(d) wrile the equation of the common perpendicular to 
the given straight lines L, and Ly. The initial data: 

ao E47. 2a z-+3 _ £—21 yo 22, 
2.74. Ly: i as te = Ses a 
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t—6 y—3_2z+3 , ed yl a4 
2.19; L, S “ss 9 4 9 Ls: 3 _— att — 8 ’ 
_2  y—9 242 z—2 y e407 


2.77. A cube ABCDA'B'C'D’ is given by its vertices: 
A (0, 0, 0), B (1, 0, 0), C 4, 1, 0), D (0, 1, 0), A’ (0,:0, 1), 
B’ (4, 0, 1), C’ (1, 1, 1), D’ (0, 1, 1). Do the following: 

(a) write the equations of the straight lines (A’C) and 
(BC"); 

(b) compute the distance between the straight lines 
(A’C) and (BC’); 

(c) write the equation of the common perpendicular to 
the straight lines (A’C) and (BC’); 

(d) write the equation of the plane passing through the 
points P, Q, and H, where P is the centre of the face ABB’ A’, 


Q divides BC’ in a ratio of a , and H is situated on the 
Vv 


edge (BB’) so that the length of the vector PH + HQ is 
minimal; 

(e) determine the angle belween the plane obtained in 
(d) and the diagonal of the cube (BD’). 


SEC, 2.3. 
PLANE CURVES 


1. The Equation of a Plane Curve in a Rectangular Cartesian Coordi- 
nate System. A curve I is said to have in a coordinate system Ozy 
the equation 


F(z, y) = 9, (1) 


if the following condition is fulfilled: a point M (z, 7) belongs to the 
curve \' if and only if its coordinates « and y satisfy relationship (4). 
If, in particular, F (x, y) =f (z) — y, then equation (4) can be 
written in the form 
y = f (2), (2) 

and in this case the curve [ coincides with the graph of the function 
f (2). | 
This section is dedicated to the relation between the geometrical 
properties of a curve and its equation in some of the simplest cases. 

Example 1. Wrile the equation of the curve the sum of the squares 
of the distances from each point of which to the points A (--a, 0), 
B (0, a), and C (a, 0) is equal to 3a?. 
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Let [ be the curve satisfying the conditions of the problem; 
M (z, y) €T if and only if 
p? (M, A) + p? (M, B) + p? (M, C) = 3a’, 
or 


(e+ a)? + y® + 2? + (y — a)? + (z — a)? + y? = 3a”. 


After simple transformations we obtain 


x? yy? — 4 ay=0, 
or, separating a perfect square, 
4 2 a2 
2 oeevesiail ay ee, 
e+ (y—ge) =F. 


This is just the desired equation of the curve which is a circle of ra- 
dius a/3 centred at the point M, (0, a/3). 


In Problems 3.1 to 3.14 determine what curves are defined 
by the given equations, and construct these curves. 

a4. c+ly|=—0. 02. [xf[+ty—az2=0. 

do. 2 —ay = 0. 3.4. cy t+ y= 0. 3.5. 2? — y? = 0. 

3.6. zy = 0. 3.7. y? —9 = 0. 3.8. 2? — zr —6 = 0. 

3.9. xy — Try + 10y = 0. 3.10. 2? + y? = 4. 

o.44. 2? + (y + 3)? = 1. 3.12. 2? + 2y? = 0. 

3.143. 227 + y27 +2=0. 3.14 227+ /y?—1{[=—0. 

3.15. Write the equation of the curve each point of which 
is equidistant from the points M, (3, 2) and M, (2, 3). 

3.16. Write the equation of the curve the difference of 
the squares of the distances from each point of which to 
the points M, (—a, 0) and M, (a, 0) is equal to c. 

3.17. Write the equation of the curve the distance of 
each point of which to the z-axis is twice the distance to 
the y-axis. 

3.18. Write the equation of the curve the sum of the 
squares of the distances of each point of which to the points 
M, (—3, 0) and M, (3, 0) is equal to 50. 

3.19. Write the equation of the curve the distance from 
each point of which to the point A/V, (—1, 1) is half the 
distance to the point MM, (—4, 4). 

3.20. Write the equation of the curve the sum of the 
dislances from each point of which to the points F, (--2, 0) 


and F, (2, 0) is equal to 2 V5. 
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3.21. Write the equation of the curve the modulus of the 
difference between the distances of each point of which to 
the points F, (—2, —2) and F, (2, 2) is equal to 4. 

3.22. Write the equation of the curve each point of which 
is equidistant from the point F (2, 2) and from the z-axis. 

3.23. Prove that each of the following equations defines 
a circle, find its centre C and radius R: 

(a) 2+ y® — 4x + by —3 = 0; 

(b) 2? + y? — 8x = 0; (c) 2 4+ y® + 4y = O. 

3.24, Write the equation of the circle in each of the 
following cases (designation: C is the centre of a circle, 
R its radius, M, M,, M.,, M, points on the circles): 

(b) M (2, 6), C (—4, 2); 

(c) M, (38, 2), M, (—1, 6)—the end points of the circle; 

(d) C (4, —1), the straight line 5x — 12y + 9 — 0 is 
tangent to the circle; 

(e) M (1, 2), the circle touches the coordinate axes; 

(f) M, (3, 1), M, (—1, 3), CEL: 3x —y —~2 =0; 

(g)* M, (—1, 3), Mz (0, 2), M3 (1, —1). 

3.20. Wrile the equation of the diameter of the circle 
x+y? + 4x — 6y — 17 = O perpendicular to the straight 
line dz + 2y — 13 = 0. 

3.26. Compute the shortest distance from the point M, 
to the circle I if: 

(a) M, (6, —8), PT: 2 +y=9; 

(b) M, (—7, 2), [T: 2? + y? — 10x — 14y — 151 = 0. 

3.27. Determine the position of a straight line relative 
to a circle (intersects, touches, or passes outside of the 
circle) if the line and the circle are given by the indicated 
equations: 

(a) 2x —y—3=0, 2+y—3r4 24y¥—3 =); 

(b) x— 2y —1=0, 2? +y? — 8re4+ 2y + 12 —0; 

(c)x—yt+10-0, #+y—1—0. 


2. Algebraic Curves of the Seeond Order (Degree). An algebraic 
curve of the second order (or of the second degree) is a plane curve [ whose 
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equation in a Cartesian coordinate system has the form 
Az2?+ 2Bry + Cy?+ Det Ey + F=0, (3) 


where the coefficients A, B, and C are not all zero (otherwise, I is 
a straight line, i.e. an algebraic curve of the first order). 

In the general case it may turn out that equation (3) defines a so- 
called degenerate curve (an empty set, a point, a straight line, a pair 
of straight lines). 

But if a curve [ is non-degenerate, then for it there can be found 
a rectangular Cartesian coordinate system in which the equation cf 
this curve has one of the following three forms (the canonical equation): 


x? y2 

aa We pg aS>b>/O, (4) 
2 2 

Zaha b>O0, 5) 
y* = 2p2, p>O0, (6) 


the curve I’ being called the ellipse, hyperbola, or parabola, respectively. 
The coordinate system in which its equation has the form (4), (5) or (6) 
is termed a canonical coordinate system for the given curve. 


Fig. 43. 


The reduction of the general equation of a second-order curve to 
the canonical form is considered in detail in Chapter 4 (Section 4.3, 
subsection 4). In the present subsection we are going to study the basic 
geometrical properties of non-degenerate curves of the second order 
on the basis of their canonical equations. 

22 2 
The ellipse defined by the canonical equation +o =1,a>b>Q, 
2 
has the form represented in Fig. 13. 

The parameters @ and b are called the semi-ares of the ellipse (the 
semimajor and semiminor axes, respectively), the points A, (—a, 0), 
A, (a, 0), B, (0, —b), and B, (0, b) its vertices, the axes of symmetry 
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Ox, Oy its principal axes, and the centre of symmetry O is the centre 
of the ellipse. 


The points /, (—c, 0) and Fs, (c, 0), where c = Ya? — b? >0, 
are called the foci of the ellipse, the vectors F,M and F,M focal radius 


vectors, and the numbers r, = | /,M | and ry = | F,M | the focal radii 
of the point M belonging to the ellipse. In a particular case a = 6 
the foci fF, and F, coincide with the centre, and the canonical equa- 


2 
e x e e s 
tion has the form aa = = 1, or 2? + y? = a?, i.e. describes a circle 


of radius a with centre at the origin. 


2 
The numbere = <= 4 — =; (0 <e <1) is called the eccentric- 


ity of the ellipse and is the measure of its “flattening” (for e — 0 the 
ellipse is a circle). 

The straight lines D,: « = —a/e and D,: x = a/e, perpendicular 
to the minor axis and passing at a distance a/e from the centre, are 
called the directrices of the ellipse. 


3.28. Construct the ellipse 92? + 25y? = 225. Find: 

(a) its semi-axes; 

(b) the coordinates of the foci; 

(c) its eccentricity; 

(d) the equations of the directrices. 

3.29. Write the canonical equation of the ellipse if: 

(a) a = 3, b = 2; (b) @ = 5, ¢ = 4; (ce) ¢ = 3, e = 3/5; 
(d) b = 5, e = 12/13; (e) ¢c = 2 and the distance between 
the directrices is equal to 5; (f) e = 1/2 and the distance 
between the directrices is equal to 32. 

3.30. Write the equation of an ellipse with the semi-axes 
a and 6 and centre at the point C (9, y,) if it is known that 
its axes are parallel to the coordinate axes. 

3.31. Prove that each of the following equations 
defines an ellipse, find its centre C, semi-axes, eccentricity 
and the equations of its directrices: 


(a) 5a? +. 9y? — 30z + 18y + 9 = 0; 
(b) 1622 + 25y? + 32x — 100y — 284 = 0; 
(c) 4a? + 3y? — 8x + 12y — 32 = 0. 
3.32. Prove the following statements: 
(a) If M (x, y) isan arbitrary point of an ellipse a +z = 
= 1, a >), then the focal radii of this point are 
r,(M) =a-+ezr, r,(M)=a—ex 
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(see Fig. 13). Hence, in particular, it follows that for any 
point A/ of the ellipse the following equality is fulfilled: 


r, (M) + r, (M) = const = 2a. 


(b) Let there be given two points F, (—c, 0) and F% (e, O), 
c > 0. Then the set of points M, satisfying the condition 
|F,M|+ | F,M | == const = 2a, is an ellipse o+4= 
— 1, where b? = a? — c’. 

3.33. Prove the following statements: 

2 2 

(a) If M (x, y) is an arbitrary point of the ellipse _ -+- 5 = 
= 1, a>b, r, (M) and r, (M) are the focal radii of this 
point, and 9 (M, D,) and o (M, D,) its distances to the 
directrices, then the following equality is fulfilled: 

ry (M) _a(M) 


——___—.- = -—_+_—~— = const =e. 
oe (M, Dy) p(M, Dz) 


(b) Let there be given a point F (c, 0) and a straight 
line D: x —d — 0, d>c>0O. Then the set of points MV, 
| FM | 
: : ep (M, D) 
ellipse 5 -- ~ = 1, where a = de and 0? = a*® — ce’. 


satisfying the condition = const = e< 1, is an 


3.04. An ellipse whose axes coincide with the coordinate 
axes passes through the points M, (2, V3) and M, (0, 2). 
Write its equation, find the focal radii of the point M/, and 
the distance of this point to the directrices. 

3.30. On the ellipse 9x? + 25y? = 225 find the point 
the distance from which to the focus F, is four times the 
distance to the focus F. 

3.36. Write the equation of the curve in which a point W@ 
performs its motion if the sum of the distances from this 
point to the points F, (—1, —1) and F, (4, 1) remains 
constant and is equal to 2 V3. 

3.37. Write the equation of the curve along which 
a point /W/ moves if the distance from this point to the 
point F (3, 0) remains half the distance to the straight 
line ct+y—1=0. 

3.308. Determine the position of a straight line relative 
lo an ellipse (intersects, touches or passes outside of it) 
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if the straight line and the ellipse are given by the respective 
equations: 


2 2 
(a) 22—y—3=0, = +4 =1 


(b) 2 =0, —+2 


2 2 
(c) 32+4+2y—20=0, [+f =1. 
3.39. Write the equation of the tangent line to the ellipse 
+4= 1 at its point M, (29, Yo). 


xr 


a2 
Let first yo = U, i.e. the point M, coincides with neither ye its 
vertices A, (—a, 0) and A, (a, 0). In this case the equation — = ee 


| 
+i = = 1 defines implicitly the function y = y (x7), -a<r<a, 
whose graph passes through the point M, (zo, yo) and coincides with 
the appropriate half of the ellipse (the upper for Yo Ps 0 and with 


y” tf) 


the lower for yy < 0). Differentiating the identity “5 + 
with respect to x, we obtain that the derivative y’ (x9) is an Lo 
b*z, 

a*yy ° 


Hence the equation of the tangent line to the ellipse at the point 
M, (29, Yo) has the form 


y' (%)) = — 


2 
oa (2 — Zp), 


Eo ae 


or, taking into account the equality —2 ae vo aw le 


ot 


+ AM =H. (7) 


And if yo == 0 (and, eee Zo -= -ta), then the equations of 
the tangent lines to the ellipse have the form xy «+a, 1.c. in this case 
formula (7) remains true as well. 


3. oe Write the equations of the tangent lines to the ellipse 
6+ BR a5 =: 1, parallel to the straight line 3x + 2y +7 = 0. 


"3.41. Write the equations of the tangent lines to the 
ellipse 2? + 4y? = 20 perpendicular to the straight line 
2x — 2y —13 = 0. 


x? 
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3.42. Prove that the tangent lines to the ellipse = ao 
= 1, drawn through the end points of one and the same 
diameter, are parallel. 


3.43. Write the equations of the tangent lines drawn from 
: 10 5 : 2 ye 
the point A (=> =| to the ellipse oo L; 
2 2 
3.44. On the ellipse 7 + > = 1 find the point M, near- 


est to the straight line 2% — 3y + 20 =O and compute 
the distance from the point M, to this line. 

3.45. Prove that a tangent line to an ellipse at its arbitra- 
ry point M forms equal angles with the focal radius vectors 


F,M and F,M of this point. 
2 2 
3.46*. From the left-hand focus of the ellipse mth a) 


a light ray is directed at an obtuse angle of a to the z-axis 
(tan a = —2). Write the equation of the straight line on 
which the ray reflected from the ellipse lies. 


y 


2 
The hyperbola with the canonical equation — = 1, a, b>0, 


has the form shown in Fig. 14. 


Fig. 414. 


The parameters a and b are called the semi-azes of the hyperbola, 
the points A, ( -a, 0) and Ag (a, 0) its vertices, the axes of symmetry 
Or and Oy are its axes: transverse (real) and conjugate, respectively, 
and the centre of symmetry O is the centre of hyperbola. 


b 
The straight lines y == -+ =] t are the asymptotes to the hyperbola. 
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The points F, (—c, 0) and Fy, (c, 0) where c= VYa?+ 2 > 0, 
are called its foci, the vectors /, AJ and FAM are known as focal radius 


vectors, and the numbers r, == | F,M| and r, -= | FysM| are focal 
radii of the point M belonging to the hyperbola. 
. pe 
The number e ~. = or 4. a (1 <e< ow) is called the 


eccentricity of the hyperbola and is the measure of its “flattening”. 
In a particular case a ~= 6b the hyperbola is called rectangular (or 


equilateral); its eccentricity is e - Y2, and the angle between the 
asymptotes equals 1/2. 

The straight lines D,;: « = —a/e and D,: x — a’e, perpendicular 
to the real axis and passing at a distance of a/e from the centre are 
called the directrices of the hyperbola. 

3.47. Construct the hyperbola 162? — 9y* = 144. Find: 

(a) its semi-axes; 

(b) the coordinates of the foci; 

(c) its eccentricity; 

(d) the equations of the asymptotes; 

(e) the equations of the directrices. 

3.48. Construct the hyperbola 1627 — 9y* = —144 called 
conjugate to the hyperbola considered in Problem 3.47. What 
is the canonical coordinate system for this hyperbola? Find: 

(a) its semi-axes; 

(b) the coordinates of the foci; 

(c) its eccentricity; 

(d) the equations of the asymptotes; 

(e) the equations of the directrices. 

3.49. Write the canonical equation of the hyperbola if: 

(a). @.= 2, b = 3; (b)- 6 = 4, ¢ = 53 (ec) ¢ = 3, ¢ = 3/2; 
(d) a = 8, e = 9/4; (e) c - 10 and the equations of the 
asymptotes are y = +4/3z; (f) e = 3/2 and the distance 
between the directrices is equal to 8/3. 

3.50. Write the equation of the hyperbola with the semi- 
axes a and b and centre at the point C (x9, y,) if it is known 
that its real and conjugate axes are parallel to the axes Oz 
and Oy, respectively. 

3.51. Show that each of the following equations 
defines a hyperbola. Find its centre, semi-axes, eccentricity, 
and the equations of its asymptotes and directrices: 

(a) 1627 — Oy? — 642 — 54y — 161 = 0; 

(b) 9x? — 16y? + 90x + 32y — 367 = 0; 

(c) 1627 — 9y? — 647 — 18y + 199 = 0. 


8—01176 
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3.52. Prove the following statements: 

(a) If M (x, y) is an arbitrary point of the hyperbola 

ae 4, then the focal radii of this point are 
r,(M)-u-+ ex, re(W) — —a } ex, 


if the point lies on the right-hand branch of the hyper- 
bola, and 


a" L2 


r, (M) = —a — ez, r,(M) = a — eg, 


if this point lies on its left-hand branch. [{ence, in par- 
ticular, it follows that for any point M of the hyperbola the 
following equality is fulfilled: 


| 7, (MW) — rz (M) | = const = 2a. 


(b) Let there be given two points F, (—c, 0) and F, (c, 0), 
c > 0. Then the set of points M satisfying the condition 


|| F,M|— | F,M | | = const = 2a, a > 0 is a hyperbola 
xz? oy? 2 2 2 

——=,= 1, where b* = c* — a’. 

a b? 


3.03. Prove the following statements: 
(a) If M (x, y) is an arbitrary point of the hyperbola 
2 2 


<5 — 5 1, 7, (M@) and r, (M) are the focal radii of this 

point, and op (V7, D,), 9 (M, D,) are the distances from this 

point to the directrices, then the following equality is 
fulfilled: 

ry(M) a (M) 

p (M, Dy) p(M, Dz») 

(b) Let there be given a point F (c, 0) and a straight line D: 

x—d=0,c>d>0. Then the set of points V7 satisfying 


= const=e. 


2 FM | 
the condition fA Ms const = e 1, is a hyperbola 
sae p (M, D) a 
“—% = 1, where a = de and b? = c? — a?, 
a b2 


3.54. On making sure that the point M (—5, 9/4) lies on 
2 
the hyperbola a 1, find the focal radii of this 


point and its distances to the directrices. 
3.00. Find the points of the hyperbola f= 
) 
at a distance of 7 cm from the focus F,. 
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3.06. Write the equation of the hyperbola whose foci 
are the points F, (—3, —4) and Fy, (8, 4), and the distance 
between its directrices is equal to 3.6. 

3.07. Write the equation of the hyperbola whose eccentric- 
ity e = )/5, focus F (2, —3) and the equation of the cor- 
responding directrix is 3% —yts3=0. 

3.08. Show that the curve given by the equation zy = 1 
or y = 1/x is an equilateral hyperbola. Write its canonical 
equation, find the eccentricity, foci and the equations olf 
its directrices. 

3.09*. Write the equation of the tangent line to the hyper- 
bola a = 1 at its point M, (Zp, Yo). 

3.60. Write ne equations of the tangent lines to the 
hyperbola aa t= = 1, parallel to the straight line 
10x —3y +9=0. 

3.61. Write the equations of the tangent lines to the 
hyperbola 52 = 1, perpendicular to the straight line 
4¢ + 3y —7 = 0. 

3.62. Prove that the tangent lines to the hyperbola 
ge oy? 
a2 bz 
same diameter are parallel. 

3.63. Write the equations of the tangent lines drawn from 
the point A (—1, —7) to the pyperpele x — y* = 16. 

3.64. On the hyperbola re i 1, find the point M, 
nearest to the straight line a + 2y + 1 = 0 and compute 
the distance from the point #/, to this line. 

3.65. Prove that a tangent line to a hyperbola at its 
arbitrary point M forms equal angles with the focal radius 


vectors F,M and F,M of this point. 
3.66*. From the right-hand focus of the hyperbola 


ar 1 a light ray is directed to the z-axis at an 
angle a (1 <<. a < (3/2) x) (tan a = 2), Write the equation 
of the straight line on which the ray reflected from the 


hyperbola lies. 
Q* 


= 1, drawn through the end points of one and the 
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The parabola with the canonical cqualion y? = 2pr, p > U has 
the form represented in Fig. 15. 
The number p is called the parameter of the parabola, the point O 
its vertex, and the axis Ox the azis of the parabola. 
___The point F (p/2, 0) is termed the focus of the parabola, the vector 
M the focal radius vector, and the number r = | FM | is the focal 
radius of the point M of the parabola. 
The straight line D: x = —p/2 per- 
pendicular to the axis and passing at a 
distance p/2 from the vertex of the para- 
bola is called its directriz. 


3.67. Construct the following 
parabolas and find their parameters: 


(a) y* = 62; 
(b) 22 = 5y; 
(c) y? = —4z; 
(d) 2° = —y 


3.68. Write the equation of the 
parabola with vertex at the origin 
if it is known that: 

(a) the parabola is situated in the left-hand half-plane 
symmetrically about the x-axis and p = 1/2; 

(b) the parabola is situated symmetrically about the 
y-axis and passes through the point MW (4, —8); 

(c) its focus is found at the point F (0, —3). 

3.69. Write the equation of the parabola whose vertex is 
found at the point A (xy, y)), the parameter is equal to p, 
the axis is parallel to the z-axis and the parabola is situated 
about the straight line + = 2,: 

(a) in the right-hand half-plane; 

(b) in the left-hand half-plane. 

3.70. Prove that each of the following equations de- 
fines a parabola; find the coordinates of its vertex A and 
the magnitude of the parameter p: 


(a) y? = 4x — 8; (b) P= 2—y; 
(c) y = 42? — 8r 4+ 7; (d) y= —at + en — 7; 
(e)e=—Ty+y; (f) = 2y? — 12y + 14, 


3.71. Prove the following statements: 
(a) If M (2, y) is an arbitrary point of the parabola y? = 


Fig. 15. 
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= 2px, r (M) its focal radius, and 0 (M, D) is the distance 
from the point M to the directrix (see Fig. 15), then the 
following equality is fulfilled: 


r (M) 


(MM, by const = 1. 
(b) Let there be given a point F (p/2, 0) and a straight 
line D: x += —p/2. Then the set of points MW satisfying the 


| FM | 


condition — const = 1 isa parabola y*? = 2pz. 


3.42. Compute the focal radius of the point of the pa- 
rabola y*? = 12x if y (WM) = 6. 

3.73. Write the equation of the parabola if the following 
is known: 

(a) the focus F (4, 3) and the directrix D: y + 1=0; 

(b) the focus F (2, —1) and directrix D:x —y —1 = 0. 

3.74. Write the equation of the tangent line to the para- 
bola y? = 2pz at its point My (%o, Yo). 

3.70. Write the equation of the tangent line to the para- 
bola y® -= 8z parallel to the straight line 2x + 2y — 3 = 0. 

3.76. Write the equation of the tangent line to the para- 
bola 2? = 16y perpendicular to the straight line 27 -- 4y + 
+7 = 0. 

3.77. Write the equations of the tangent lines to the pa- 
rabola y? = 36x drawn from the point A (2, 9). 

3.78. On the parabola y? — 64 find the point (7, nearest 
to the straight line 4x + 3y — 14 ~ 0 and compute the 
distance from the point M, to this line. 

3.79. Prove that a tangent line to a parabola at its arbi- 
trary point M forms equal angles with the focal radius vec- 
tor of the point M and the ray emanating from the point M@ 
in the direction of the axis of the parabola. 

3.80. From the focus of the parabola y? — 127 a light ray 


is directed to the x-axis at an acute angle a (tan of =>) 


Wrile the equation of the straight line on which the ray 
reflected from the parabola lies. 


3. The Equation of a Plane Curve in Polar Coordinates. A polar 
coordinate system (O, uw) is said to be introduced in the plane if the 
following is specified: 

(1) an arbitrary point O called the pole; 

(2) a ray uw emanating from the point O termed the polar azis 
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The polar coordinates of a point M + 0 are defined as two numbers: 


the radius vector r(M) =|OM|>0 and the polar (or vectorial) 
angle (p (M), i.e. an angle through which the axis u should be rotated 
to bring its direction to coincidence with the direction of the vector 


OM (as usual, ~ (M) > 0 if the rotation is performed anticlockwise, 
and m (M) <0 if it is done clockwise). The notation M (r, ~) means 
that the point M has the polar coordinates r and @. 

The polar angle @ (M) has an infinitude of possible values (differing 
from one another by the quantity of the form 2mn, n € 7). The value 
of the polar angle satisfying the condition 0 <q < 2m is called 
principal. In some cases the principal value of the polar angle is 
known as the valuc of @ satisfying the condition —r< g@ <u. 

Let the pole of the polar system (O, u) coincide with the origin 
of a right-handed rectangular Cartesian coordinate system Oxy and 
let the polar axis coincide with the positive direction of the semi-axis 
of abscissas. Then the relations between the rectangular Cartesian and 
polar coordinates of an arbitrary point Af 0 are given by the trans- 
formation formulas \ 


r=rcosg, y=rsing; 


| (7) 
r= Vai+y?, tang=—, 

The equation of a curve in polar coordinates has the form F (r, g) = 
== Vorr = f (9). [t can be obtained either directly, proceeding from 
the geometrical propertics of the curve, or by passing to polar coordi- 
nates in the equation of this curve given in rectangular Cartesian coor- 
dinates. 

Example 2. Construct the curve given by the equation r= 
= 6 COs ©. 


UY 
First of all let us note the following: if a point M (r, ¢~) belongs 


to the given curve, then for this point cos @ = ee > 0, and, con- 
sequently, the entire curve is situated in the sector a <O< = 


In order to construct the curve, let us pass to Cartesian coordinates 
in its equation. Multiplying both sides of the equation r = 6 cos @ 
by r, we obtain r? = 6rcos g, whence, by virtue of formulas (7), 
we get 2? -+ y? = 62, or (z — 3)? + y? = 9. Hence, the given curve 
is a circle of radius 3 centred at the point M, whose coordinates are 
Ly = 3, Yo = O or ry = 38, Gy = O. 

Example 3. Write the equation of a straight line in polar coor- 
dinates. 

If a straight line Z passes through the pole and its slope relative 
to the polar axis is equal to +, then the equation of this line has the 
form tang = k. 

Suppose now that a slraight line 1 does not pass through the pole, 
We write the normal equation of this line in a rectangular Cartesian 
coordinate system: 


xcosa-+ycospB —p=0 
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and pass to polar coordinates in this equation. Taking into account 
that cos B = sin a, we finally obtain: 


rcos @cos@-+ rsing sina — p = 0, 
rcos (p — &) = p, 


a 1g 
"~~ Cos (p—a)° (8) 
Equation (8) is just the desired equation of a straight line in polar 
coordinates. [t can also be obtained directly from the following ob- 
vious fact: M€ L <> prar = rcos (g — a) = const = p (Fig. 16). 


Fig. 16. Fig. 47. 


Example 4. Let I’ be an ellipse, a branch of a hyperbola or para- 
bola, / the focus of this curve, and D the corresponding directrix. 
Write the equation of the curve Il in the polar system of coordinates 
whose pole coincides with the focus and the polar axis is in the direc- 
tion of the axis of the curve (Fig. 17). 

The common property of the ellipse, hyperbola, and parabola 
consists in the following (see Problems 3.33, 3.53, and 3.71): 


p(M, F) 
p(M, D) 
where e is the eccentricity of the curve (e <1 for the ellipse, e > 1 
for hyperbola and e = 1 for parabola). 


Let us denote the distance from the focus lo directrix by p/e (p is 
the parameter of the curve called the semi-focal diameter). Then it 


follows from Fig. 17 that 9p (M, F) = rando (M, D) = > +r cos Q. 


Substitutinz these expressions into (9), we obtain 


MEV ae — const =e, (9) 


r 
—= €, 


=r cos @ 
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whence 
p 
= ——____ 0 
. 1—ecos@. ° (10) 
Equation (10) is Just the sought-for equation in polar coordinates 
common for the ellipse, hyperbola, and parabola. 
In Problems 3.81 to 3.86 write the equations of the given 
curves in polar coordinates: 


3.81. y = xz. 3.82. y= 1. 3.83. 7+y—1=0. 
3.84, 2? + y? = a*. 3.85. 2? — y? = a’. 
3.86. 2? + y? = ax. 


In Problems 3.87 to 3.98 write the equations of the given 
curves in rectangular Cartesian coordinates and construct 


these curves: 
3.87. r= 5. 3.88. tan mg = —1. 3.89. r cos p = 2. 


3.90. rsing=1. 3.91. fete VE 
cos (9 +] 
3.92. fee, 3.93. r==2a cos @. 
sin (¢ +=} 


3.94. r= 2asing. 3.95. sing = 1/V5. 

3.96. sinr = 1/2. 3.97. r? sin 2p = 2a?. 

3.98. r? = a’ cos 29. 

3.99. Write in polar coordinates the equations of: 

(a) the straight line perpendicular to the polar axis and 
cutting off on it a segment equal to 3 units; 

(b) the ray emanating from the pole at an angle 1/3 to 
the polar axis; 

(c) the straight line passing through the pole at an angle 
n/4 to the polar axis. 

3.100. Write in polar coordinates the equation of the 
given circle if: 

(a) its radius R = 5, the circle passes through the pole, 
and its centre lies on the polar axis; 

(b) its radins R -- 3, and the circle touches the polar 
axis at the pole. 

3.101. Delermine the polar coordinates of the centre and 
the radius of each of the following circles: 
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(a) r= 4 cos q; (b) r = 3sin g; (c) r = —5 sin g; 
(d) r= Geos (-F—@)s (0) r= 8sin (p——F) ; 


(f) r=8sin (+ -9) ; 


3.102. Write in polar coordinates the equation of a circle 
of radius R with centre at a point C (7,5, Qo). 


3.103. For the ellipse eye = 1 write a polar equa- 


tion assuming that the polar axis is in the same direction 
with the axis of abscissas and the pole is situated at: 

(a) the left-hand focus; 

(b) the right-hand focus. 

3.104. Write a polar equation for the right-hand branch 
of the hyperbola - — v = 1 knowing that the polar axis 
is in the same direction with the axis of abscissas, and the 
pole is found: 

(a) in the left-hand focus; 
(b) in the right-hand focus. 

3.105. Write a polar equation for the parabola y* -= 62 
assuming that the polar axis is in the direction of the axis 
of abscissas, and the pole is situated at the focus of the 
parabola. 

3.106. Write the canonical equations of the following 
second-order curves: 


g 9 We ek 28 
ah 5—4Acosg ’ (b) r= 4—5cos@ ’ (¢) "= Tos" 


3.107. Derive the polar equation of the ellipse = +i = 
= 1 if the polar axis is in the direction of the z-axis, and 
the pole is situated at the centre of the ellipse. 


3.108. Derive the polar equation of the hyperbola = — 
a = 1 if the polar axis is in the same direction with 
the z-axis and the pole is found at the centre of the hy- 
perbola. 

3.109. Derive the polar equation of the parabola y? = 
— 2px if the polar axis is in the same direction with the 


x-axis and the pole is found at the vertex of the parabola. 
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4, Parametric Equations of a Curve. Let there be given two func- 
Lions  (¢) and » (é), continuous on some interval J of the number axis 
(J may be an open interval (a, b), a closed interval [a, 6], and also 


one of the half-open intervals (a, b] or [{a, b), the cases when a = —oo 
and (or) b = +-co being not excluded). The equations 
z=9(), y=), te 7, (10) 


are called the parametric equations of a curve F in rectangular Cartesian 
coordinates if the following condition is fulfilled: for any value of the 
parameter t € IT the point M (gq (¢),  (¢)) belongs to the curve I and, 
vice versa, for any point M (z, y) belonging to the curve I’ there exists 
a value of the parameter ¢ € 7, such that « = @ (#) and y = »p (2). 
By eliminating the parameter t from (10), the equation of the curve 
can be represented in the form F (z, y) = 0. 


The parametric equations of a curve in polar coordinates are 
defined in a similar way. 


Example 5. Show that the parametric equations 
x=acost, y=asint, ¢€[0, 2x), 


define a circle x? + y? = a?. 


If a point M (zx, y) is such that x = acost and y = asint for 
some value of ¢€[0, 2m), then 


x? + y* = a* cos? ¢ + a* sin? t = a?, 
i.e. the point M (z, y) belongs to the circle xz? + y? = a?. 

The converse is also true: if a point AZ (x, 7) belongs to the circle 

is 
x? + y2 = qa®, then, setting ¢ = (OM,i), t€[0, 2m), we getz = 
=acost and y= asint. 

Example 6. A curve L is given by the polar equation r == 22 sin @. 
Write the parametric equations of Lhis curve in polar and rectangular 
Cartesian coordinates, taking the polar angle @ as the parameter. 

It is readily seen that the given curve is a circle of radius R with 


centre at the point C (0, R). The parametric equations of this curve 
in polar coordinates are 


r=2Rsint, go=t, ¢€[0, 2). 
The parametric equations in rectangular Cartesian coordinates are 
obtained if in the conversion formulas z = rcos @, y = rsin @ instead 
of r and @ their expressions in the form of the functions of the pa- 
rameter ¢ are substituted. Finally we obtain: 
r (t) cos m (¢) = R sin 2t, 
y = r(t) sing (t) = R (4 — cos 2t), ¢ € [0, a). 


3.110. A ray [ == {(z, y) |e —y +1=0, y > Of ema- 
nates from the point M, (—1, 0) (check this statement!). 
Wrile the parametric equations of this ray, taking as the 
parameter: 

(a) the abscissa x; 


| 


x 
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(b) the ordinate y; 

(c) the distance 0 (VM, M,) from the point M €T to the 
vertex M, of the ray; 

(d) the polar angle if the pole coincides with the origin, 
and the polar axis is in the same direction with the z-axis. 

3.114. Write the parametric equations of a line segment 
whose end points are M, (1, 1) and ™, (2, 3), taking as the 
parameter: 

(a) the distance op (VM, M,); 

(b) the distance 9 (M, M,). 

3.112. Write the parametric equations of the circle of 
radius R, with centre at the point My, (zy, yo), taking as 
the parameter ¢ the angle between the z-axis and the vector 
M,M measured anticlockwise. 

3.113. Write the parametric equations of the circle x? + 
-+ y* = 2Rzx, taking the polar angle as the parameter if the 
polar axis is in the direction of the z-axis and the pole is 
found: 

(a) at the origin; 

(b) at the centre of the circle. 

In Problems 3.114 to 3.122 find the equations of the given 
curves in the form F (zx, y) = 0 by eliminating the pa- 
rameter ~¢ and construct these curves. 


3.114. 2 — —1 + 2t, y= 2 —t, t €(—co, +o). 
3.115. 2 =f —2t4+1, y=t—1, t€(—o, +00). 
3.116. 2 = —1+ 2cost, y=342sint, t€[0, 2m). 
3.417. c = acost, y = bsint, t € [0, 2m). 

3.118;-¢ = 1 4 2 see. 4, pe — 1 tam tt 6 (— 1/2, 0/2): 


3.119. 2=< (t+) | y=>(t-<). t€(0, -| 0). 

3.120. x = 2R cos? t, y = R sin 2t, ¢ € [—a/2, x/2). 

3.124. « = Asin 2t, y = 2R sin’ t, t € [0, x). 

3.122. x == 2p cot? t, y = 2pcott, ¢ € (0, 1/2}. 

3.123. Write the parametric equations of the ellipse 
zy? 


ae = (aking as the parameter 7 the angle between 
)¢ 


the z-axis and radius vector OM, as measured anticlockwise. 
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3.124. Write the parametric equations of the hyperbola 
2 2 
= = 1 taking as the parameter ¢ the angle between 
the x-axis and radius vector OM as measured anticlockwise. 
3.125. Write the parametric equations of the parabola 
y* = 2pz, taking as the parameter: 
(a) the ordinate y; _— 
(b) the angle between the x-axis and the vector OM as 
measured anticlockwise; 


(c) the angle between the z-axis and the focal radius 
vector FM as measured anticlockwise. 


5. Some Remarkable Curves. The present subsection is of reference 
nature; it provides the reader with the equations and basic geometrical 


0 Ll 


Fig. 18. Fig. 19. 


properties of a number of algebraic and transcendental curves en- 
countered in applied mathematics as well as in practical engineering 
design and calculations. The derivation of the equations of these curves 
may serve as exercises in studying the advanced topics of the course 
of analytical geometry. A sufficiently profound study of the shape 
of the curves under consideration can be performed with the aid of 
the methods used in differential calculus. 

1. Spirals: Archimedes’ spiral r = aq (Fig. 18), hyperbolic spiral 


a a (Fig. 19), logarithmic spiral r — a® (Fig. 20); the arrow indi- 


cates the direction of traverse corresponding to an increase in qg. 

2. Lemniscate of Bernoulli (x? + y?)? == 2a? (x? — y?) (Fig. 21), 
or r? -= 2a*® cos 2@ (the pole is placed at the origin). The characteristic 
property: | /,A7 |-| F.M | -= const — a?, where F, (—a, 0), Fy, (a, 0). 

3. Cissoid y* (2R — x) = x3 (Fig. 22), or r= 2R tan @ sin @ (the 
pole is found at the point QO). The characteristic property: | OAT | = 
= | BC | for any ray emanating from the point O. 
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4, Conchoid x*y* + (« + a)? (22 — 6?) = 0 (Fig. 
+ b (with the pole at the point A). The characteristic prop- 


COS @ 


23), or r= 


Osa<f 


a>f 


Fig, 22. Fig. 23. 
erty: |BM|=|BN|=const = +) for any ray emanating from 
the point A (—a, 0). ; 
Se oie 


5, Strophoid x2 ((2 + a)? -- y2) = aty? (Fig.424), or r oe 


+ atan@ (the pole is found at the point 4). The characteristic prop- 


Fig. 25. 


Fig. 24. 


Zh, 


Fig. 


Fig. 29. 


Fig. 28. 
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erly: | BM |---| BN | = |OB| for any ray emanating from the 
point A (-—-a, 0). 

6. Pascal's limacon (x* -+ y* — 2azx)? = b* (x? + y?) (Fig. 25), 
orr = 2acos@ + Lb (with the pole at the point 0). The characteristic 
property: | BM | = | BN | = const — b for any ray emanating from 
the point O. 

7. Four-leafed rose (z* + y?)? = 4a?x*y? (Fig. 26), or r= 
— a| sin 2@ | (the pole is at the point O). The characteristic property: 
any point M of this curve is the foot of a perpendicular dropped from 
the origin on the line segment [AB} of constant length 2a which per- 
forms its motion so that its ends are found all the time on the coordi- 
nate axes. 

8. Astroid x = acos®t, y= asin®t, ¢€[0, 2m), or 22/3 4+ y2?/3 = 
= q?/3 (Fig. 27). The characteristic property: any point 47 of this 
curve is the foot of the perpendicular [PM] to the line segment [AB] 
of constant length a which moves so that its ends are found on the 
coordinate axes all the time. 

9. Evolute of a circle z = a (cost + ¢sin t), y = a (sin ¢—+ cos 2), 
t€[0, o) (Fig. 28). The characteristic property: any point M of this 
curve is the end of a thread which, all the time remaining tight, is 
unwound from the circle z? +- y?, = a? (at the starting instant the end 
of the thread is found at the point A (a, 0)). 

10. Cycloid x = a(t —sint), y=a(1—cost), t € (—o, + oo) 
(Fig. 29). The characteristic property: the curve coincides with the 
trajectory of a point M on acircle of radius a which rolls, without slid- 


ing, along the z-axis (at the starting instant the point M is found at 
the origin). 


44. Epicycloid x = (a + 6) cost —acos 21", y = (a+b) X 


xX sint — asin 


t, ¢€[0, o) (Fig. 30). The characteristic 


property: the curve coincides with the trajectory of a point M on 
a circle of radius a as the circle rolls (without sliding) on the outside 
of a fixed circle zx? + y? = b? (at the starting instant the point M7 
is found at the position A (b, 0)). In a particular case a = b the 
corresponding curve is called the cardioid. 


a b 
a 


a y = (b — 


t, t€ (0, o) (Fig. 34). The characteristic 


property: the curve coincides with the trajectory of a point M on 
a circle of radius a as the circle rolls (without sliding) 
on the inside of a fixed circle z? + y? = 6? (at the starting moment 
the point M is situated at the position A (b, 0)). In a particular case 
a = b/4 this curve coincides with the astroid. 

13. Semicubical parabola y*® = az® (Fig. 32). 

14, Loop-shaped parabola ay? — (x — a)? (Fig. 33). 


Ss a 
15. Witch of Agnesi y = ere (Fig. 34). 
16. Folium of Descartes 23 + y*? — 3ary = 0 (Fig. 35). 


12. Hypocycloid x = (b —a)cost-+ acos = 


. b—a 
—a)sint — asin 
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Fig. 34. Fig. 35. 
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SEC. 2.4. 
SURFACES AND CURVES IN SPACE 


4. Equations of a Surface and a Curve in Rectangular Cartesian 
Coordinates. A surface S is said to have in a zyz-system of coordinates 
the equation 


F (z, y, 2) = 0 (1) 


if the following condition is fulfilled: a point M (z, y, z) belongs 
to the surface S if and only if its coordinates z, y, and z satisfy rela- 
tion (1). If, in particular, F (z, y, z) = f (x, y) —z, then equation 
(4) can be written in the form 


z= f(z, y), (2) 


and in this case the surface S coincides with the graph of the function 
of two variables f (z, y). 

A curve [ in space is defined in the general case as the line of 
intersection of some surfaces S, and S, (defined nonuniquely), i.e. by 
giving a system of two equations 


Fy (z, y, 2) = 0, F, (2, Y, z) = 0. (3) 
Example 1. Write the equation of the surface each point of which 
is situated twice closer to the point A (2, 0, 0) than to the point 
B (—4, 0, 0). 
If S is the surface specified by the conditions of the problem, then 
M (x, y, z) € S if and only if p (M, B) = 2p (M, A), or 
VET +e+e=2V@—2?+ "+2, 
Hence we obtain 
(x -- 4)? + y? + 2? = 4 (fx — 2)? + y? + 2°), 
32? — 24x + 3y? + 322 = 0 
or, singling out a perfect square formed by the terms containing z, 


we get 
(x — 4)? + y® + 22 = 16. (4) 


Equation (4) is just the desired equation of the surface. It is readi- 
ly seen from this equation that the given surface S is a sphere of 
radius 4 with centre at the point M, (4, 0, 0). 

Example 2. Investigate the shape of the curve I‘ defined by the 


equations 
a 36, 


yiz=0. 


Determine the form of its projection on the zy-plane. 

The curve I is given as the line of intersection of the sphere 
(c — 1)? + y? + 22 = 36 and the plane y -+ z — 0 and, consequently, 
it is a circle. Since the centre of the sphere C (1, 0, 0) lies in the 


9—01176 
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culting plane y + z == OQ, the centre of the circle coincides with the 
point C, and its radius is equal to the radius of the sphere, i.e. R =: 4. 

Let us now determine the form of the projection of the circle V on 
the zy-plane. Eliminating gz from system (5), we obtain (xz -—— 1)? + 


(g—i)?, y? | 
-+ 2y? = 36, or 36 i 14. Hence we conclude that the 
sought-for projection is an ellipse whose axes are in the same direc- 
tions with the z- and y-axes, respectively, its centre is found at the 


point C’ (1, 0), and the semi-axes are: a= 6, b= 3 V2. 


In Problems 4.1 to 4.12 determine what geometrical im- 
ages are defined by the given equations: 


414.2+5=0. 42.2—2y+2—1=0. 

ar etyroiet=4 44 («@ —2)?+y4+(24+ 1)" = 
4.5, 22? + y* +327 =0. 4.6. 2? + 42? = 0. 

47 2+ 2y+227+7=0. 48. 2? — 42? = 0. 

4.9. 72 = 0. 4.10. zyz = 0. 

4.414. 2°—4r =0. 4.12. zy — y? = 0. 


4.13. Write the equation of a surface such that the differ- 
ence of the squares of the distances of each of its points to 
the points F, (2, 3, —5) and F, (2, —7, —5) is equal to 13. 

4.14. Write the equation of the surface the sum of the 
squares of the distances from each point of which to the 
points F, (—a, 0, 0) and F, (a, 0, 0) is equal to a constant 
number 4a’. 

4.15. Write the equation of the surface the sum of the 
distances from each point of which to the points F, (0, 0, —4) 
and F, (0, 0, 4) is equal to 10. 

4.16. Write the equation of the surface the modulus of 
the difference of the distances from each point of which to 
the points F, (0, —9, 0) and F, (0, 5, 0) is equal to 6. 

4.17. Show that each of the following equations defines 
a sphere; find its centre C and radius R: 


(a) 2* + y*® + 2% — 62 = 0; 
(b) 2? + y? + 22 — 4e — 2y + 22 —19 = 0. 
4.18. Write the equation of the sphere in each of the follow- 


ing cases (designation: C is the centre of the sphere, R 
is its radius, M, M,, M,, M; are points on the spheres): 
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(a) C (—1, 2, 0), R = 2; 
(i) Oy “ts 2); ©, 2; 1; 


(c) M, (2, —3, 5) and M, (4, 1, —3)are the end points of 
the diameter of the sphere; 


(d) C (8, —5, —2), the plane 24 — y — 32+ 11 = 0 
touches the sphere; 


(e) M, (3, 1, —3), M,(—2, 4, 1), M,(—5, 0, 0), 
Cée€P: Qaty—z+3=0. 


4.19. Write the equation of the sphere whose centre lies 
on the straight line 


ee 
. 4e + Sy +2—14= 0 


and which touches the planes x + 2y — 2z — 2 = 0 and 
x+2y—22+4= 0. 

4.20. Write the equation of the sphere inscribed in a 
tetrahedron formed by the planes 


ox — 2y + 6z2—8 =0, x =0, y=0,2=0. 


4.21. Write the parametric equations of the diameter of 
the sphere xz? + y® +. 22 — 2x — 6y + z — 11 = O perpen- 
dicular to the plane 5x — y + 22 — 17 = 0. 

4,22. On the sphere (x — 1)? + (y + 2)? + (2 — 3)? = 
= 25 find the point M, nearest to the plane 3x — 4z + 
+ 19 = 0, and compute the distance from this point to the 
plane. 

4.23. Determine the position of the plane relative to the 
sphere (intersects, touches or passes outside of it) if the plane 
and the sphere are given by the respective equations: 


(a)z=3,2+y?4 22 — 62 + 2y — 102 4+ 22 = 0; 
bb) y=1,2° 4+ y4 22+ 4¢ — 2y — 62+ 14 =0; 
(cc) 2=—5,2 +y%4+ 2 — 2x + 4y — 22 -—4=0, 
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4.24. Find out what curves are defined by the following 
equations: 


(a) x—d=0, (b) (et? ty+ 2 = 49, 
eer | = 0; 
(c) z+ y? + 2? = 20, (d) ( 2? + y? 4+ 2 = 49, 
Cee eee 
— 4Z — 25 = 0. 


4.25. Find the centre and the radius of the given circle: 


(a) { 2 +y? + 2° = 10y, 
tae eed call 


(b) uals CO 
2x — 2y—z2+9=0. 


Hint. The centre of a sphere is the projection of the centre of a sphere 
on a plane. 


4.26. Find the projection on the plane z = 0 of the section 
of the sphere xz? + y? + 2? = 4 (x — 2y — 22) by the plane 
passing through the centre of the sphere and perpendicular 
to the straight line x = 0, y+2=0. 

4.27. The points A (3, —2, 5) and B (—1, 6, —3) are the 
end points of the diameter of a circle passing through the 
point C (1, —4, 1). Write the equations of this circle. 

4.28. Write the equations of the circle passing through 
the three points: M, (3, —1, —2), M, (4, 1, —2), and 
M,(—1, 3, 0). 


2. Algebraic Surfaces of the Second Order. An algebraic surface 
of the second order is defined as a surface S whose equation in rectan- 
gular Cartesian coordinates has the form 


Az* + By? + C22 + 2Dary + 2E2rz + 2Fyz + Get Ay + Iz 


where not all the coefficients of the second-order terms are zero (other- 
wise S is an algebraic surface of the first order, i.e. a plane). 

It may happen that equation (6) defines a so-called degenerate 
surface (an empty set, a point, a plane, a pair of planes, a straight 
line). But if a surface is nondegenerate, then, by transforming the 
rectangular Cartesian coordinate system, its equation (6) can be re- 
duced to one of the below indicated forms called canonical and deter- 
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mining the type of surface. 
1. Ellipsoid: 2a ted Ra Tf 
: Lpsola; aoe wo a (Fig. 36). 


2. Hyperboloid 


ry y2 22 7 

(a) of one sheet: a eee ae (Fig. 37, a); 
2 2 2 

(b) of two sheets: Sta s=-1 (Fig. 37, b). 


“ wt y2 22 . 
3. Cone of the second order: ar a a7 a (Fig. 38). 


4. Paraboloid 


2 2 
(a) elliptic: S+4=: (Fig. 39, a); 
2 2 
(b) hyperbolic: = (Fig. 39, b). 
Do. Cylinder of the second order 
2 2 
(a) elliptic: ++4= 1 (Fig. 40, a); 
g 2 
(b) hyperbolic: —~-7= 4 (Fig. 40, 5); 
(c) parabolic: y2=2pz, p>O (Fig. 40, c). 


The general methods of reducing equation (6) to the canonical 
form are based on the theory of quadratic forms and are considered 
in Chapter 4, Section 4.3, subsection 4. In the present subsection we 
shall study the basic geometrical properties of nondegenerale sur- 
faces of the second order on the basis of their canonical equations. 

The method of sections is the leading technique for investigating 
the shape of a surface by its equation. 

Example 3. Using the method of sections, investigate the shape 
and construct the surface given by the equation 


22 y? 
r=2(1— ag — 45). me 


A horizontal plane z = h cuts the given surface in a curve I’, whose 
projection on the zy-plane is defined by the equation 


x y2 
h=2(1— tp — 35), 


or 


= = 2—A., (8) 
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For h > 2 equation (8) has no solutions with respect to (z, y). This 
means that the corresponding section is empty, i.e. the surface under 
investigation is entirely situated below the plane z = 2. For h < 2 
equation (8) defines an ellipse with semi-axes a = 4 Y2 —h and 
b = 5 V2 —h, which degenerates into a point = y = 0 fork == 2. 
Note that all the ellipses cut off the 

given surface by the planes z=h < 2, 


are similar (+ = const = 4 - their 


semi-axes infinitely and monotonically 
increasing with a decrease in h. 
The obtained information is suffi- 
cient to sketch the surface. A more 
precise definition of its shape can 
be ebtained by considering the sec- 
tions by the coordinate planes Oxz 


and Oyz. The section by the xz-plane z*=[6(2-2) | ¥?=25(2-z) 
(y =0) yields the curve z= 16 (2—2), 
1.e. a parabola with the parameter Fig. 44. 


p= 8, vertex at the point z= 0, 
z == 2 and branches directed towards 
decreasing values of z. Finally, the section by the yz-plane (< = 0) 


yields a parabola y? = 25 (2 —z) with the parameter p = 5? 


vertex at the point y = 0, z = 2 and similarly directed branches. 
The above investigation enables us now to represent the given 
surface in more detail (see Fig. 41). 
The given surface turns out to be an elliptic paraboloid. The 
transformation of the coordinates 


zo=2, y =y, 2 =2-2 


(which is reduced to the shift of the origin to the vertex of the parabo- 
loid—the point (0, 0, 2)—and conversion of the direction el the 
z-axis) brings its original equation (7) to the canonical form 


(z’)? yy’) 

apr hog (9) 

In Problems 4.29 to 4.40 determine the type of the given 
surfaces and construct them: 


x y2 zZ2 = Le y” See ee 
4,29, “grr ge jee 1. 4.30. 16 36 1. 
A314. 2 + y—2? = —1. 4.32. 2? — y*® = 2’. 


4.33. 22 + y? = 2az,a~0. 4.34 2? — y? = 2az, a0. 
4.35. 22-2244, 4.36, a2—=2az, aX 0. 


4.37. 2=24+02+y% 4.38, 2 —L = 62. 
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4.39. 2 +y—2=4 44.2 —yY+244=0. 

4.41*. Prove that the equation z* = zy defines a cone 
with vertex at the origin. 

4,42*, Prove that the equation z == zy defines a hyperbolic 
paraboloid. 

4.43. Name and construct the following surfaces: 


(a) 22 = 2y2; (b) z— a = zy. 

4.44. Write the equations of the projections on the coor- 
dinate planes of the section of the elliptic paraboloid y? + 

z*? = x by the plane x + 24y —z = 0. 

4.45. What curves are defined by the following equations: 


ae i Us Oy aan bene) 
@{ sre” a) {es 
32z—y+6z—14=0; x—2y+2=0? 


4.46. Find the points of intersection of the given surface 
and straight line: 


2 2 2 = _ 
(a) a tg += and a= wm == us — ats ; 
a a —~£ = ze y 22, 
x yr ati y—2  2+83 


Hint. Pass to the parametric equations of the straight line. 


4.47. Prove that in each of the below indicated cases the 
given surface and plane have a common point and find its 
coordinates: 


x Ze 
(a) +7 =2y, 22 —2y—z—10=0; 
x2 2 2 
(bt) = +4-—y= 1, 52422+5=0; 
— 2 2 
(cc) S+H-z=1, hp pe 54 3 0: 
4.48. Prove thal the plane 2x2 — fey — z-|-16 =: 0 in- 
tersecls the hyperbolic paraboloid x? — 4y? = 2z along rul- 


ings (i.e. along straight lines lying entirely on this surface). 
Write the equations of these rulings. 
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4.49. Prove that the plane 4x — 5y — 102 — 20 = 0 in- 


x2 2 
i eae | 


tersects the hyperboloid of one sheet ee a aa 


along rulings. Write the equations of these rulings. 


_ 3. Classification of Surfaces According to the Type of Transforina- 

tions of Symmetry. According to the type of symmetry, surfaces are 
proubed into three classes: cylindrical, conical, and surfaces of revo- 
ution. 

_A cylindrical surface (a cylinder) is defined as a surface invariant 
with respect to transformations of translation T (tq) defined by any 
vector collinear with some vector q (J, m, n). It follows from this 
definition that if the point My, (zo, yo, 29) belongs to a cylinder S, 
then the entire straight line ——“° = 1A = 279 also belongs 

iW n 

to this cylinder. 
The following terminology is used here: any straight line collinear 
with the vector q (1, m, n) is called the azis of the cylinder S; the 


straight lines = = 1 #0 ——, My (Zo, Yor 29) € S; be- 
longing entirely to the cylinder are called its elements (or generatrices); 
any curve I lying on the cylinder and intersecting all of its genera- 
trices (elements) is termed the directrix of this cylinder. 

Let q (/, m, n) be any arbitrary vector collinear with the axis 
of the cylinder S and the directrix T is given by the equations 


Fy (z, y, z) = 0, Fo (x, y, 2) = 0. 


Point Af (z, y, 2) belongs to the cylinder S if and only if there exists 
a number ¢ such that the point with the coordinates z + tl, y -- tm, 
z-+ tn lies on the generatrix I, i.e. 


Fy (e+ tl, y + tm, 2+ tn) = 0, 
Fe (c + tl, y + tm, z+ tn) = 0. 


Eliminating the parameter ¢ from system (10), we obtain a relation 
of the form F (2, y, z)= 0 which is just the equation of the given;cylinder. 

Example 4. Write the equation of the cylinder whose axis coin- 
cides with the coordinate axis Oz (z-axis), and the directrix is given 
by the equations 


(10) 


F(z, y)=0, z—h=0. 


Setting gq = k (0,0, 1), we obtain system (10) in the form F (x, y) = 
= (0), z-{-¢—h— 0. This result means that the point M (x, y, 2) 
belongs to the cylinder if and only if ils coordinates 2 and y satisly 
the equation / (zx, y) =: 0 for an arbitrary value of the z-coordinate. 
Consequently, the equation F (z, y) == 0 describing the projection 
of the directrix on the zy-plane is just the equation of the given cylin- 
der, | 
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In Problems 4.50 to 4.59 construct the given cylindrical 
surfaces: 

4.50. y+e2—4. 4.51.5 —4 <1, 

4.52. 2? + y? = az. 4.53. 22? = 62. 4.54. 2= 4 — 2’. 

4.55. 22? —ay = 0. 4.56. xz? — 2? = 0. 

4.57. y2 + 222 = 0. 4.58. 2z = 4. 4.59. y? + 2 = — 2. 

4.60. Write the equations of the three cylindrical surfaces 
circumscribed about the sphere xz? + y? + 2? — 2ar = 0: 

(a) the axis of the cylindrical surface is parallel to the 
z-axis; 

(b) the axis of the cylindrical surface is parallel to the 
Y-axis; 

(c) the axis of the cylindrical surface is parallel to the 
Z-axis. 

4.61. Wrile the equation of the cylinder projecting the 
circle 


x + (y + 2) + (2 — 1)’ = 20, 
Lot yt pat = 16 


on: (a) zy-plane; (b) xz-plane; (c) yz-plane. 
4.62. Write the equation of the projection of the circle 


er os 
x’ + (y + 2)’ + (2 — 1)? = 25 


on: (a) zy-plane; (b) zz-plane; (c) yz-plane. 

4.63. Write the equation of the surface each point of which 
is equidistant from the straight line x = a, y = O and the 
yz-plane. Construct the surface. 

4.64. Write the equation of the cylinder if: 

(a) its axis is collinear with the vector q (1, 2, 3) and the 
directrix is given by the equations y? = 4z, z = 0; 

(b) its axis is collinear with the vector g (1, 1, 1) and the 
directrix is given by the equations 2? + y® = 4z, z = 0. 

4.69. The sphere z? -+ y? -}- 22 = 42 is illuminated by light 
rays parallel to the straight line x — 0, y == z. Determine 
the shape of the shadow cast by the sphere on the xy-plane. 

4.66. Construct the solid bounded by the surfaces y? = z, 
z= 0,24, az -- 4, and wrile the equation of the diago- 
nals of the face lying in the plane z = 4. 
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A conical surface (a cone) defined as a surface invariant to homothe- 
tic transformations (or transformations of similitude) A (k, Af)) 
with an arbitrary ratio of similitude & and centre at some point 
Mo (20: Yo. 29) called the verter of the cone. It follows from this 
definition that if a point M, (z,, y,, 2,) belongs to the cone, then 


the entire straight line ———1 ~ 24! — =“! | passing through 
. 1 — %y Yi — Yo Tar i : 

this point and vertex M, and called the generatriz of the cone, lies 
entirely on the cone. Any curve [ lying on the cone and intersecting 
all of its elements (generatrices) is termed the directrix of this cone. 

Let there be given a cone S with vertex My (zo, Yo, 29) and direc- 
trix 

F, (z, y, z) = 0, Fy (x, y, 2) = 0. 


A point Jf (z, y, z) belongs to the cone S if and only if there exists 
a number ¢ such that the point with the coordinates x -+ ¢ (« — 29), 
y+tit(y — yo), 2+¢t(z —z,) lies on the generatrix I, i.e. 
Fi (e+ t (et — 2), y +t (ly — yo), 2 +t (z — 29)) = 9, 
(11) 
F, (@ + t (@ — 2), y +t (y — Yo), 2 + t (% — 29)) = 0. 
Eliminating the parameter ¢ from system (11), we obtain the equa- 
tion of the cone in the form F (zx, y, z) = 0. 
Example 5. Write the equation of the cone whose vertex is situat- 
ed at the point My (zo, yo, 29) and the directrix is given by the 


equations 
F(z, y)=0, 2—-h=0. 


Under these conditions system (141) takes the form 
{ F(x-+t(z—2Z), y+ t (y — yo) = 9, 
z+ t(z—2z)) —hA=0. 


a . h—z h — Z,) — (z — 2g) 
From the second equation ¢= sag ge 0! 
Z— Zp Z— Zp 


h —z ; ; ; : 
== ———t — 1, which, after being substituted into the first equa- 
— 2 


tion, yields 


PB ( 20+ (1-29) —— 


Z— 


L Y—yY 
= » Yo (h—2y) yi) =. (12) 


Kquation (12) is just the equation of the given conc. Ina partic- 
ular case 7) — Yo = 2 = O (the vertex of the cone is [vund at the 
origin) the equation of the cone takes the form 


PF @ =, h + )_.0. (13) 


Note that equation (13) is homogeneous wilh respect lo 7, y, and z 
(i.e. it remains unchanged when z, y, z are replaced by ix, ty, iz for 
an arbitrary ¢ 0), and equation (12) is homogeneous with respect 
to x — zy, y — Yo, and z — 2p, 
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4.67. Let a function of three variables F (xz, y, z) =0 be 
lhomogencous with respect to x, y, and 2, i.e. 


Vix-~0 Ss€R (F (tz, ty, tz) = UF (a, y, 2)). 


Show that the equation F (z, y, z) == 0 defines a cone with 
vertex at the origin, and for any h the curve 


F (> #,1)=0, z—-h=0 


is its directrix. 

4.68. Write the equation of the cone whose vertex is sit- 
uated at the origin and the directrix is given by the equa- 
tions: 


x? y? =a", x? + (y—6)2-+ 22= 20, 
os a ) ee 

y? 22 

a wae enw 

b Cc 
of at Ce eee ee 


Construct the obtained cones. 
4.69. Write the equation of the cone given the coordinates 
of its vertex M, and the equations of its directrix: 


(a) M, (0, —a, 0), 2? = 2py, z =h; 
(bl) M,(0, 0, ¢), =+4=1, 2=0; 


(c) M, (0, —a, 0), P+ y42=a7, yt+z2=a4; 
(d) M, (3, —1, —2), 2? +y2?—2=-1,4-—-y+2z2=0. 
Construct the relevant cones. 


4.70. Construct the cone, determine its vertex and di- 
rectrix in the plane z = h if it is given by the equation: 


(a) 2? + (y — hy? — 2 = 0; 
(b) 22 = Qyz. 


4.71. Wrile the equation of the circular cone for which 
the coordinate axes serve as its generatrices (elements), 
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4.72. Write the equations of the projections of the line of 
intersection of the sphere x? -+ y? + z2* = a? and cone 2? -+ 
+ y? — z* = O on the coordinate axes: 

(a) Oxy, (b) Oxz; (c) Oyz. 

4.73. A source of light placed at the point M, (5, 0, 0) 
illuminates the sphere x? + y? + 2? = 9. Determine the 
shape of its shadow on the yz-plane. 


A surface of revolution is defined as a 
surface invariant with respect to rotations 
R (pg, u) through any angle @ about some 
fixed axis u. This surface can be obtained +41 
by revolving about the axis u the curve AY 2p) 
obtained in the section of the surface by . 
any plane passing through the axis of 
symmetry. 

Example 6. Write the equation of the 
surface generated by revolving the curve 
F (2, z) 7 0, y=O about the axis Oz 
(Fig. 42). ‘ 

An arbitrary plane z= 2) cuts the Fig. 42. 
given surface in a circle of radius zy with 
centre at the point C (0, 0, z9), and F (zo, 29) = 0. Therefore 
for an arbitrary point M (z, y, z) of this circle we _ have: 
z= z, and 9 (M, Oz) = Vx? -+ y2 = zy. Substituting these equali- 
ties into the relation F (x, z)) = 0, we get 


F (V2? + y?, 2) = 0, (14) 


Equation (14) is Just the desired equation of the given surface 
of revolution. 


4.74. Write the equation of the surface generated by re- 
volving the curve z = x’, y = 0 about 

(a) the z-axis; (b) the z-axis. 
Construct both surfaces. 

4.75. Write the equation of the surface generated by re- 
volving the straight line z= y, x =O about 

(a) the y-axis; (b) the z-axis. 
Construct both surfaces. 

4.76. Write the equation of the surface generated hy re- 
volving about the z-axis: 


(a) the curve z = e-**, y =O; (b) the curve z = 5, 


y = 0. Construct both surfaces in the left-handed coordinate 
system. 
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4.77. Show that the surface z ua vt eS 


of revolution wilh axis Ox. Write the equation of the curve 
in the plane z = O which generates this surface when being 
revolved. 


— { is a surface 


: oy? 2 . 
4.78. Show that the surface —;~— — | = 1 is a surface 


of revolution. Find its axis of symmetry and the equations 
of some curve which generates this curve when being re- 
volved. 
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Wis Vas Vi 0; p= a . (b) —— ae: = a. General 
equation: —z + 1 = 0, the straight line is ict to the y-axis. 
Normal equation: z —1= 0; p =1. (c) eae! a : General 
equation: y — 1 = 0, the straight line is parallel to the z-axis. Norm- 
al equation: y—1=0; p=1. 2.3. (a) = st = . General 


4 1 1 
equation: zs — y + 1 = 0. Normal equation: ——=z-++ ——y— —== 
: V2 - V2 y2 
=n tt . General equation: z —1= 0, 
the straight line is parallel to the y-axis. Normal equation: z — 1 = 0; 


p-=="41; (ec) 5 ast a : . General equation: y — 2 = 0, the straight 


line is parallel to the z-axis. Normal equation: y — 2 = 0,p = 2. 


2.4. (a) p(M, L) = ie eee BY 20Gb 
+ (y—2) =0; () p(M, b) = 4/2, D2 A=H, 1: ay = 0; 
(c) op (M, L) = 0, ge eresegree 2.5. The 


lines intersect at the point M, (—3/4, —1/2); cos ai L.)=1/V5. 


a, _ 
2.6. The lines intersect at the point M, (1, 0); cos (Z, L,)=2/Y 5. 
2.7. The lines are parallel: p (L,, L,) = V/2/4. 2.8. The lines are 
parallel; p (L,, Lo) = V2. 2.9. The lines coincide. 2.10. (a) (AB): 


10—01176 


z—-1 y—2 _a2z—6 y-—ti ee 9 _ 
(oS age (CD): iy ag h= Vii »  cos@ 
19 —1 2 = 
i = ee Eat (W284 


= ——_——_., Ly: Sh 
V17-58"° °° Y2645V17 —4V26—Yyi7’ 
+5 V47) (2 — 1) + (-4 V¥26— V17) Y — 2) = 9; (b) 
£-—2 y+3 ee _ 4 
(AB): oe , (CD): any h = 4, ee ae re 
xz—2 yte2 - 
Bae ee ee eee 5) (2) OV 5) x 
MEG. Gees. v ve 
xX (yt2)=0. 244. t= —1/2. 2.112. 4/ V5. 243. 2+1=—0, 
y —2== 0. 2.414.182 + y —11 = 0, 152 —y —13 = O. 2.45. 32— 
—y—1=0, 3x1 —y —24 = 0. 2.17. y = 22 — 6, y = —2r46. 


2.18. 3c¢tyt2=0, xr—3y4+6= 0. 2.19. 20, Fe: 


2.20. 7x — y — 25=0. 2.21. 32 — Sy + 47=0, 3x — dy — 11 = 0, 
32 + Sy +17 = 0, 32-+ Sy —414 =—0. 2.22. 32 — 2y —12=— 0, 
32 — 8y + 24 = 0. 2.23. (a) 32 — 2y —7 = 0; (b) & = Sy = 1/6 — 
= (0. 2.24. « —5y+3=0, or 52+ y—11=0. 2.25. B (A, 1), 


D (—1, 3); (AB): 27 —1 = 0, (BC): y — 4 = 05 (CD):2+4= 6, 
(AD): y—3=0. 2.26. 32 —y+1=0, «+ 3y+7=0, 32 — 
—y+11= 0. 2.27. (AB): 3x dg od 0: (BC): 4x — 3y —7T= 
-_ (CD): 3x + 4y —24=0, (AD): 4x — 3y — 32 = 0, (AC): 
Vz + y — 31 =0. 2.28. 2 —2y—7=0, oe ree 0, z— 
—y+2—0. 2.29. Hint. The deviations 6 (M,, ZL) and o (Ma, L) 
have opposite signs. 2.30. 4x + y + 5=0 or y—3=0. 2.31. (a) In 
one angle; (b) in vertical angles. 2.32. Obtuse. 2.33. 42 — 3y -+ 
+-10=0, 7z 4+-y —20=0, 32+ 4y —5=0. 2.34. x — 3y — 
— 23 = 0, 7z + 9y + 19 = 0, 4x4 + 38y + 13 = 0. 2.35. 22 + Dy — 
— 65 = 0, 6x — 7y — 25 = 0, 182 + 13y — 41 = 0. 2.36. aes es 
+47 = 0, 8c + 3y — 17 = 0, 7x + 9y +17 = 0. 2.37. 42 — 3y 

= 0, 122+ 5,+16=0. 2.38. (b) A (38, 4), M (—1/3, 33/3), 
N (—2, 9), A= —2/3. 2.40. (a) 22-—-y+z2—2=0; 1/Y6; 
(b) x—y =0, the plane is parallel to the z-axis and passes through the 
origin; 1/3. 2.44. (a) cty—3=0; (b) e+ 2y—2=0. 
2.42. (a)xz — 2y —z = 0; (b) —z + y + 22—5 = 0. 2.43. (a) —z + 
+ 2y —3z —3 = 0; (b) 22 — 2y —z +1=0. 2.44. (a) c+ y — 
—3=0; (b)2x—y—1i=0. 2.45. The planes intersect, 


1 
cos (P,;, P.)= —-.2.46. The planes are parallel, P,, P.)= 
(Py, Po) 5 AG p Pp OP (P;, Po») 


3 . Pa 
> Ie 2.47. The planes intersect, cos (P;, P,) = 1/2. 2.48. The 
J 
planes coincide. 2.49. 8. 2.50. c+ y+2—-3=0. 2.51. 3 Y5x — 


oa = 4 5 
—6y —4 V5z2 +12 W5=0, a. 2.52. (a) 4a—5y + z—2=0 
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z+ y—3z+8=0; (b) 38x —6y+ 72 —4=0 and «+ 
+4=0. 2.53. (a) 4% —y —2z —4=0; (b) 20x — 
1 z+ 13 = 0. 2.54. (a) In adjacent angles; (b) in one angle. 
5 y+3z2—2=>0,2—y—2=0, 5¢ — 2y + 122 —10 = 
= Q, 5x — 2y + 212 —19 = 0. 2.56. 2x —y —z—-2=0. 
7. (a) g = [n,, n.] = —3i + 47 + 5k, the equations in projection 


4r-+-3y—5=0, 
form: 2 §2+3z—7=0, (b) g=I|n, n.] = —i —7j — 5k, the 
( 5y—42+41=0; 


re 
Par 
i N 


7z—y+1=0, 
equations in projection form: 5a—z—1=0, 2.58. (aie 
| 5y — 7z2—-12=0. a 
y 2+3 . (b) x—2 2+3. @—2  y_ 2+3 


Veg y= go 4 6 40 a ee Ye 
z—41 yt2 2z—1 z—3 yt _ 2 =e 

2.59. (a) ===>; b) Sp =p - 2.60. (a) 2 
x--2y+z=0, La y—1 
—2y4+2=0; (b) 22+y—1=0; Ole a5 Oat == 
= e— : (d) 18/ V'30; (e) M’ (3/5, —1/5, —1). 2.64. (a) 4/1, 


— 4=0, 
M (1, —6, —4), (b) 3r—y+2z—1=0; (¢) fence ae 


2.63. (a) 2e—16y — 13z24-31=0; (b) 62—20y—11z2+1=0. 2.64. 3. 


2.65. (a) 6/V5, (b) 24. 2.66. 25. 2.67. a age = eee 

2.68. —14. 2.69. a 2.70. arcsin 3/2 V7. 
z—T y-i 7 z—3  yt2 2+4 

2.71. 6° > = ceo = 70° 2042s 5 — —§ a: ° 


542—44y — 72+ 181 =0. 

—- 452—76y + 342 +-497 =0). 
532 —Ty —442 — 
—429=0, 

1052 — 23y — 482 -+- 
+ 136=0. 

17x ++ 16y + 272 —90 =0, 
31z + 58y + 62 — 20 =0. 


2.74. (b) 42-+-3y-+122—93=0; (c) 43; (d) { 
2.75. (b) 4a-+-12y-+- 32+ 76=0; (c) 127/13; (d) 


2.76. (b) 62—3y—2z-+2=0; (c) 7; (d) { 
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277, (a) paps eh ee by AP 6. 


1 —1? 0 1 1 
—1=0 
(o) { anes s(d)z2+y-+ 32 — 2 = O. (c) arc sin > 2 
z-+-y—2z—1=—0 V 33 


3.1. See Fig. 43. 3.2. See Fig. 44. 3.3. Straight lines z = 0 and 
x—y = 0. 3.4. Straight lines y= 0 and z+ y = 0. 3.5. Straight 
lines z —y = Oandz+y = 0. 3.6. Straight lines z = 0 and y = 0. 
3.7. Straight lines y = +3. 3.8. Straight lines x = —2 and z = 3. 


Fig. 43. Fig. 44. 


3.9. Straight lines y = 0, x = 2, and x = 5. 3.10. A circle of radius 
R = 2 centred at the origin. 3.41. A circle of radius R = 1 centred 
at the point C (0, —3). 3.12. The origin. 3.13. An empty set. 
3.14. Points (0, +1). 3.15. 2 — y = 0. 3.16. 4az + c= 0.3.17. y = 


2 
= +22. 3.48. 22-+ y? = 16, 3.19. 22 + y? = 8. 3.20. = +y =e 


3 
3.24. zy = 2. 3.22 y =-—2 + 2. $3.23. (a) C (2, —3), R = 4; 


(b) C (4, 0), R=4; (c) C(O, —2), R= 2. 3.24 (a) (c@ —2)2+ 
25; (¢) (x — 1)? + 

( 4, (e) (« —1)?+ 
+(y—1)?= or (x — 5)? + (y — 5)? = 25; (ff) (& — 2)? + 


It Tl 


+ 

SS 

| 

~~ 

be 

I 

& 
~~ 
& 
po ee” 
& 

| 

j—> 
“SS 
+ 
= 
aa 
= 

bo po 


find D, E, and F. 3.25. 22 —5y+19=0. 3.26. (a) 7; (b) 2. 
3.27. (a) Intersects; (b) touches; (c) passes outside of the circle. 3.28. (a) 


eB, BSS hy PACA, FG) 2 =F: (a) Dee = 
25 25 


Bytes x? ae x” y? fe, he 
a a a a el 


Dd Bud ig a ings hy 
(c) Se bag = (4) t55 op = 1; (e) Bl 4 =; (f) 6h ag a) 


—_—_-" -—_— 
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as 2 _ 2 
3.30. Gad 4 Uo) 1. 3.31. (a) C (3, --1), a=3, b= 


= V5, e = 2/3, Dy: 22 +3 =0, Dz: saa ees (b) C (—4, 2), 
a5, b= 4. € = 3/5, Dy: 3x + 28 = 0, : 32 — 22 = 0: (c) 
CU. 9)a= &. b= 23. e = 1/2, D;: ne 10 = 0, Dp: y—6= 


Z? ; > 2 
= 0. 3.34. +5 ++ = 1, 7no =44£V3, Oo = 73 (4+ V3). 


3.35. (— oe vs) | 8.36. 222—2ry-+-2y?-—-3=0. 3.37.7 722 
— 2ry + Ty? — 46x + 2y + 71 = 0. 3.38. (a) The straight line 
intersects the ellipse; (b) Asia outside of the ellipse; (c) touches the 
ellipse. 3.40. 3x-+ 2y —10 = 0 and 32 + 2y +10 = 0. 
3.44.2+y —5 = Oandr+ yt+5= 0.3.43. e+y—5=0 and 


z+ 4y —10 = 0. 3.44. M, (—3, 2), V'13. 3.46. 2c + 11y —10 = 
= 0. Hint. Take advantage of the result obtained in Problem 3.45. 


3.47. (a) a= 3, b=4; (b) F, (—5, 0), Fe. (5, 0); (c) e =3: 


(d) y= + * 2 (e)na it. 3.48 (a) a= 4, b= 3; (b) F, (0, —5), 


3 5° 
4 16 
F, (0, 5) (e= 2; @ysase Fe) ra a 3.49. oF 
y* 4. - ae ee ae yy te Ue oe 
— 2 _— 
=1; () = —1. 3.50. te apt peas 1.3.54. (a) € (2, 


—3), a=3, b=4, e= 5/3, equations of asymptotes: 4z% — 
—3y —17=0 and 42 + By + + 1+ 0, equations of directrices: 
5c — 1 = 0 and 5x — 19 = 0; (b) C (—5, 1), a = 8, b = 6, e = 5/4, 
equations of asymptotes: 3z + 4y + 14 = 0 and Qn — 4y ats i9 = 0, 


equations of directrices: x = —11.4 and x = 1.4; icy C (2, —1), 
a= 4, b= 3, e = 5/4, equations of asymp totes: Ax + 3y —5 = 0 
and 4x — 3y — 11 = 0, equations of directrices: y = —4.2 and 


y == 2.2. 3.54. r, = 9/4, r, = 41/4, p (M, D,) = 9/5, p (M, D,) = 
= 41/5. 3.55. (—6, +4 V3). 3.56. 7y2 + 24zy — 144 = 0. 3.57. 


2 2 
7x? — 6ry — y2 + 262 — 18y —17 = 0. 3.58. > >= 1, e= 


= V2, Fy (— y2, i V 2), Fo (V2, V2), Diss e-pys Vis 
3.59, <0 “0! _ 1. Hint. See Problem 3.39. 3.60. 102 — 3y — 32 = 
ae 10x — 3y + 32 = 0. 3.614. 32 —4y —10 =0, 3x —4y+ 
+ 10 = 0. 3.63. oz — 3y — 16 = 0, 132 + 5y + 48 = 0. 
3.64. M, (—6, 3), 9 = 14/13. 3.66. 22 + 14y + 6 = 0. Hint. Take 
advantage ol the result obtained in Problem 236 65. 3.67. (a) p=; 
(b) p = 5/2; (c) p = 2; (d) p = 1/2. 3.68, (a) y? = —z; (b) 2? = —2y: 
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(c) z®? = —12y. ae (a) (y — Yo)? = 2p («x — 2); (db) (¥ — yo)? = 
— —22y (x — xq). 3.70. (a) A. 0), p = 2: (b) A, 2), p = 1/2; 
(c) A (1, 3), p = 1/8; (d) A (6, —1), p = 3; (e) A (4. 2), p = 2; (A) 


A (—4, 3), p = 1/4. 3.72. 6. 3.73. (a) y=qe —ax-+ 3; (b) 2? + 


+ 2ay +? — Gr 4 dy + 9 = 0. 3.74, yoy = p(t + 20). 3:75, 2+ 
sees oa 0. 3.76. 22 —y —16=0. 3.77. 3x —y+3 = 0 and 
32 y+12=0. 3.78 M, (9, —24),9 (My, L) = 10. 3.80. y— 
18 = 0.3.84. tang—1. 3.82. rsin p=1. 3.83. r cos ( —7)-= 
4 a? 
—, 3.84. r=a.3.85. r?=——_._.._ 3.86. r= acos@. 3.87. 
Ve cos 29 
Circle x? + y? = 25. 3.88. Straight line y = —z. 3.89. Straight 
line z= 2. 3.90. Straight line y=1. 3.91. Straight line 


x—-y—1=0. 3.92. Straight line e+ y—2=0. 3.93. Circle 


(x — a)" + 3 y? = a®, 3.94. Circle x? + (y — a)? = a?. 3.95. Pair of 
rays x = £2, y > 0. 3.96. Family of concentric circles of radii 


= (—1)" = +a1n, n= 0, 1, 2, .. 3.97. Hyperbola zy=a?. 


3.98. Lemniscate of Bernoulli, ed -E y 2)2 — q? (x? — y?). 3.99. (a) 

rcos@ = 3; (b) g = 2/3; (c) tang = 1. 3.100. (2) r= 10 cose 

(b) r= +6sin g. 3. 104. (a); C250), : Fes 22 th). € -(3/2, 1/2) 

R = 3/2; (c) C (5/2, —n/2), R = 5/2; (d) C (3, He R= 83; (e) 

C (4, 5n/6), R= 4; (f) C (4, —n/6), R=4. 3.102. r? — Qror 4 
16 


\ Aww —_ 2_ 2 — . — 
xX cos (P — Po) R rz. 3.103. (a) r 53 cose (b) r 
16 9, _ 9 
= 5430s ; 3.104. (a) r= ~ 4—5cosp ? (b) r= 4--5 cos" 
eee Oe eye Uy IE no ce 
3.105. r= 1—cos @ . 3.106. (a) 95 9 ==; (b) 16 “9 = 4; 
262. 3.407. . 108. r? a 
(c) y“* = OL. . . iT ~ Te cust @ * 3.108. r ~ cost p—1' 
__ 2pcos@ = = ; 
3.109. r== sin? @ 3.410. (a) LT, y=t-+4, te {—1, + oo); 
(b) z=t—1, y=t, 1 €[0, +00); (c) c= —1+- i pels Le 
be ; } 
E{0, +00); je. ne 
cos(t— =) cos ( :—*) 
4 4 
qt 1 2 
te | —-a, =). BAM. (a) Sas pare. ae 
4 V5 V5 
a 4 2 = 
Efo, Y5]; (b+) e«=2--—=t, y=3 ——jt, teE[0, 5]. 
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3.412. c=2,+ Reost, y= ytRsint, t€[0, 2m). 3.113. (a) 
xr=R(i4+cos2t), y= Rsin2t, t¢€[—n/2, n/2); (b) 2= 
= R(t{-+ cost), y= Rsint, t€[0, 2m). 3.114.. Straight line 
xr-+ 2y —3 = 0. 3.115. Parabola y? = x. 3.416. Circle (x + 1)? + 


2 2 
+-(y —3)2?= 4. 3.417. Ellipse oes —41, 3.418. Right-hand 


__4y2 2 
branch of the hyperbola set ee ee = 41. 3.119. Right- 


1 
2 2 
hand branch of the hyperbola + = {. 3.120. Circle (x — R)?++ 
+ y2? = R2, 3.121. Circle x2? + (y — R)? = R?. 3.122. Upper branch 
of the parabola y? = 2pz. 3.123. pee » Y= 
Y a? sin? t+ b2 cos? ¢ 
ab sin t ab cos t 


Vat sin? tp bt cost - te [Q, 2m). 3.124. z== 
ab sin t 


V b? cos? t— a? sin? t 


b 
for the right-hand branch and t€ ( x — arc tan a m+ arc tan — | 


. 9 
V b? cos? t— a* sin? t 


b b 
y » where t€ ( —are tan —— , are tan — | 


2 
for the left-hand branch. 3.125. (a) = = a ,y=t, t € (—o, -- oo); 
(b) z = 2p cot? 1, y = 2p cot ¢, where ¢ € (0, 2/2) for the upper branch 


and 7? € (3n/2, 2x) for the lower branch; (c) z = P cot® + ee a 
= p cot >: té€ (0, 27). 
4.1. Plane z = —5 parallel to the zy-plane. 4.2. Plane with the 


normal vector n (1, —2, 1). 4.3. Sphere of radius R = 2 centred at 
the origin. 4.4. Sphere of radius R=4 centred at the point 
C (2, 0, —1). 4.5. Origin. 4.6. y-axis. 4.7. Empty set. 4.8. Pair of 
intersecting planes 2 — 2z = 0 and x + 2z = 0 parallel to the y-axis. 
4.9. Pair of coordinates planes: Oyz and Ozy. 4.10. A triple of coordi- 
nate planes. 4.14. A pair of planes x = O and z = 4. 4.12. A pair of 
planes y = O and y = «x. 4.13. 20y -+- 53 = 0. 4.14. 2? + y? -} 2? = 
ee eae 6 = 1.4.47 
== A", 4. 3. Tg Toe =1- -10. i oF iG —1. 4.17. (a) 
C (0, 0, 3), R = 3; (b) C (2, 1, —1), R = 5. 4.18. (a) (x + 1)? 4+ 
(Yi 2)? pa = AS (by. (ed)? (ya 2) a (a 1) AS (e) 
(x — 3)? + (y + 1)? 4+ (¢ — 1)? = 21; (4) (@ — 3)? + (y+ 9y + 
+ (z+ 2)? = 56; (e) ( — 1)? + (y + 2)? + (2 — 3)? = 49. 4.19. (2+ 


+O? +y—3+e—a=t. 4.20 (2-2) 4(y+e) + 


4\2 64 7 eed oc 
+(:-5] Say A BASE, y= Bt c= pF. 
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4,22. M, (—2, —2, 7), 9 = 3. 4.23. (a) Intersects; (b) touches; (c) 
passes outside of the sphere. 4.24. (a) A straight line passing through 
the point (5, 0, —2) parallel to the y-axis; (b) a circle of radius R = 7 
in the zz-plane with centre at the origin; (c) a circle of radius R = 4 
lying in the plane z = 2 and centred at the point C (0, 0, 2); (d) 
a circle ofradius R = Y 13 lying in the plane z = 6 and centred at 
the point C (0, 0, 6). 4.25. (a) C (1, 7, 2), R = 4; (b) C (—1, 2, 3), 


= 2 
R=8. 4.26. Ellipse @—2)" 4 Wray" _ 4, 


36 18 
(@ — 1)? + (y — 2)°-+( — 1)?=36. 
oe eres 
(2 — 2)? + y? + (@ — 3)? = 27, 
aseee ee ee 


4.29. Ellipsoid. 4.30. Hyperboloid of one sheet. 4.31. Hyperboloid 
of revolution of two sheets. 4.32. Cone. 4.33. Paraboloid of revolu- 
tion. 4.34. Hyperbolic paraboloid. 4.35. Elliptic paraboloid. 4.36. Pa- 
rabolic cylinder. 4.37. Paraboloid of revolution with vertex (0, 0, 2). 
4.38. Hyperbolic paraboloid. 4.39. Hyperboloid of revolution of one 
sheet. 4.40. Hyperboloid ofj revolution of two sheets. 4.41. Hint. 
Take advantage of the homogeneity of the equation. 4.42. Hint. 
Pass to a new coordinate system by rotating the z- and y-axes 
about the z-axis through an angle of m/4. 4.43. (a) Cone of the second 
order with vertex at the origin (see Problem 4.41); (b) hyperbolic 
paraboloid (see Problem 4.42). 4.44. On the zxy-plane: x? + 4zy + 
+ 5y2 — z = 0; on the zz-plane: x? — 2xz + 52? — 4x = 0; on the 
yz-plane: y2-+ 22+ 2y —z=0. 4.45. (a) Ellipse; (b) parabola. 
4.46. (a) M, (3, 4, —2) and M, (6, —2, 2); (b) M (4, —3, 2)-- 
the straight line is tangent to the surface; (c) the straight line and 
the surface have no points in common. 4.47. (a) M (9, 5, —2); (b) 


2x —412y —z+ 16 = 0, 
M (3, 0, —410); (c) M (6, —2, 2). 4.48. ee or 


ira as 4.49 y + 2z = 0, 2x — 92=0, 
xr+2y—8=(. ee ga he) { yt4=0. 


4.60. (a) y? + 2? = a®; (b) x? + 2? = 2az; (c) 2? + y? = 2az. 4.61. (a) 
xz? + 5y2 — 8y —12 = 0; (b) 422+ 522+ 42 —60= 0; (c) 2y — 
—z—2=0. 4.62. (a) 822 + 4y? — 362+ 16y —3 = 0, z= 0; 
(b) 2x2 — 2z2 —7= 0, y (c) 4y2 + 827 + 16y + 362 — 31 = 0, 
x= 0. 4.63. y? = 2az 4.64. (a) (8y — 22)? = 12 (32 — 2); 
(b) (x — z)? -F (y — 2)? = 4 (« — z). 4.65. The equation of the project- 
ing cylinder: 2x2 + (y — z + 2)? = 8; the shape of the shadow is an 


| {I 
+ a) 


a a 2 2 
ellipse: [+ wr =1. 4.66.2 = 4,2+ y=2. 4.68. (a)” ry = 


ze 


2 2 2 
=Fri (b) 9 (a? + 2) = 16y; ()- +4 =0; @) 24 
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+ y? — 22 = 0. 4.69. (a) h?x? = 2pz (h (y + a) — az); (b) 


zZ—c)? ‘ 
—-E P= 0; © #+A=2yt a; @) 35477 — 
— 6zy + 10zz — 2yz — 4x + 4y — 42+ 4=0. 4.70. (a) The ver- 
tex: (0, h, 0), the directrix is a circle x? + (y — h)? = h®, 2 =h; 
(b) the vertex: (0, 0, 0), the directrix is a parabola: 22 = Qhy, 
z=h.4.71. cry + xz + yz = 0, the axis of the cone passes through the 
first and seventh octants xy 4- xz — yz = 0, the axis of the cone 
passes through the second and eighth octants; xy — zz — yz = 0, 
the axis of the cone passes through the third and fifth octants; zy — 
— zz -+ yz = 0, the axis of the cone passes through the fourth and 
sixth octants. 4.72. (a) Circle 2? 4-1? = (a/ ¥ 2)2; (b) line segments 
z= ta/V2, --a/V2<2< a/ V2; (c) line segments z = --a/Y 2, 
—alV2<y<a/Vy2. 4.73. Equation of the projecting cone: 922 — 
— 16y? — 162? — 90x + 225 = 0, the shadow has the form of a cir- 


Ezaeals a 


cle: y2-+ 2? = (15/4)2. 4.74. (a) <= 22+ y2; (b) Wy? + 22 = 22. 
4.75. (a) 22+ 22 = y®%; (b) 22 = 224+ y% 4.76. (a) 2 = ee +Y"). 
4 Z-. <ye 
(b) t= 4.77. Py ale sas 4.78. The given surface is gen- 
2 2 
erated by revolving the hyperbola > —=1, y=( about the z- 


axis. 


Chapter 3 


DETERMINANTS AND MATRICES. 
SYSTEMS OF LINEAR EQUATIONS 


SEC. 3.1. 
DETERMINANTS 


{. Determinants of the Second and Third Orders. A square array 
A=( ee 
Ao, Ago/ ' 


formed of four real (or complex) numbers is called a syuare matriz vf 
the second order. The determinant of the second order corresponding 


Fig. 45. 


to matrix A (or simply, the delerminant of matrix A) is defined as 
the number 


G1, Bhp 
411 Gag 


Q14 An 48 

A=| Qo; Gao 3 
\ 

\@31 232 433 


is a square matrix of the third order, then the deferminant of the third 
order corresponding to this matrix is the number 


det A= 
Analogously, if 


= 4414 99 — 210491- 


4y4 42 48 
det A == |@g1 gq Gog | = 441490433 + 291990413 T+ Oy 2493451 — 
431 232 438 
— 134 99431 — 249091233 — 2412 9303y- (1) 
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Determinants of the third order are usually computed using the follow- 
ing rule (Sarrus’ rule): one of the three terms standing in the right- 
hand side of (1) with the plus sign is the product of the elements forming 
the principal (or leading) diagonal of matrix A, either of the two 
others is the product of the elements lying on the parallel to this 
diagonal and an element from the opposite corner of the matrix 
(Fig. 45, a), and the terms contained in (1) with the minus sign are 
constructed in the same way, but with respect to the second (auriliary) 
diagonal (Fig. 45, b). 


Compute the following determinants of the second order 
(Problems 1.1 to 1.7): 


14.4. [—1 4 1.2. |ja+b a—b 
a ee a—b oer 
1.3. [cosa —sina 1.4. |a+bi b 
sina cosa] - 2a “al 
1.5. |cosa—-isina 1 
1 cosa—isinag|~ 
1.6./2sin@cos@q 2sin?—1 
2cos*@~—1 2sin@cos g|- 
47. { 0 fet 
1-+ t? 4+ t? 
_ 2 ine 
1+ 1? 1-+ t? 
Solve the following equations (Problems 1.8 and 1.9): 
1.8. x «£+14 1.9. |cos8x —sinoz 
—-4 z+1 ~ sin 8x cos5z| 
1.10*. Prove that for real a, b, c, d the roots of the 
a—x ctdi 
equation a =Q are real. 


1.41. Prove that for a determinant of the second order to 
be equal to zero, it is necessary and sufficient that its rows 
be proportional (that is, the elements of one row are obtained 
from the corresponding elements of the other row by mul- 
tiplying by one and the same number). The same is true for 
columns. 

Compute the following determinants of the third order 
(Problems 1.12 to 1.18): 


156 Determinants and Matrices Ch. 3. 


1.42. (4 2 38 1.13. [3 4 —9 
4 9 6}. 8 7 —2I. 
7 8 Q 2 —1 8 
1.14. |a+z x £ 1.15. |a?+1 ofp ay 
Xx b+xr 2 } ap B2+1 = By. 
x Hs c+z | ay py y*+1 
1.16. [sina cosa 1 
sinB cosBp 1 
siny cosy 1 
1.17. |4 4 «& 1.18.|1 1 1 
4 1 #1, 1 © e 1], 
e2 ¢ 1 1 a € 
where s= cos 4 isin where e= cos +i sins 


Solve the following equations (Problems 1.19 and 1.20): 
1.19. 3 x 2x 
2 —1 3} =—0. 
z+10 1 4 
1.20. x +1 2r+2 
ees £44 #-+-9/=0. 


x4+-6 «zt+7 «+8 
Solve the following inequalities (Problems 1.21 and 1.22): 


1.21. a ea 4 1.22.;2 xt+12 —1 
1 zx —2)/<—0. 4 1 —2!>0. 
=4 2 —414 a- #20 x 


1.23. Prove the following properties of the determinant of 
the third order, using its definition: 

(a) if each of the rows of the matrix of a determinant is 
substituted by a column of the same position number, that 
is, if the matrix is transposed, then the magnitude of the 
determinant remains unchanged; 

(b) if all elements of a row (column) are multiplied by 
one and the same number, then the determinant is multi- 
plied by this number; 
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(c) if any two rows (columns) are interchanged, the abso- 
lute value of a determinant remains unaltered, while the 
sign is reversed. In particular, a determinant with two iden- 
tical rows (columns) is equal to zero; 

(d) if every element of some row (column) is the sum of 
two terms, then the determinant is equal to the sum of two 
determinants: one containing only the first term in place 
of each sum, the other only the second term (the remaining 
elements of both determinants are the same as in the given 
determinant); 

(e) if one row (column) of a determinant is a linear com- 
bination of the remaining rows (columns), then the deter- 
minant is equal to zero. 

Using the properties of the determinant of the third order 
mentioned in Problem 1.21, prove the following identities 
without expanding the given determinants (Problems 1.24 
to 1.26): 


1.24. |a,t+b,z a,—bx c, a, by cy 
Ao+ bot Ayo—bot Cyo|= —2x\a, by Cy}. 
a,+b,% a3z—b,x Cz a; bs Cy 

1.25. |a,+b,7 azxzth c, a, b & 
Qo+b,% at+b, Co|=(1—27)|a, b, Cy 
Q,+6,% agx+b, Cs ay bs Cy 

4.26*.{ 41 a a 1a @ 

1 6 Bi=(a+b+c){1 Db Ob), 
1: .€ ~¢8 1 ¢ ¢ 


In Problems 1.27 to 1.30 compute the given determinants, 
using the properties of a third-order determinant listed in 
Problem 1.23. 


1.27.|z-+y z 1 1.28.|(a+1)? a?+1 a 
yt+z <x |. (b+ 1)? b?-+41 df, 
ztzxy i (c+41)2 c#11 Cc 

1.29. |sin?a cos2a cos?a| 1.30./sin?a 1 cos*a 
sin?B cos2B cos*B!. sin?B 1 cos?B}. 


sin? cos2y cos? sin?y 1 cos? 
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1.31. Check to show that the determinant 


114 1 
xz Yy 2 
a2 y2 22 


is divisible by x— y, y — 2, and 2 —@. 
1.32. Check to see that the determinant 


x y ee 
y <«+y x 
Z+y «£ y | 


is divisible by xz + y, and by x2? — zy + y’, 
1.33. Construct the graph of the function 


ee A 
=a a a 1| (ab). 
b b 4 
2. Determinants of the mth Order. Any one-to-one mapping of 
the a set {1, 2, ..., m} of the first m natural numbers on itself 


is called a substitution of the nth order. 
Any substitution can be written in the form 


by lo eee in 
x=( , (2) 
a; a; eee O. 


where a, (i,) is the image of the element i, € {1, 2, ..., n} 


when mapping x. For a fixed substitution m there exists many ways 
of notation of form (2) which differ in numbering the elements of 
the upper row. In particular, notation of the form 


n= (7 Zz Res ie (3) 


Oy Qo eee An 


is called canonical. 

A pair of elements (i, j) is said to form an inversion in the substi- 
tution a, if i<j, but a; > a;. The number s (x) of all inverse pairs 
determines the parity of a substitution: a substitution is said to be even 
if s (m) is an even number, and to be odd if s (x) is an odd number. 

Example 1. Determine whether the substitution 


ve eae 
~“\2 3 5 4 1 


is even or odd. 
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Let us rewrite the given substitution in canonical form (3) 


ule > es © 
~\2 4 3 4 5 


and find the number of inversions. Since the latter form the pairs 
(1, 4), (2, 3), (2, 4), (8, 4), then s (ma) = 4 and, hence, a is an even 


substitution. 
The determinant of the nth order corresponding to the square 


matrix 


any Ang .-- nn 


det A—= Voy Aso bad aon = (= 1) ay ay eee ay m(n)? 
pa 


ani ane eee ann 


where the sum is carried out over all m-substitutions of the nth order. 
Determinants of the nth order possess properties which are analo- 
gous to properties (a) to (e) from Problem 1.21. 


4.34. Find the n-substitution on the set {1, ..., 6} if 
m. (k) is the remainder from the division of the number 3k 
by 7. Determine whether it is even or odd. 

1.35. Find the m-substitution on the set {1, ..., 8} if 
x (k) is the remainder from the division of the number 5k 
by 9. Determine whether it is even or odd. 

In Problems 1.36 to 1.39 determine the parity of the indi- 
cated substitutions. 

1.36. /9 2 4 3 14 aan ee a eas 

soe oe rete s' 


1.38. 2n 2n—1 ... 4 3 2 ) 
wr 2n .. 8 414 2 


1.39. 
‘nn—1... n—h+1 n—k n—k-—-1... 2 1 ) 
6 Pak 24% 1 n n—1 ...k42 k414)° 


Find out which of the below given products enter into de- 
terminants of appropriate orders and with what signs (Prob- 


lems 1.40 to 1.43). 


160 Determinants and Matrices Ch. 3. 


1.40. G45@o1G55019854. 1.41. Ag, Qo3045856210054- 

P.42. A703 6510744950430 6g. 1.43. 03301 6070427455262 44 

1.44. Choose the values of i and k so that the product 
Ago%is2352n424g22, enters into some determinant with the 
minus sign. 

1.45. Choose the values of i and k so that the product 
474. 6521;95547n22423, Would enter into some determinant with 
the plus sign. 

1.46. In the determinant 


oz 1 2 8 
G @ 4-2 
12 2 83 
ge 4 2: 2 


find the terms containing z* and 2°. 
Using only the definition, compute the following deter- 
minants: 


1.47. 0 eee 0 0 a,, nh 
0 ... O Q2,n-1 Fan 

0 oss 43, n-2 83, n-1 43,n}° 
ay 4 an n-2 an n—-1 an n 


1.48. [4y, Qyp Qyg yy 45 


as; Qo O ODO O 


1.49. How will the determinant change if: 

(a) the last row is added to each of its rows, but the last 
one; 

(b) from each of its rows, but the last one, all subsequent 
rows are subtracted; 

(c) from each of its rows, but the last one, the subsequent 
row is subtracted, and the first original row is subtracted 
from the last row; 
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(d) its matrix is “turned through an angle of 90° about 
the centre”; 

(e) the first column is rearranged to occupy the last place 
and all the remaining columns are moved to the left without 
changing their arrangement? 


3. Basic Methods of Computing Determinants of nth Order. 


(a) Reduction of the Order of a Determinant. This method is based 
on the following relation (i fixed): 


nr 
det A= Si a;,4%), (4) 
k=1 
where 
ayy eee Gy, hk-1 8 %, k+1 e+ Gin 


ACs hy ¢ {ith Gi-1,4 +++ @j-1, kh-1 %i-1, kh+1 +++ Fi-1, 10 


(5) 


Qist,1 ++ Vier, h—-1 Fi4i, Ret +++ @igi, n 


ee ee ee e @e# @¢ @# ee «e# ee oe e®# je 


ani o> Gn, k-1 Gn, ket +++ Inn 


is called the cofactor of the element a;, and represents a determinant 
of the (n — 1)th order. 

Relation (4) is called the expansion of the determinant in terms of 
the ith row. An expansion of the determinant in terms of a column is 
defined in an analogous manner. Prior to using this method, it is 
useful, applying the basic properties of the determinant, to reduce 
to zero all the elements of some of its rows (columns) except one ele- 
ment. 

Example 2. Evaluate the determinant 


8 7 2 10 
ae ae 7 10). 
44 4 9 
04 —3 2 


Subtracting the doubled third row from the first row and adding 
it to the second row, and expanding the determinant thus obtained 
in terms of the first column, we have 


— —6 0 
: —i -6 0 
0 10 45 20) | 


D= == (— 1)1*9-4. 10 15 20\e 
4 
4 4 D , —3 9 


0 4 —3 2 


Then, once again, we reduce to zero all the elements of the first col- 
umn, except for the element in the upper left corner, and compute 


41—01176 
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the determinant of the second order: 


—1 —6 0 
D=4| 0 —45 20 =4.(—4t.(—4)| 97 . 
0-27 2 


— —4(—90+540) = — 1800. 


(b} Reduction to the Triangular Form. This method consists in 
the following: all the elements lying on one side of one of the diago- 
tals of a determinant are transformed to become equal to zero. 

Example 3. Evaluate the determinant 


{ 1 1 1 


1 —1 2 2 

=lt 4 8d 

4 sf i —1 

Subtracting the first row from all the remaining ones, we obtain 
1 1 1 1 
0 —2 1 1 
etOs. fh eee | Wier 

0 0 0 —2 


(c) Method of Recursion Relations. This method enables us to ex- 
press a given determinant (transforming and expanding it in terms 
of a row or a column) in terms of determinants of the same form, but 
of a lower order. The obtained equality is called the recursion (recur- 
rence) relation. 

Example 4. Evaluate the Vandermonde determinant 


1 1 1 ee. Al 


a, ao as ose An 
Dn =| aj asa iii. 504 
OPS Be ae os, Saat 


Let us show that for any n(n > 2) the Vandermonde determinant 
is equal to the product of all possible differences pa A Pe 
<n. We shall carry out the proof by induction, using the method 
of recursion relations. 


Indeed, for n = 2 we have 
4 1 


Dyes 
a, 4, 
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oe vi assertion be proved for Vandermonde determinants of order 
n — 1), i.e. 


Dry I] (a;—2a)). 
1<j<i<n~-1 


Let us transform the determinant D, in the following way: subtract 
the (n — 1)th row multiplied by a, from the last (mth) row, and, in 
general, subtract in succession the (k —1)th row multiplied by a, 
from the kth row. We obtain 


4 4 4 1 

0 d,— dy ag—ay, an — ay 
Dn=|9 a3 — 214, a3 — a,as a,—a,4n |° 

QO an—t —aar-? ah-t—a,a3~ ah-t—a,anh-? 


Let us expand the last determinant in terms of the first column and 
take the common factors of all the columns outside the sign of the 
determinant. The determinant takes the form 


1 1 1 wate, “L 


a> as Qs, an 
Dn = (a.—4,) (€g—4) «-- (€n—44) az az az ads Oy 
ah-2 gh-2 gh-2 an-2 
= (@,—2,) (a3 — a;) eee (Qn —a) Dn-1- 


We have thus obtained a recursion relation. Using the assumption of 
induction, we finally derive: 


Dy = (@g— 41) (€g3—%) --- (€n—4y) [| (a; --- aj) 
2509<i<n 


= I] (a;—4j). 
1<j<i<n 


1.50. Compute the given determinants, expanding them in 
terms of the third row and second column, respectively: 


(a)}2 —3 4 4 (b) |5 a 2 —1 
4 —2 3 2 4b 4 —8 
a be dl’ 2¢ 38 —2I|’ 
3 —1 4 8 Adib —4 


11° 


Determinants and Matrices Ch. 3. 


164 


(c)|a 1 4 1 


6 0 1 1 


1 0 4!" 


qd 11 0 
In Problems 1.51 to 1.60 evaluate the given determinants: 


Cc 


~S S& 0B © 
i i ©» 3O ao 
SO sy o 
Oma NN OY 
ler e OD © TD 
NN ON Im SS Ko Is ; 
ee = 2 
a | = 
ar 
aie on) om) 
‘ Lew l = SSS 
=~ = ) 
| io [x IS i 2 4 Oo CO 
~=~rXI nN oo NOT SO Ce | | 
N N 
a | a 8s OO og & 
| | Is pO [S | 
Nomm 719 OO a Os 8 8 
" Ne 
vA 3 3 3 
— = — — 


1.58./5 6 0 0 0 


1 
431414 1 


1.57.{2 1 14 1 


15 6 0 0 


0415 6 OQ}. 


1441 14. 


001 5 6 
0001 9 


141090 1 


141 6 


1 
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{1.59.[7 0 —1 1 0 1.60.)1 «2 22 x3 x4 
12“ -—1 1 0 1 22 32x? 4x3 Ox, 
102-10 1 1 4x 9x? 1623 25241. 
01-12 1 1 y y? — y> yt 
04 —1 02 1 2y 4y? 4y? oy 


Fivaluate the given determinants of order n by reducing 
them to the triangular form: 


1.61. 1 2 D Mere 1.62..13.2 2 se 2 
—i1 0 o «acy, 2 DO 2 wba 2 
—1 -2 0 n|- 223 2 
—1 -—2 —3 ... 0 i me: 


1.63. Compute the determinant whose elements are spec- 
ified by the conditions a;; = min (i, j). 

1.64. Evaluate the determinant whose elements are de- 
fined by the conditions a,,; = max (i, j). 

In Problems 1.65 to 1.68 compute the given determinants 
of order n, using the method of recurrence relations: 


1.65./0 1 4 ... 14 1.66.(2 1 0 0 
1a, 0 ... O 12 1 0 
1 0 a, O|- 0 1 2 O}- 
1 0 0 a, 0 0 0 2 
1.67. ja aB 0 0 0 
1 atBp af 0 0 
0 1 atfp 0 0 
0 0 0 1 a+ 
1.68. |a+6 ap 0 0 0) 
1 a+tp ap 0 0 
0 1 a+pB 0 0 
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1.69. Evaluate the determinant 


1 -1 4 n—4 
ay” a a3 : ay, 
2 
Q4 a2 a3 ee an ‘ 
ay a> as n 


1 1 1 ee 1 


1.70. Prove that for any determinant the following rela- 
tion is fulfilled: 


Te Aha a k= i, 
pe ee 


where A‘*,’) is the cofactor of the element a,; (see (5)). 
SEC, 3.2. 
MATRICES 


{. Operations on Matrices. A matriz of order (ot dimension) m > n 
or (m X n)-matrix ts defined as a rectangular array of numbers a;;, 


ba As Oe eo ag I PS nh, 
G41 Ay wes) Gin 
A= Qo, Ag Qon 
amy @mg «++ @mn 


consisting ef m rows and n columns. 

The sum A+B of (m X n)-matrices A = (a;;) and B = ();;) 
is the matrix C = (c;;) of the same order each clement of which is 
equal to the sum of the corresponding elements of matrices A and B: 

C47 = a:;+ 03, t= 1, 2,...,m, joi, 2... 0H. 

The product aA of a matrix A == (a;;) by a number @ (real er com- 
plex) is defined as the matrix B = > (bis) obtained from matrix A by 
multiplying all of its elements by a 


bi; = Aaj, i= 1, Za. e 8 ey m, ae be De secant nN. 


The product AB of an (m X n)-matrix A = (a;;) by (n X k) matrix 
B = (b;;) is the (m X k)-matrix C = (c;;) whose ‘element d;; in row i 
and column j is equal to the sum of products of the corresponding ele- 
ments in row i of matrix A and column j of matrix B: 


\ e s . a 
Cij= be Qiydy js P= 1; Ze a | m, ,=4, 2, Steck k. 
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2.1. Prove the following properties of algebraic operations 
on matrices: 

(@—jJ A+ B=B+A, A+(B+C)=(A4B)4+0C,; 

(b) (a + B)A == aA + BA, a (A + B) = QA + 8B, 


(ap) A = @ (BA); 
(c) A (BC) = (AB) C, A (B+ C)4+ AB+ AC, 
Compute the given linear combinations of matrices A 
and B: 


22.34 2B, a(.. * — >) 
ere tere NG aie eu “Guanes Oh Oy 


1 i i 4 
2.3. A4iALU—i)B, A=(, J, 8=(_) 4). 


Compute (Problems 2.4 to 2.10): 

2.4. (3 —2\(3 4 2.9. (2 a 9 —6 
(5 <Q 5)  G <o)ls =a): 

2.6. au ') 
(F 5)(~a8 — a) 1) 

2.7. 74. —3 2 7/2 9 6 
_ ( 5}. 
2 —5 3/\1 3 2 


2.8. £3 2 5 
a =s| {4 eat 
4 67 9 6 5 


2.9./5 0 2 3 6 \ 2.40 3 
44 5 ] = ‘ 
3 4-41 2 7 1°(4 0 —2 3 4-1 
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C20: 


2.12. (1 mi 2.13. (, nt 
(|; _4)° 0 4)? ack. 


2.14. fX 1\" 2.15. fcosa —sina\” 
Ge is ee oe 


2.11. 


wonwN - © 
nm OO b= 


OA sing cos a@ 


Evaluate the polynomial f (A) of matrix A (Problems 2.16 
to 2.18): 


a, Pepe, © 
2.16. f(z) =322—4, jA= 0” 3)" 


4 2 
2.417. f(x) -=2?9—3r+1, Aa=(_, a 


1 —2 3 
2.18. f(x) --32?—2zr+5, a-(2 —4 ) 
oa —oO 2 


In Problems 2.19 to 2.21 compute AB—BA: 


2.19. 1 2 2 3 
A(;, an B=(_, 7 
2.20. 13 1 124 
a-(- i ) p-(1 1 2). 
12 —1 3414 


2.21. 4141 7 9 38 
A -(° 1 ] p-(0 7 ‘| 
O 0 1 0 0 7 


Matrices A and B are said to be commutative if AB = BA, 
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In Problems 2.22 to 2.24 find all the matrices which are 
commutative with the given one: 


2.22, ( a 2.23. ‘ -5) 2.24. 73 1 O 


3.4 Oe eZ O.-3: 4 
0 0 8 
2.25. Find all the matrices of the second order whose 
00 


Squares are equal to the zero matrix O= 
2.26. Find all the matrices of the second order whose 
squares are equal to the identity matrix E = a 


1)- 
2.27. How will the product AB of matrices A and B 
change if: 
(a) the ith and jth rows of matrix A are interchanged; 
(b) the jth row of matrix A multiplied by the number a 
is added to its ith row; 
(c) the ith and jth columns of matrix B are interchanged; 
(d) the jth column of matrix & multiplied by the num- 
ber a is added to its ith column? 


The matrix A is called a transpose of matrix A if the condition 
a}, = aj; is fulfilled for all i, 7, where a;; and aj; are clements of matri- 
ces A;; and Ai, respectively. 

2.28. Prove the following relationships: 
(a) (AT)T = A; (b) (A + B)T = AT +B; 
(c) (AB)T = BTAT. 

A square matrix B is called symmetric if B' = B.A square matrix 
C is said to be skew-symmetric if C' = —C. 

In Problems 2.29 and 2.30 compute AA™: 

2.29. (41 24 3\ 2.30. ,—1 1 —1 1 —1 
4—-15 —1 2 0 2 0 | 
2.31. Prove that any matrix A can be represented (in the 


unique way!) in the form A = B+ C, where B is a sym- 
metric and C is a skew-symmetric matrices. 
2. Inverse of a Matrix. A square matrix A is called singular if its 


determinant is equal to zero; it is termed nonsingular if otherwise. 
If A is a nonsingular matrix, then there exists a unique matrix A-* 
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such that 

AA = AA. =F, 
where F is the identity matrix (i.e. a matrix whose elements forming 
the principal diagonal are unities, all] the remaining elements being 


equal to zero). The matrix A-! is defined as an inverse of matrix A. 
Consider the basic methods for computing the inverse of a matrix. 


(a) The method of an adjoint matrix. The matrix AY whose ele- 
ments are the cofactors of the corresponding elements of matrix A 
(see formula (5) from Sec. 1) is said to be adjoint to matrix A. Thus 


Ae) gl) gn, 1) 
AN AG 2) Al? 2) i AM 2) 


AGisn) gsr) yin nd 
The following equality holds: 
(AV) A = A (AY) = det A-E. 
Hence it follows that if A is a nonsingular matrix, then 


4 
det A 


Example 1. Using the method of an adjoint matrix, find A-! if 


1 2 -—1 
s-(3 0 2) 
4 —2 rz) 


_ We have det A -: —4. Let us find the cofactors of the correspond- 
ing elements of matrix A: 


Arles (AY). 


AQT: = 3|=4 Co zs ~§|= 8. 

Abs) 1) F ~3|=4 
Aol S|=—7,  A@ 2 r ~ 5 |=9 

Abs: 2) — i — —5, 
as]? _5|=-6 ne =| jl =t. 

4 a_]t 2 , 
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Therefore, 


| 4 —8 4 ' 
arya( = 9 -5) and AA) 


—6 10 —6 
— 1 2 —t 
-(% — 9/4 si) 


3/2 —98/2 3/2 


(b) The method of elementary transformaiions. The following are 
known as the elementary transformations of a matrix: 

(1) interchange of rows (columns); 

(2) multiplication of a row (column) by a number different from 
ZCY03 
(3) addition to the elements of a row (column) of the corresponding 
elements of another row (column) multiplied by some number. 

For the given matrix A of order n let us construct a rectangular 
matrix 4, = (A | £) of dimension n “ 2n, by attaching to A on its 
right an identity matrix. Then, using the elementary transformations 
on rows, we reduce the matrix [, to the form (£ | B) which is always 
possible if A is nonsingular. Then B = A-, 

Example 2. Using the method of elementary transformations, 


find A-} for 
a2 4 
A= (: 5 q : 
21 4 


Let us form I ,: 


3 2 114 0 OV 
raa(4 5 210 4 =0 
21 4)0 0 1 


Denoting the rows of matrix I’, by y;, Ye, Ys, let us carry out the follow 
ing transformations: 


/ 1 4 fd 2 td ort la 4 ” 
Wz Vi Y= "1 — 7 Vas Va =V1 —~ 57 Y3» 
f/f — 4 a , Ort 4 ” 
Vea Ve 3 Via, Yo 7 V2» Va Ve 12 V3 


ore 7 ” 


2 ee ae 
Ys=Va— a Vir Va= Vets Yar Va" = 9g Vs- 
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As a result, we obtain in succession 


3 2 i| 1 0 0 1 2/3 1/3 
(: 59 21 0 1 O — (° 7/3 2/3 
2 1 4 


0 0 1 0 —1/3 10/3 


1/3 0 0 
—4/3 1 0] 


—2/3 0 1 


1 0 4/7 o/7 —2/7 0 100] 3/4 —7/24 —1/24 
—> (: 1 2/7) —4/7 3/7 | — (0 10)—4/2 5/12 — 12 ‘ 
0 0 24/7| —6/7 1/7 4 0014)—1/4 1/24 7/24 


Consequently, 
3/4 —7/24 —1/24 
A7} -(-12 5/12 = 1112 : 
—1/4 4/24 7/24 


In Problems 2.32 to 2.39, using the method of an adjoint 
matrix, find the inverse of the given matrix: 


Z.ac: (; 2.33. (* *) 2.34. joe eres 


3 4 noe ih sing COs & 


2.35. fe 5 7 2.36. /3 —4 5 
16 3 i). : —3 ) 


a ae a 
2.37,(1 1 1 ... 4) 2.38. 74 1 4 1 
014 14 1 1 a | 
00 1 1 { —1 oO 0 
i tees ae i we & een 
lo 0 0 1) 
2.39. 1 1 4 { 
3/V5 1/V5 —1/V5 —3/V5 
1 = —4 1 


iV > =—3/V5 B3/V> -=47V5 


In Problems 2.40 to 2.40, applying the method of ele- 
mentary transformations, find the inverse of the given 
matrix: 
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2.41. 4 2 2 
: 1 | 
2 —2 { 


2.42. 74 4 4 1 

4 4 —1 —1 

4 —1 4 -1 

a ee 4 
2.43. 73 3 —4 —8 2.44.(1 1 0... 0 
0 6 4 1 0114... 0 
( Q 4 001 0 
9 3 an) ee 
lo 0 0 1] 
2.45. /0 0 1 —14 2.46.(1 0 0... 0 4) 
03 1 4 020... 0 0 
2 7 °C 24 003... 0 0 
i en) ee 
000... 0 n) 


In Problems 2.47 to 2.51 solve the given matrix equa- 
tions: 


2.47. (1 2 3.5 
¢ iG 

2.48. _4 

2.49. (3 a 5 6 14 16 
( =!) x ( (i ae 

{ 
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2.52. Prove the following equalities: 

(a) (wA)t = TAM; (b) (AB) = BAM: 

(c) (A~*)T = (AT). 

In Problems 2.53 to 2.55 evaluate g (A) of matrix A: 


9 { 1 1 
2.93. g(r) =2*— 32 4+—— , A= 


“ge 0 4 

2 —14 0 

2.54 er eee ») rl 
oe » 8 (4) = 2—-T+-—, A= @) — 
0 oOo 2 

0114 

2.55. §(2)==4—- aa A—-|41 0 4 
441 0 


SEC, 3.3. 
SPACE OF ARITHMETICAL VECTORS. 
RANK OF A MATRIX 


1. Arithmetical Vectors. Any ordered set of n real (complex) numb- 
ers is called a real (complex) arithmetical vector and is denoted as 
PSs (Lig Ray ad Gey) 


The numbers z,, Zo, 
metical vector z. 


We define here the following operations on arithmetical vectors. 
Addition: if 


r= (x1, Zo5 2 2 oy Ln), = (v1, Yay + 0 oy Yn)s 


.. +, 2, are termed the components of the arith- 


then 
2+ Y = (t%1 + 1, Lat Yor «+ +) Up + Yp)- (1) 


Multiplication by a number: if ) is a number (real or complex) and 
@ = (x1, tq, ..., 2,) is an arithmetical vector, then 


Awe == (Az, Ato, ..«, Atz). (2) 


The set of all real (complex) arithmetical n-component vectors 
with the above introduced operations of addition (4) and multiplica- 
tion by a number (2) is called the space of arithmetical vectors (real 
or complex, respectively). Henceforward, if not stated otherwise, we 
shall consider the real space of arithmetical vectors denoted by the 
symbol R”. 
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A system of arithmetical vectors {x,, . . ., £,} is said to be linearly 
dependent if there are numbers A,, ..., A,, not all equal to zero, 
such that A,7, +... --A,.~,= 0 (where 0= (0, 0, ..., 0) is 


a null vector). If otherwise, then the system is called linearly inde- 
pendent. 

Let Q be an arbitrary set of arithmetical vectors. A system of vec- 
tors 8 = (e,, ..., @,) is said to be a basis in Q if the following con- 
ditions are fulfilled: 

(ay ep-6 QO, ke ty. 2h a oy} 

(b) the system 8 = (e,, ..., e,) is linearly independent; 

(c) for any vector x € Q there are numbers A,, ..., A, such that 


L£= » NER: (3) 
k=1 


Formula (3) is known as the decomposition of vector x by the basis 
%. The coefficients A,, ..., 4, are defined identically by the vector 
ax and are called the coordinates of this vector in basis 8. 

The following statements hold: 

(1) Any system of vectors QQ R® has at least one basis; and 
it turns out that all bases of this system consist of the same number 
of vectors called the rank of system Q and denoted rank Q or r (Q). 

(2) The rank of the entire space R” is equal to n and is said to 
be the dimension of this space, and the following system can be taken 
as the basis of R”: 


e, = (0, 0, 1, ..., 9), (A) 
(0505505 ees 1) 
This basis is used to be called canonical. 

Let us fix an arbitrary basis ‘8 = (e,, ..., @n) in space Kk”. 
Then any vector xz can be associated one-to-one with the column olf 
its coordinates in this basis, i.e. 

( “1 ) 
Lo 


hy 
| 


L=1e,+...F2neneoX = 


( In ) 

Remark. One should distinguish between the components of a vec- 
tor and its coordinates in some basis. We denote them in the same 
way, although we should bear in mind that the coordinates of a vec- 
tor coincide with its components only in a canonical basis. 

This is how linear operations (1) and (2) on arithmetical vectors 
look like in the coordinate form: 


z=xet+y se Z=X4+Y (y= za, + yp, = 1, 2,..-, 7), 
y = drs Y=A-X (=> yp = Arp, ea 4 Be cin). 
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3.1. Prove that linear operations (1) and (2) possess the 
following properties: 


(la)e+y=y+2; 

(ib) (@+y)+2=2+ (y + 2); 

(1c) 7+0=2; 

(1d) Vx, yal g(a = y + 2) (vector zis called the differ- 
ence cae the vectors x and y and is denoted as z = 
=2X—Yy); 

(2a) A (ux) = (Ap) @ for any numbers A and yu; 

(2b) 1-2 = 2; 

(3a) A (x + y) = Aw + dy; 

(3b) (A + p) v= Aw + pe. 

Given the arithmetical vectors: a, = (4, 1, 3, —2), a, = 
a (4, 2, —3, 2), as = (16, 9, 1, —3), a, = (0, i; 2, 3), 
a, = (1, —1, 15, 0). Find the following linear combinations 
(Problems 3.2 to 3.5): 

3.2. 3a, + 5a, — ay. 3.3. a, + 2a, — a, — 2a. 

3.4. 2a, + 4a, — 2a,. 3.5. (1/2) a, +§3a, — (1/2) ag + ay. 

Given the same arithmetical vectors a,, a,, @3, @4, G5. 
Find ri vector x from the following equations (Problems 3.6 
to 3.9): 

3.6. 2x -+ a, — 2a, —a, = 0. df, a, — da, + © + 
+a, = 0. 

3.8. 2 (a, —v) +5(a@,+2) = 0. 

3.9. 3 (a3 + 2x7) — 2 (a, — x) = 0. 

3.10. Prove that any system of vectors: 

(a) containing two equal vectors; 

(b) containing two vectors differing in numerical factor; 

(c) containing a null vector; 


(d) containing a linearly dependent subsystem 
is linearly dependent. 
Find out whether the following systems of arithmetical 


vectors are linearly dependent or linearly independent (Prob- 
lems 3.11 to 3.45): 


3.44. 2, = (—3, 4, 5), z = (6, —3, 15). 
3.42. 2, = (1, 2, 3, 0), z, = (2, 4, 6, 0). 
3.13. 2, = (2, —3, 1), 2, = (3, ~1, 5), = (1, —4, 3). 
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3.14. 2,=(1, i, 2—i, 3+, 4 =(1—i, 14%, 
1 — 3i, 4 — 2i). 


3.15*. Show that the system of arithmetical vectors e, = 
= (1, 1, 1, 1, 1), eg = (0, 1, 1, 1, 1), es = (0, 0, 1, 1, 1), 
e, = (0, 0, 0, 1, 1), es = (0, 0, 0, 0, 1) forms a basis in R°. 


In Problems 3.16 to 3.18 find the coordinates of the given 
vector x in the basis W = (e,, ..., es) from Problem 3.15. 


3.16**, x = (1,0, 1, 0, 1). 3.17. 2 = (2, —1, 2, —4, 2). 
3.18 «2 = (5, 4, 3, 2, 4). 


3.19. Prove that if the vectors a,, a,, a; are linearly de- 
pendent and the vector a, is not expressible linearly in terms 
of the vectors a, and a,, then the vectors a, and a, differ 
only by a numerical factor. 


3.20. Prove that if the vectors a,,a,, ..., @, are linearly 
independent and the vectors a,, a,, ..., @,, 6 are linearly 
dependent, then the vector 6 is linearly expressible in terms 
of the vectors @,, @., ..., Gp. 


3.21. Prove that an ordered system of vectors a,, dy, ..e 
. . +, @, containing no null vecter, is linearly independent 
if and only if none of these vectors is linearly expressible in 
terms of the previous ones, 


2. Rank of a Matrix. Let & rows and k& columns (k < min (m, n)) 
be arbitrarily chosen in matrix A of dimension m X< n. The elements 
lying at the intersection of the chosen rows and columns form a square 
matrix of order k whose determinant is called the minor of the kth 
order of matrix A. 

The greatest order r of the nonzero minors of matrix A is called 
its rank, and any nonzero minor of order r is termed the basis minor. 

The rows (columns) of matrix A of dimension m X n can be re- 
garded as a system of arithmetical vectors from *” (R™). 

Theorem on the basis minor. The rank of matriz is equal to the rank 
of the system of its rows (columns); the system of rows (columns) of the 
matrix containing the basis minor forms a basis in the system of all the 
rows (columns) of this matriz. 

Let us consider the basic methods for computing the rank of a 
matrix. 

(a) The method of bordering minors. Let in a matrix there be found 
a nonzcro minor M of order k. We consider only those minors of order 
k -+ 1 which contain (border) minor M: if all of them are zero, then 
the rank of the matrix is equal to k. Otherwise, among the bordering 
minors there can be found a nonzero minor of order k + 1 and the 
entire procedure is repeated. 


12—01176 
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Example 1. Find the rank of the matrix 


2 :-—-4 ae 1 O 


eee ccc w nen mene cc eccwcnvent 


4 —7 4 —4 § 


2 —A 3 
M;= 4 —2 4 5 
0 4 —1 


bordering the minor M, is also different from zero. However, both 
minors of the fourth order bordering M, are equal to zero: 


1 —2 1; -—4 { —~2 112 
ene ral =0, |0 4 —474/=0 
4 —7 4 ear | h a woceeeee- ; : 


Therefore, the rank of A is equal to 3. As to the basis minor, Mg for 
instance, can be regarded as such. 

(b) The method of elementary transformations. This method is 
based on the fact that the elementary transformations (see Sec. 3.2, 
subsection 2) do not change the rank of a matrix (see Problem 3.24). 
Using these transformations, we can reduce a matrix to such a form 
when all of its elements, except a1, dy9, .. ., ap, ("<< min (m, n)), 
are equal to zero. Consequently, the rank of the matrix is equal to r. 

Example 2. Find the rank of the matrix 


0 2 —4 
—i° —4 i) 
A= 3 1 7 y° 
0 >» —10 
2 3 0 


Carrying out elementary transformations in succession, we shall 
have 


O 2D: ag { B35 
oe a ee , 3 0 
3 4 74>] 3 4 T bes 
0 5 —40 0 5 —10 
2 3 0 0 2 —4 
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it 4 —5 14 —9d 1 0 0 
) —5 10 0 1 —2 0 1 0 
+>} 0 —f1 22 > 01 —2 Jy 0 O 0 
0 5 —410 0414 —2 0 0 0 
0 2 -—4 04 —2 60 0 0 


The rank of the last matrix is equal to two, hence, the original 
matrix has the same rank. 


In Problems 3.22 to 3.24 find the rank of the given matrix 
using the method of bordering minors. 


3.22. /2 —4 3 —2 4\ 3.23. /14 3 5 —1 
(: 255 I) ee eee ae 
2-11 82 5 4-1 7 

7 87 9 4 

3.24. /3 —1 32 5 3.25. 1234 

5-3 23 4 2345 
{2h os. 3456 7° 
7-5 14 4 4567 

3.26. (1230 —1\ 3.27. /44+i 1—-i 243i 
(: 1114 } j { 2 
1341 —1 {—i —1-i 3—2i 

4 —4i 10+2i 


What is the rank of matrix A for different values of A 
(Problems 3.28 and 3.34)? 


34 14 4 A412 
A440 1) 329. A~]2 —41 15}. 

ell Me ee : 10 —6 ’ 
22 43 

3.30. = en ee 3.34 4 2 3 
ny 2. 4 45 6 
3 5 4 oF; 7 8 9 
=f 3 10 4 10 14 12 


3.32. Show that elementary transformations do not change 
the rank of a matrix. 


12* 
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In Problems 3.33 to 3.36 determine the rank of the ma- 
trix, using the method of elementary transformations. 


3.33. 209 34 17 43 
75 94 53 132 
75 94 54 134 
20 32 20 48 


26 98 23 —294 86 


3.34. /47 —67 35 204 155 
& —428 1 1284 | 


3.306 24 19 36 72 —88 
49 40 73 147 —80 
73 99 98 219 —118 
47 36 74 144 --72 


3.36. (17 —28 45 11 39 
24 —37 61 13 o0 
29 —7 32 —18 —11 
34 12 19 —43 —55 
42 13 29 -—55 —68 


In Problems 3.37 to 3.42 compute the rank of the given 
matrix. 


3.37. 13-1 6\ 3.38 /0 1410 3 
( 1 —3 10 2 0 4-4 
17 1 —7 22 146 452 97° 

3 4 —2 10 8 —1 6 —7 

3.39. (01140 0) 3.40. 04 0 4 314 

1100 0 014 3 0 24 

010141 24 00 14 

10100 AO eh 2 4 
10044 0} 


Sec. 3.3. Space of Arithmetical Vectors 181 


341.( 2 2 4 5 —1) 
1 0 4-2 1 
24 5 0 14 
—4-2 2-6 1] 
—3 —1 —8 1-1 
La 223; pe2) 


Aas —t 2.2 6 
ae 2 ee 


3.43. Prove that if the product of two matrices AB is 
defined, then rank (AB) < min {rank A, rank B}. 

3.44. Let A be a nonsingular matrix, and matrices B 
and C be such that AB and CA are defined. Prove that 
rank (AB) = rank B and rank (CA) = rank C. 

3.45. Prove that if the sum of matrices A + B is defined, 
then 

rank (A + B) < rank A + rank B, 


The concept of the rank of a matrix is used for investigating 
a system of arithmetical vectors for linear dependence. 

Example 3. Find out whether the system of arithmetical vectors 
a, = (2, —3, 1), a = (8, —1, 5), a3; = (1, —5, —3) is linearly 
dependent or linearly independent. Find its rank and some basis. 

Let us write matrix A whose column vectors are a), Go, G3: 


2 3, 1 
A=(, @y, )=| —3 —1) —5 
1 oD —3d 


As is easily seen, the rank of A is equal to 2. Consequently, the origi- 
nal system of arithmetical vectors is linearly dependent, and its 
rank is also equal to 2 (by the theorem on a basis minor). The second- 
order minor 


b2 Jd | 
M,=| | == 7 
2 | 8 ee 
is different from zero and therefore can be taken for a basis minor. 


Hence it follows that the arithmetical vectors a, and a, form the 
basis of the original system, : 
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In Problems 3.46 and 3.47 find out whether the indicated 
systems of vectors are linearly dependent or linearly inde- 
pendent: 

340. ye (Ve AG. Mae De ee ale el, Ay Se 
= (1, —1, 1, —1), 7, = (14,1, —1, —1). 

Dehli B= (4s. 5; 2,0). Soe Hs Hee Ayo) = 
= (6, —3, 3, 9), x, = (4, —1, 5, 6). 

In Problems 3.48 and 3.49 find the rank of the given 
system of vectors. 

3.48. a, = (1, —1, 0, 0), ag = (0, 1, —1, 0), az, = 
= (1, 0, —1, 1), a, = (0, 0, 0, 1), as = (8, —5, 2, —3). 

3.49. a, = (4, i, —1, —i, 1), ag = (1, —i, —1, i, 1)’ 
a, = (1, —1, 1, —1, 1), a, = (38, —1, —1, —1, 3). 

In Problems 3.50 to 3.52 find all values of 4 for which the 
vector x is linearly expressed in terms of vectors a,, @, @3: 

3.00. a, a 3,9),a, = (3, 7, 8), a, = (1,—6,1), 2 = 
= (74-2, X): 

B01. Gy. = (3,2, 9); Gs. = 23-4). De de = 03-6; A) oe = 
== (1,50,0). 


= (A, 2, 5 

In Problems 3.53 to 3.55 find the rank and one of the 
bases of the given system of vectors: 

3.00: @, = (5, 2, —3, 1), ay = GG. 1, -—2,. 3), @z-= 
= (1,.41,. —1,.—2),, a; = (3, 4, 1, 2 

3.04. a, = (2, —1, 3, 5), ag = (4, —3, 1, 3), a, = (8, 
—2, 3, 4), a, = (4, —1, 15, 17), a, = (7, —6,— 7, 

3.00. a, = (1, 2, 3, —4), a, = (2, 3, —4, 1), a, = 
= (2, —o, 8, —3), a, = (5, 26, —9, —12), a, = (3, —4, 1 
2). | 


In Problems 3.56 to 3.58 find the rank and all the bases 
of the given systems of vectors. 
3.96. a, = (1, 2, 0, 0),a, = (1, 2, 3, 4), a, = (3, 6, 0, 0). 


3.57. a, = (1, 2, 3, 4), a, = (2, 3, 4, 5), a, = (3, 4, 5, 6), 
a, = (4, 5, 6, 7). 


3.58. a, = (2, 1, —3, 1), a, = (4, 2, —6, 2), a, = 
= (6, 3, —9, 3), a, = (4, 1, 1, 4). a 


SEC. 3.4. 
SYSTEMS OF LINEAR EQUATIONS 


1. Cramer’s Rule. Let there be given a system of n linear equa- 
tions in nm unknowns of the form 
Ay3L, + Ayer, + .-- + Yn tz = Oy, 


git + Agee +. ++ 1 Gantp = be, 


(1) 


e « e e es ° ° e e e eo 
Aniq1 + Anet, +... + ayntpn = Dp, 


or in the matrix form AX = B, where 


Ly by 
a a ain 
11 12 1 Le bs 
A= Fat P22 Gan x-— : oo 
ee e+  @  e@  @  @e@ e  @® ? ? ba 
Qnty Ang «++ Ann 
In bn 


Cramer's rule. If in system (1) det A = A+ 0, i.e. matrix A 
has an inverse A~-', then system (1) has the unique solution 


X = A-B, 
or in the component-wise notation, 
Ai 
A? 
where A; is the determinant obtained from the determinant A by re- 


placing the ith column by the column of free members. 
Example 1. Solve the system of equations 


Bry + 2y+ I3=9, 


2Ly— Lo-73=6, 


Lis i=, 2. a) n, 


Ly +5Lq = — 3. 
3 2 1 
The matrix (2 — 1 | is nonsingular, since del A= 
1 39 0 


== —2-4(. The adjoint matrix AY has the form 
—5 +) 3 
a =( 4 —1!1 -1), 
44 —13 —7 
Consequently, 


—5 5 3 
al 1 —1 -') 
and 2\ 4 -13 -7 


abate 
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—)5 5 3 5 
X=A1B= -4/ 4 —1 —4 6 
2\ 4 —413 —7/\—-2 


Applying Cramer’s rule, solve the following systems 
(Problems 4.1 to 4.8): 


AA. 32 — 5y = 13, 4.2. 3x —4y = 1, 
2x — Ty = 81. ox + 4y = 18. 

4.3. 2ax — 3by = 0, 4.4. 7x + 2y + 32 = 15, 

sax — 6by = ab. ox — 3y + 22 = 15, 

10x — ily + 52 = 36. 

4.9. 2x + y = 5, 46 ae+y —2z2=6, 
x + 3z2 = 16, 2x + 3y —7z = 16, 
oy — z = 10. ox + 2y + 2= 16. 
4.7. 4.8. 

Az, + 4x, + 54, + 54, = 0, 227, — «x, +32, 4- 2x, =4, 
22, + OL, — «x, =10, 32, + 32, +327, + 27x, = 6, 
ty + Le —~ 0%, =--—10,37,— 2, — 2x, —2zx, = 6, 
OL, + 225 = 1. 37, — 2, + 3%, — x, = 6. 


4.9*. Prove that for any distinct numbers z,, z,, x3 and 
any nuinbers y,, Ys, y; there exists only one polynomial 
y = f (x) of degree <2 for which 


TAG) iy. A, 2 Se 


When is the degree of this polynomial less than 2 (equal to 4, 
equal to zero)? 

In Problems 4.10 and 4.11 find the polynomial f (x) from 
the given conditions: 


4.10. f (14) = —4, f(—t) =9, Ff (2) = —3. 

i: ay AAO, Meet 

In Problems 4.12 to 4.17 solve the given systems of equa- 
tions: . 
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4.12. 57, + 8%, + xu= 2,4.13. 27, — 3x2, + 23 = —7, 
ot, — 2, +62,= —7, X, + 4%,+227, =—1, 


22, aa Le — 3 = —), a — Az, = —). 


4,14, 22, + 22 — L 2 - a —= 4 


4z, + 34, — 23+ 22, = 6, 
82, + 0%, — 3x, + 4a, =12, 
or, -+ dv, —2r, + 2x, = 6. 


4.15. 2x, + 37, + 1173, + 97,= 2, 
%,+ t+ Stg,+2a,= 1, 
2a, + a, + 32, + 24, = —3, 
“+ 2, + 32,+ 424, = —3d. 


4.16. 27, 52, + 44, + x, —20 = 0, 
x, + 32, + 223+ x, —11 = 0, 

2x, + 1027, + 92, -+ 9x, — 40 = 0, 

ot, + 82, + 9x, + 22, — 37 = 0. 


417.32, + 42, + x,+ 24,+3=0, 
32, + 52, + 34, + 5r, + 6 = O,7 
Gz, + 8a + «#3, + 524, +8 = 0, 
oz, + dz, + 32, + 7a, +8= 0. 


2. Solution of Arbitrary Systems. Let there be given a system of 
m linear equations in n unknowns in the gencral form 


A412, + Ayo%g +... + Apr, = Jy, 
Qo2y + Agoty +... - f Agnty == Do, (2) 
6 6 e e t e e e e s e 
Amity + Amote +.--- + @nntn = Om: 
or, in the matrix form, 
AX =B, (3) 
where 
Ty b; 
= Qo, A2o0 eee fon XY = . B = : 
4 @ ] 
ami &me amn 


Tn bm 
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If B = 0, then the system is said to be homogeneous, otherwise 
it is called ‘nonhomogeneous. 

A solution of system (2) is understood as any n-component column 
vector X turning matrix equation (3) into an equality (the arithmet- 
ical vector x €R®” corresponding to the solution X will also be 
called a solution of system (2)). A system is said to be compatible 
if it has at least one solution, otherwise it is called incompatible. 
systems are termed equivalent if the sets of their solutions coin- 
cide. 

The Kronecker-Capelli theorem. For system (2) to be compatible, 
it is necessary and sufficient that 


rank A = rank A, (4) 


where A = (A | B) is the oe Lea dd matriz of the system. 


Let rank A = rank A =, i.e. the system is compatible. Without 
loss of generality, we shall assume that the basis minor is found in 
the first r (1 <r < min (m, n)) rows and columns of matrix A. Reject- 


ing the last m — r equations of system (2), let us write the shortened 
system 


{ 
Ay 174 che ete Q17L> ae Q1,rtit pel ar oar ee Aint), = ore 
(9) 
Apyly oo ee App Pb App 42 p44 - oy arnIy = =a, 
which is equivalent to the pripinal system. Let us call z,, ..., z, 
basis unknowns and 2z,,;, ..., 7, free unknowns. Transposing the 


terms containing free unknowns to the right side of equation (5), 
we obtain a system with respect to the basis unknowns: 


yyXy te ee Oy ph, = Oy — Gy, pat Z pay — + + + — AnZp, 

Api Zy dh a Apply = Dp — Ap, py Epy1 — + + + — App Zp, 
which for each set of values of the free unknowns 2z,,, = c¢,,... 
2 n = ¢,-» has the unique solution 2 (cy, ..., ¢, 0% 
x, (Cj, .- +, €,-p) found by Cramer’s rule. The corresponding 


solution of the shortened, and, consequently, also the original systems 
has the form 


( %1 (¢1, si aicg Cnr) \ 


xp (cy, et a Cn_r) 


: . (6) 


| nS 


Formula (6) expressing an arbitrary solution of the system in the form 
of a vector function in n —r free unknowns is called the general 
solution of system (2), 


xX (¢1, oe ey Cn_r) = 
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Example 2. Find out whether the given system is compatible 
or not and find its general solution 


22, + ty — Ly — 3x, = 2, 
Ar, + 2z53 —7z, = 3, 
2r, — 32g + 2, = 1, 
22, + 32, — 42g — 2x, = 3. 
Let us write the basic and augmented matrices of the system: 


(2 4; —41 —3\ (2 4 —1 —8] 2 
4 0} 1 —7 —_ 140 +4 —7/ 3 
A= Dest ip a : 5 A= 
02 —83 4 02 —3 1] 14 
23 —4 —2) ee ee ee, 


Since rank A = rank A = 2 (check this!), the original system is 
compatible. 


Let us choose the minor M,= 


: 5 {2s a basis one. Then 2, 2, 


are basis unknowns, 3, z, are free unknowns. and the shortened 
system has the form 


22, + rm = 2+ 23+ 324, 
Ax, = 3 — 23 + 72,4. 


Setting z3 c,, #4 — ¢, and solving the shortened system with re- 
spect to the basis unknowns, we get 


3 1 7 
oo aaa == Ci "hee! 


1 3 1 
R= ZT as 


Consequently, the general solution of the general system has 
the form 


( 3 | 7 ) 
aaa cee 
4 3 
X (cy, Cg) = rials 9 1 9 
C1 
( Co 


In Problems 4.18 lo 4.31 investigate the given system for 
compatibility and find its general solution. 


4A8 2x —V3y=—1, 4.19. V5x — 5y = V5, 
V 32 — 3y = V3, x —V dy =5, 
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4.20. 2a —~ y+ 2= —2,4.21. x+2y —4¢= 1, 
xr+2y+ 32.= —1, 2x + y —oz = —1, 
z—sy — 2z2= 3. Z—y— 2= —2. 


4.22. 4.23. 


Ot, — 2%, —04, + 24,= 3, 2, + 2, — bx, — 4a, = 6 
22, — 3%, + 2Xy+ Sa, = —3, 32, — 2x, — 6x, — 4a, = 2, 
XZ, + 2x5 —A4Ax, = —3, 27, + 34, + 97, + 2x, = 6 
Ly — tg — 44,4 9x, = 22. 32, + 27, + 32, + 8a, 

= —7, 


4.24. 4.29. 
22, + 1%, + 37, + az, = 6, 32, —5z, +27, + 4a, = 2, 


OX, + OF, + 223 + 2a, = 4, Tx,— 4x, + 2, + 3a, = 5, 
Dey = abe ty SE ey Se 2s Oy 1s, 4 = 07, = 3. 


4.26. 9x, — 32, + 52, + 62, = 4, 
6x, — 2x, + 32, + 4x, = OD; 
BL, — Ly + 387, + 142, = —8. 


4.27. 32, + 2x, + 22, + 2x, = 2, 
22, + 32%, + 22, + 52, = 3, 
9x, + az, + 4a, — 5a, = 1, 
2X, + 24, + 3x, + 4x, = 5, 
1x, + 2+ 67%, — 2, = 7. 


4.28. 2, + a, + 32, —2x,+ 32, = 1, 
22, + 27, + 44, — a4, + 3x, = 2, 
32, + 32, + 52, — 2x, + 32, = 1 
2x, + 2x, + 8x, —3x,+ 9x, = 2 

4.29. 27, — ty + a+ 27,-+ 32, = 2 
62, — 3x, + 27, + 42, + 52, = 3, 
62, — 3x, + 47, + 82x, + 132, = 9 
4x, —2t, + tg + 244+ 22, = 1 
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4.30. 1227, + 142, — 1527, + 242, -+ 274, = 5 
167, + 1827, — 2227, + 292, -+ 372, = 8 
182, + 202, — 217, + 327,+ Alz, = 9, 
10z, + 1227, — 16x, + 202, + 232, = 4. 
4.31. 247, + 147, + 30x, + 402, + 41x, = 28 


362, + 21%, + 457, + 61a,+ 6227, = 43, 
48z, + 287, + 602, + 82%, + 832, = 58, 
60z, + 352, + 752, + 99x, + 1027, = 69. 


In Problems 4.32 to 4.35 investigate the given system for 
compatibility and find its general solution depending on the 
value of the parameter A: 


4.32. 4.33. 
or, — 32, + 24, +42, = 3, At, + 2 +2,+ 4, = 1, 
Ax, — 2%, + 34, + 7t, = 1, 2 tae, + 4,+ 2, = 1, 
82, —~— O%5-— By 02, — 9, 2+ Bet deg +a, = 41 
7x, — 32, + 74, + 1727, =h, 2, + 2, +2, + Ar, = 1. 
4.34. 2%, — 2, + 3275 + Ag ==; 5; 
4x, — 2%, + 923 + Of, = 1, 
62, — 3x, + 7x5 + 8r,=> 9; 
Ax, —4t%, + 92,-+ 102, = 11. 


4,39. (1 + A) x, + Ly + ci 
-+ (4 + A) Le -b rz = 1, 
x, + Ze + (1+ A) 2, = 1. 


3. Homogeneous Systems. The homogeneous system AX = O is 
always conipatible, since it has the trivial solution X = O. For a 
nontrivial solution of homogeneous system to exist, it is necessary 
and sufticient that r = rank A <n (for m = n this condition means 
that det A = 0). 

Let Q< R” be the set of all solutions of homogeneous system. 
Any basis in the set Q consists of n — r vectors e, ..., @n-y. The 
system of column vectors £,, ..., Z,-, corresponding to it in the 
canonical basis (see (4) from Sec. Ee 3) is called a fundamental system 
of solutions. The general solution of homogeneous system has the form 


X = Ey +... +t+e,--E, n-r 
where cy, .» Cn-p are arbitrary constants. 

The basic solutions Ey, ..., E,-, can be obtained applying the 
method described in the preceding subsection if the free unknowns 
are assigned in turn the value 1 and the remaining unknowns are 
set to be equal to zero. 
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Example 3. Find the fundamental system of solutions and the 
general solution of the following homogeneous system of equations: 


3a, + %— 8rg+ 2+ 2= I, 
2a, — 2%, — 323 — 7x4 -+ 22, = 0, 
x, + 1127, — 12235 + 342, — oz, = 0, 
Yy — 92, -+ rg — 1627, + 32, = 0. 


The matrix of the coefficients 


3 4; —8 2 4 
a ns | 

A= eqmannascecn~> H 
4 44 —12 34 —5 
4. 5 2 —16 3} 


has the rank r=2 (this should be checked!). Let us take M, = : s | ee 


=~ 0 as a basis minor. The shortened system has the form 
32, + Ly = Brg — 224 — Tz, 
22, — 2X4 = 32g + 124 — Qzz, 

whence, setting z3 = ¢,, 24 = Cy, Ly = Cg, We find 


19 


3 4 7 20 4 
ace ae Cg eat > Sas y= — = ey + ea 


aoe, C3. 


The general solution of the system 


( a ey ey tg ) 


ee eee 
X (cy, €2, ¢a)= SF Bs ae 
Cy 
Ce 


( C3 ) 


From the general solution we find the fundamental system of 


solutions 
49 3 
= ( —= | 
sae 25 
E,=X (4, 0, 0)= 8 |, E,=X (0, 41, 0)= 8) 
1 0 
0 4 
( o) l oJ 
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( 


E,~-X (0, 0, 1)= 


l 4) 


Using the fundamental system, we can rewrite the general solution 
as follows: 


X (Cy, Cg, C3) = CyHy + Coby + cgkg. 
4.36. Prove that any linear combination of solutions of a 
homogeneous system of equations is also its solution. 


In Problems 4.37 to 4.46 find the fundamental systein of 
solutions and the general solution of the given system: 


4.37. 2, +227, — «2, =0,4.38 2, — 2x, — 3x; = D0, 
2x, + 9x, — 323 =0. —2r, + 42, + 627, = 0. 
4.39. 32, + 2%, + x, =0,4.40. 27, — 3x, + 42, = 0, 
22, +92, + 37, = DO, “+ t+ «, = 0, 
oz, + 42% + 22, = 0. 3x, — 2x, + 2r, = O. 
AAI. x, + 2%, + 42, — 32, = 0, 
32, + 5%, + O62, — 4x, = 0, 
4x, + 52%, — 2453 + 327, = VO, 


32, + 82, + 247%, — 197, = 0. 


4.42. 2x, —4x%_ + 


OL, — 62g + 


OL, + 32, = 0, 
4r, + 24, = 0, 


4x, — 82, + 17x53 + 117, = 0. 


4.43, 32, + 27, + 2, + 32, + Ox, = 0, 
62, + 4%, + 32, + 5x, + Tr, = 0, 
9x, + 62, + 52, + 7x, + 9x, = O, 
32, + 275 + 4x, + 82, = 0. 
4,44. 2+ L_+ Ls —0, 
Lo — x, +2#_=0, 
Ly— Ze + 2,—2,= 0, 
Ly + Lg r= 0, 
Ly —2%,4+2, ==), 


192 Determinants and Matrices Ch. 3. 


4.45. 52, + 64, — 22, -+ 7x, + 42, = 0, 
22, + 3%, — 3 + 44, + 22, = 0, 
7x, + 92, — 3x3 + Or, + 62, = 0, 
52, + 945 — 324, + 2, + 62, = 0. 
4.46. 32, + 4%, + 2, + 22, + 32, = 0, 
54, + 7x, + 2X3 + 3x, + 42, = OD, 
Az, + S54, + 24, + 2, + Or, = OD, 
7x, +102, + 23 -+ 62, + Ox, = 0. 
4.47*, Find out whether or not the rows of either of the 
matrices 


30 —24 43 950 —9 4 29 —20 —3 
a= (9-8 8 i) 2). a(1 —112 13 ‘ 
4 2 9 —20 —30 9 —15 8 2 2 
form a fundamental system of solutions for the system of 
equations 
ot, + 42, + 27,-+ 2,+ 62, = 0, 
5x, + 92, + Tr, + 42, + Tx, = 0, 
4x, + 324, — Lg — 4, + 112z, = 0, 
x, + Gre + 8x, + Br, — 4a, = 0. 
In Problems 4.48 and 4.49 determine the values of the 


parameter a for which the given system has nontrivial solu- 
tions and find these solutions. 


4.48, a®x, + 32, + 22, = 0, 
AX, — X~+ Lz =), 

82, + zt, + 42, = 0. 

4.49, 2x, + 24+ 32, = 0, 
At, — % +72, = 0, 

LZ, + at, + 27, = 0. 


If we are given a nonhomogeneous system AX = B, then its 
general solution can be found as the sum of the general solution of 
the corresponding homogeneous system AX =O and an arbitrary 
particular solution of the nonhomogeneous system. 

In Problems 4.50 to 4.53 find the general solution of the 
given nonhomogeneous system, using the fundamental sys- 
tem of solutions of the corresponding homogeneous system, 
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4.590. 2x4, + t%— 43—-— 4+ %«& = 1, 
B= ef te + 2y— 22, — 0, 

32, + 32, —3r, —32,+ 42, = 2, 

Az, + 9%, —9%3 — Or, + Tz, = 3. 

4.51. 22, — 27, + 4, — 4+ r= 1 
XZ, + 2% — a+ %— 27,=—1 

1 

1 


4x, — 10x, + 54, — 9a, + Tx, = 

2x2, + 142, + 7x, — 7x, + Liz; = 

4.92. % — t+ a —2%, +2; —27, = 1 

2X2, + 2x, + 24, + 2, —2, + ry = 1. 

4.53. 2, + 2x%_ + 325 + 4x, + Oz, = 0, 
x, — xz, — 3x, — 44, — 902, = 2, 
21%, + 324, + 42, + 52, = —4. 

4. Jordan-Gauss Method of Sequential Eliminations. With the aid 


of elementary transformations on rows and interchange of columns 
the augmented matrix of system (2) can be reduced to the form 


(AO 0 Oa at inpt: Ole oy 


y 


e 


0 1 O ao, r44 a bs 
0 0 1 ap, rat arn | b; * (7) 
0 0 ) 0 O | bry 


loo... 2 oF 1. 0 | J 
Matrix (7) is the augmented matrix of the system 


Ty} aa Qs py hyp + eee + Qin=n a bi, 

Z_ -+ 43, rs ae eee = dan Xp = b,, 

Ep bt Op peiTper be + apn ty = D7, 
(8) 

O = bras 


Q= bf, 
which is, within the accuracy of designation of the unknowns, equi- 
valent to the original system. 
If at least one of the numbers 06/4,, ..., by is nonzero, then 
system (8), and, consequently, the original system (2) are incompat- 
ible. And if b! +, = ...= b;, = 0, then the system is compatible 


43-—01176 
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—_— 


and formulas (8) yield an essentially explicit expression for the basic 
unknowns 7, ..., z, in terms of the free unknowns 2,,;, ..., Zpn- 

Example 4. Using the Jordan-Gauss method, find the general 
solution of the system 


Ly — 2Lp + %4= —3, 
32} — &@y5—- 22g == 4 
24, + Ly — 243 — 24 = 4. 
Mon —- 3L5 = 223 eas: 224 =r 7 


Performing elementary transformations on the rows of the aug- 
mented matrix, we obtain 


—2 0) 1{,— Q 1[ —3y\ 


2 
9 —2 —3 10 
4) 
a) 


oo c= 


(0 0 0 0 OJ 


The first two rows of the last matrix form the augmented matrix 
of the system 


4 4 
Fig eg 
2 3 
a es a 


which is equivalent to the original one. Regarding z,, x, as basic 
unknowns and 23, 7, as [ree ones, we get the general solution in the 
form 


{ 4 4 ) 
1+ ey Ee Ce 


Ly 
2 3 
X (Cy, C2) = = = 2 Cy ee 
3 
Ly Cy 


\ Co 


In Problems 4.54 to 4.58, applying the Jordan-Gauss 
method, investigate the given system for compatibility and 
find its general solution. 
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4.94. x,+ 27, + 37,+ 42, = 0, 
7x, + 142%, + 20z2, + 27x, = 0, 
ox, + 10x, + 1627, + 19%, = —2, 


32, + Oa, + 627, + 132, = 5. 
4,59. 2, + Lo a Ie 
Ly + Lg + Ls = 4, 

oF ie ok ee eae = —0, 
Fe Dy Al ee s= Zz 

X,+2, = —1. 


4.56. 1057, — 1752, — 31527, + 24527, = 84, 
90z, — 150z, — 2707, + 210x, = 72, 
Tox, — 1252, — 2257, + 1752, = 959. 


4.957, 4.58. 

82, + 127, = 20, 72, — 0%g — 27, — 42, = 8, 
147, + 212, = 35, —32, + 27,4+ 24, + 24, = —3. 
97, + 11z7, = 0, 24, — Ly — Lug — 24, = 1, 
{62, + 202, = 0, — 2, + 2, + 24z, = 1, 
10x, + 12x, = 22, — t+ 42+ 22, = 3. 


152, -+ 182, = 33. 


SEC, 3.5. 
SOME COMPUTATIONAL PROBLEMS 
OF LINEAR ALGEBRA 


1. Operations on Matrices. 
5.1. Given matrices: 


195 


0.625 —3.125 
1.6 3.20 8 1.25 
ah ee 3.2 4.6 pat “1 0.625 1.25 
0.625 0.625 
0.625 —3.125 0.625 
1.25 0 4.25 


om 0.625 1.25 0 


—0.625 0.625 3.120; 
Find AB, BA, and AC. 


13* 
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0.2. Given matrices 
DS GD. «©= BS 5 | 
4.1425 —2.75 5.5 —4.4125 
A=\ 3 495 —4.875 —3.25 1.625 J’ 
9.20 —J.20 —1.75 3.9 
2.8 6.4 3.6 1.8 
2 0.6 2.4 1 
| Ve ees Ty alee. 1.2 
0.8 0.8 0.6 0.4 
Find the matrices AB, BA and ATBT. 
The method of conversion of a matrix with the aid of elementary 


transformations (considered in Sec. 3.2, subsection 2) can be described 
in the following way: 


B= 


Q14 A112 ain by, Oy bin 
Go1 oe Gon | bo, dee bon 
any Ang «+e Ann bn4 One bnn 

k hk kR hk 

(4 0 0 a‘ at af’) of a) no? 

k k R R 

0 4 0 a$ R+4 aS*) of) of) By 

a i ee eed ee ee ee ee 

Rk k k hk 

0 0 ae are aX) | pk) pf”) pt?) 

kR k Rk k 

[0 0 0 aM a4 af | Oa? BY 8 

14 0 Oo)? boP iP 

= 0 14 Oost? bo? bee 

oo ef 8 8&8  @ fF e@ #®  @e@ @ @ e# #e# @ @® @ 9 
0 0 1] 09% pup bom 


where (b;;) = E is an identity matrix, and the elements of the mat- 
rices (a{%)) and (b%4)) are related as follows: 


(k~ 1) 
() a | 
hy = Tat» k= 1,2, 000, my Fak, ..ey Mm, 
hh 
h-4 
ie 


k : 
iy ays bees 1 25. hay sy St 2: ei ow 
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(k-1) 


2 Rj 
a) — gt— 1) — “eat Oe tN De org 1 RA. cena ing 
Pok+t, soe, BR, a‘)? — air, 
Btn 1) 
uC) pe 1) — “(oT a1), G4, 2, ..., K-41, R44, ..., 0, 
RR 


; Q) 
pHi; 2, e225 Nn, 017 =0;;- 


In Problems 5.3 to 5.6 find A7! for the given matrix A: 


0.24 0.84 0.68 £0.88 

53. Ax —0.84 0.24 —0.88 0.68 
—0.68 0.88 0.24 —0.84 

—0.88 —0.68 0.84 0.24 


{9.96875 0.0625 0.125 0.25 0.5! 
0.0625° —4.875 0.25 0.5 4 
5.4. A=| 0.125 0.25 —3.5 4 2 
0.25 0.5 1 6 4 

1 0.5 { 2 4 8 y 


26.4 39.2 9.9 13.2 
44 61.6 16.5 23.1 


95, A= i¢5 92 66 8.8 
07.5 38.5 114 15.4 
12 24 —1.2 —2.4 
6 9. 25s 
5 6. fies 3.6 6 0 ( 


2.4 2.4 —4,.8 —3.6 
3.6 9.6 1.2 —7.2 


2. Computation of Determinants. Let us represent the determinant 


a a dias: Cel 
An=| 22 “22 an) for ay, #9 
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in the form 


4 0) 0 
a 
21 (4) (1) 
p : aon 
11 
An 4); a gs , Or An=4,,:An-. 
ani (4) (1) 
a ane ann 
11 


The elements of the determinants An, An_j, ..., A,, where 


(k) (hk) 
ap 1, k+i Ge. 1D 
An-p = 7 © © © © © © » e 8 @ @ \ 
(Rk) (R) 
an, k+1 ann 


are related as follows: 
k—-1) (k-1 
a ae 


a(t). gik-#)_ pet, ..., my peR+1 oy my 
arr 

0 -1 

aS) = aij, A, == ah” z 


and ai!) ~ 0 for all & for A,-y4, # 0. Therefore 


= (kR-1 n—-1 
An == ay? -asp 2 6 e ahh ) eo 8 e@ a ) 
If Na = 0, then, taking into consideration the change of sign, 


we have to interchange the first and some other row of the determi- 
nant A,_;,+, so that the upper left element (called the leading one) 
is not equal te zero. To make the computations more accu- 
rate, the leading element should be chosen to be the greatest (by 
modulus) among all the elements of the first column of each of the 
determinants A, », k= 0, 1, ..., n—2 

Example 1. Evaluate the determinant 


5 4-2 4 
a) £3 4 4 
26 O 51° 
5 14 20 
1 0 0 0 
; 2.8 14.4 3.8 
A.5-| 08 28 14 3:81 cle, —o.8 5.4 
iG Gok ak. 54 
0 4 —4 
1 0 | 
6.4 —0.8 5.4 { 0 0 
= —5./2.8 4.4 3.8|--—5-6.4-|0.4375 4.75 1.4375 
9) 4 —{ 0 4 —1 
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:—-5-6.4- 


Problems of Linear Algebra 


a (Please: 


—1 


= “i 79 1.4375 
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=5.-6.4-4- =5-6.4-4-1.875 —2 
0:6.4°4 hae ee) 0°6.4-4-1.875 = 240. 


Compule the following determinants (Problems 5.7 to 
9-7. 14.6 8.4 1464.14 62.5 240.1 
0.8 2.7 1383.4 12.5 34.3 
0.8 1.8 24.2 5 9.81, 
4 4.5 So “25: ° 8.5 
1.3 2.3 24.7 5.5 10.3 
0.8. | 5 7.5 47.5 2.5 22.5 27.5 
3.2 —3.3 10.7 1.4 5.9 12.4 
17.5 10 22.5 —2.5 27.5 —12.5 
8.7 4.4 8.9 —4.4 13.4 —5.5 
92.5 —10 27.5 2.5 32.5 5 
6.9 —3.4 9.4 1.1 9.3 11.2 
9-9. [2.145 1.14 1.23 1.48 4.05 
4.3 1.74 2.87 3.7 2.73 
6.45 2.85 4.51 5.92 4.41 
4.3 —3.99 2.87 2.59 0.42 
2.145 2.28 2.05 1.144 2.4 
5.10. [1.697 1.5588 2.2361 1.3856 
2.9394 4.1243 3.1623 —2.7713). 
3.7947 6.9714 5 1.9596 
2.4 4.4091 3.1623 3.0984 
5.41. (4.575 2.4 —0.5 —0.75 
2.4 —-2.4 1.5 14.2 
1.75 —1.6 1.33 0.7 
0.84 —0.96 0.5 0.36 


3. Systems of Linear Equations. In the case of the system 


nr 


>; a; jxj=—j, 
j=1 


i=1, 


Jy oe 


*9 N, 


(4) 
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the Jordan-Gauss method (see Sec. 3.4, subsection 4) consists in suc- 
cessive elimination of the unknowns. On eliminating the (k — 1)th 
unknown there remain the equations 


Tr 
S) afPey—o), i=k, k+4, «0, 2, (2) 
j=k 
where 
at®al) 
i 0 
rag te ’ k=0, 1, cory n—, a‘) = a;;, 
(R)z(R) 
a:,’b 
(kR+4)__ p(k) _tR FR _ (0) __ 
kk 


The computations become more accurate when the leading elements 
a) have the greatest modulus in the first column of the matrix of 
system (2). 
For k = n in system (2) there remains one equation from which 
z, is computed. This completes the direct step of computation. The 
reverse step consists in successive finding x, by already known x, +, ... 
2 ay Bay oS te 1p ot =p seks. 1h 
Example 2. Using the Jordan-Gauss method, solve the system of 
equations 
Oz, — Lo +- Z@3 >= 9.13, 
221 — @@y— DL = 25, 
—z, +42, — zs = 43. 
Successively eliminating zx, and zx, and choosing the greatest 
(by orn) as the leading elements in the corresponding columns, 
we obtain 


2, — 0.22%, + O.2x3 = 1.826, x, —O.27, -++ 0.273 = 1.826, (*) 


— 0.67, +. 4.62, = 21.348, 3.82, — 0.825 = 44.826, 
3.825 — 0.825 = 44.826, —0.62z, + 4.627, = 21.348, 

Ly — 0.2105zr5 = 11.7963, (*) 
4.473725 = 28.4258, Xz = 6.3540. 


From the starred equations we find first z, = 13.1338, and then z, = 
= 3.1820. 
Solve the following systems (Problems 5.12 to 5.14): 
O12. 3.2%, + 5.4%, + 4.2%, + 2.22, = 2.6, 
2.4%, + 3.22, + 3.17, + 1.12, = 4.8, 
1.27, + 0.4%, — 0.82, — 0.82, = 3.6, 
4.7z, + 10.4%, + 9.7x5 + 9.72, = —8.4. 
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0.13. 6.0872, -- 3.913x, -+ 7.5472, + 1.7342, = 3.21, 
1.7392, + 0.86927, + 1.8872, 4- 0.732, = 6.35, 
2.14742, —1.305z2, + 2.837, + 1.04x, = 1.5, 

4.92, — 1.3052, + 1.8872, + 0.5147, = —1.27. 

0.14. 2.67z, ++ 5.47, 4- 3.3127, + 5.642, + 4.767,=6.19, 
4.44x7,-+ 7.5%, + 4.672, + 9.7x, -- 6.147;=6.95, 
D.d0%, + 9.82, + 8.672, + 4.82, + 7.332, =12.2, 
3.062, + 95.32, + 4.152%, + 3.692, 4+- 3.257,--9.97, 
1.782, + 4.172, + 2.672, -+ 4.697, + 3.757,5==4.42. 

The iteration method. If for system (4) the inequalities 


TL 


lasil> S) legyl, #1, 2, ..., 4, (3) 
j= 
JFt 
Ly: 
are satisfied, then its solution X =] - | satisfies the relation 
In‘ 
X= lim X™, ive. xz; = lim xf"), i=1,..., n, where the compo- 
R-+co h->oo 


nents of the column vectors X‘*) are determined by the equalities 


x4 — B;, 


rt 
rth) -- B.S) aya), ay, = 0, i= 1, 2,..., 2,8 =0,1,... 
j=1 
in which B; — b;/a;i, ait = — a; ;/aj;. 
Example 3. Applying the iteration method, solve the system 
OL} + 0.122, + 0.0925 = 10, 
0.082, + 42, — 0.1523 = 20, 
0.182, —0.06z, + 32g = —4.5. 

The given system satisfies conditions (3), and the principal diag- 
onal is formed by the greatest (by modulus) elements of the rows. 
Let us reduce the system to the normal form: 

1) = 2 — 0.0247, =< 0.01825, 
ig= 5 — 0.02z, + 0.03273, 
Lg = —1.5 — 0.062, + 0.02z,. 
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2 
Let us choose the zero approximation X‘'® = ( ) ) sm find xX, 


—1.5 
A Gr eee) ae 


oi) = 2 — 0024-5 — 0.018-(—1.5) = 1.907, 
rs? = 5 —0.02-2 + 0.03-(—1.5) = 4.945, 


x33} = —1.5 — 0.06 -2-+ 0.02 -5 = —1.52; 
ry? = 2 — 0.024-4.915 — 0.018-(—1.52) = 1.90940, 
zm? = § —0.02 -1.907 + 0.03 -(—1.52) = 4.91626, 
rf = —1.5 — 0.06 -1.907 + 0.02 -4.915 -= — 1.51612; 
ee — 2 — 0.024-4.91626 — 0.018 -(—1.51612) = 1.9092999, 
ze’ = 5 —0.02 -1.90940 + 0.03 -(—1.51612) = 4.9163284, 
x3? = —1.5 — 0.06 -1.90940 + 0.02 -4.91626 = —1.9162388. 


We see that X‘?' and X‘® have the same three digits after the decimal 
point, therefore, with an accuracy of 0.001, the solution of the system 


is the vector 
4.909 
X -( «018 : 
—1.516 


Using the iteration method, solve the following systems 
(Problems 5.15 and 5.16): 


9.15. 4.17, + 0.147, + 0.27, + 0.2%, = 21.14, 
0.32, + 5.32, + 0.9%, —O.12, = —17.82, 
QO.2z7, + 0.327, + 3.2%, + 0.22, = 9.02, 
O.4z, + 0.42, + 0.22%, — 9.127, = 17.08. 

9.16. 2.4.0, + 0.2%, — 0.34, — 1.12, + 5.82, ~— 23.84, 
0.32, + 0.47, + 1.17, + 10.27, + x, = 38.85, 
0.52, — 6.22%, + 0.17, + 1.54, — 1.227, = 17.23, 
O.1z, + 2.17, + 9.1%, + 0.27, —0.3x, = 6.56, 
2.02, + 0.17, + 0.22%, + 0.32, + 0.427, = 6.63. 


Answers 


1.4. 18. 1.2. 4ab. 1.3. 1. 1.4. (@ — b)*. 1.5. 0. 1.6. 4. 1.7. 4. 


hk 
k€Z. 1.40. Hint. Show that 


the discriminant of the corresponding quadratic trinomial is nonneg- 


1.8. Ly? —4, Vy = 1.4.9. re 
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ative, 1.12. 0. 1.13. 0. 41.14. abe + x (ab + be + ca). 1.15. a? + 
+ 6?-+y?+4. 1.16. sin (a — B) + sin (B — y) + sin (y — a). 
1.47. --3. 1.18. 3 Y3i. 1.19. —4+ 7/22. 1.20. (--c0, +00). 
1.21. (4, +00). 1.22. (—-6, —4). 1.26. Hint. Show that the last column 

qa? 
of the original determinant can be represented in the form ¢ = 

c3 


a2 a iN 
> (a + b +c) ( i) — (ab | act rat +- ate(1 ) and take 
is 4 


ce c 
advantage of this representation. 1.27. 0. 1.28 QO. 1.29. 0. 130. 0. 


4 
1.33. Parabola y — (r — a) (x — 6). 1.34. (; 5 : 2 odd. 


362514’ 
1234567 8 , 
ere : even. 1.36. Odd. 1.37. Odd. 1.38. The parity 
of the substitution coincides with that of n. 1.39. If n is odd then 
the substitution is even for any &; if n is even, then the parity of 
the substitution coincides with that of k. 1.40. Enters with the minus 
sign. 1.44. Enters with the plus sign. 1.42. Does not enter. 1.43. En- 
ters with the plus sign. 1.44. i=5, k=1. 1.45. i= 6, k = 2. 
n(n — 1) 
1.46. 1024—523, 1.47. (—1) 2 -ajndo, na: 1.48. 0. 1.49. (a) 
Remains unchanged; (b) remains unchanged; (c) yoniches: (d) becomes 
n(n- 1) 

multiplicd by (1) *% 3;  (e) becomes multiplied by (—1)?-. 
1.50. (a) 8a -+- 150-4 12¢—19d; (b) 2a--8b-|- c4-5d; (c) 2a--b—e—d. 
1.51. 0. 1.52. 48. 1.53. 223. 6.54. 9 710 (473 — V2). 1.55. (be —cd)?. 
1.56. (6+ c¢ eNO eG), 1.57. 394. 1.58. 665. 1.59. (¢ + 1) X 

. (v2? —a + 1)? 1.60. 22%y (c—y)®. 1.64. nt 1.62. 2n-+1. 1.63. 1 


1.64. (—1)"-1-n, 1.65. —G@,ag..-. an (<-+-—-+ we i +>) : 


1.35. ( 


qrtl — prt. 


1.66. n+ 1. 1.67. a”. 1.68. 


x ll (a; -~ ay). 


1<k<i<in 
2:2; 2.5 ie 2.3. eu f) 
(_§7 8): : 


a— 
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2.8. /44 —22 29 2.9. /56\ 2.40. (34). 2.44. 5 
( a, a (ss) 15 
13 —17 26 47 254° 


35 

DAZ. ( 13. —14 2.13. ( 4 na 2.14. An nAn-l 
21 —22/]° 0 4/]° 0 an 

9.15 cosna -—sin ) 2.16. /8 a 2.17. ( —3 2 

ie oe (cin na cos na 0 23/° —1 --14 

2.18. 24 —23 15\ 2.19. ( 4 = 2.20. 4 19 

(—1 34 10 12 —4 ( —-2 —6 ; 
—9 22 25/ —8 —9 2 


00 0 3b a+-3b trary numbers. 
0 0 0 


, a 3b 
(_ sp a+-9b 


2.21. (: 0 7 222. ( a 2b iF where a and b are arbi- 


2,23. )s where a and 6 are arbitrary numbers. 


abe 
2.24. (: a ; where a, b, c are arbitrary numbers. 2.25. (" *) : 
’ a—a 
00a 
where a, b, ¢ are arbitrary numbers satisfying the relationship 


a® +- be = 0. 2.26. +E; (* on where a?-}-bc=1. 2.27. (a) The 


ith and jth rows of the product will be interchanged; (b) the 
jth row multiplied by a will be added to the ith row; (c ¢) the ith and 
jth columns will beinterchanged; (d) the jth column multiplied by @ 


will be added to the ith column of the product. 2.29. [2 ) 


\ 4 43 
2.30. 5 —6 —4\ 2.32. /—2 1 2.33. 7 --4 
as 12 ). ( 3/2 aii = ae 
8 
cosa sing 2.30. | ed | 4 
(oe hae ; (2 41 -ai). 
27 —29 24 
—8 —41\ 2.37. 4 —4 0...0 
(5 3 soe a 0 4 —4...0 
1 : 0 O 4... 


- & 


\ 0 0 6 ea | 
2.38. /1/4 1/4 1/2 0 2.39. /4/4 3/20 1/4 1/20 
1/44 1/4 —1/2 0 1/4 1/20 —1/4 —3/20 
1/4 —1/4 0 4/2] ° 1/4 —1/20 —1/4 3/20 
1/4 —1/4 0 —4/2 1/4 —3/20 41/4 —4/20 
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2.40. — 7/3 2 —1/3 2.41. 1/9 2/9 2/9 
( 9/3 —1 11 ‘ (28 1/9 20 | ; 


= 1 4 2/9 —219 4/9 
242. 4 4 #4 #4) 248 /,—-7 5 12 —19 
‘ r 4-1 —-1 3 —2 —5 8 
444 —1 4 —-4]> —41 ~—30 —69 111 
Log Se 4 —59 43 99 —4159 
244. /1 —4 4 —4... (—1)"9 
0 4-4 1... (—1)r 
f 0 4 —4... (—4)3 
{) () Q yes aes 4 
2.45. /—1/6 41/2 —7/6 10/3 
—1/6 —1/2 5/6 —5/3 
( 3/2 4/2 —4/2 4 
1/2 41/2 —41/2 14 
246. s4 0 0 se. 0 —4/n 2.47. ; —1 —4 
0 4/2 0 ...0 0 ( 2 3} 
0 0 1/3 ...0 0 
0 O O cea. {/n 
2.48. (3 —2\ 2.49. (1 2) 2.50. /645\ 2.54. 7123 
fe =a) (3 ae (212), (58), 
333 789 
3.2. (1, 4, —7, 7). 3.3. (4, 6, —35, —1). 3.4. (70, 40, —20, 16). 
3.5. (51, 26, 18s, 11s). 3.6. (—1/2, 1, 3, 3). 37 (—47, 


—13, 41, 5). 3.8. (—8/5, —7/3, —16/3, —11/3). 3.9. (—23/4, —29/8, 
27/8, 9/8). 3.141. Linearly independent. 3.12. Linearly dependent. 
3.13. Linearly independent. 3.14. Linearly dependent. 3.15. Hint. Re- 
writing the vector equality a,e,-+4,e,-+ d43eg-+ a,e,= 0 component- 
wise, show that the system of four equations (with respect to @,, Q¢, 
Qs, &%,) thus obtained has the unique solution a, = a, = @ = a, = 
= 0. 3.16. We set x,e, 4- r9@. + xr3eg + 24e, + 43e, = © and re- 
write this equality component-wise: xz; = 1, 7, + rz, = 0, 21 + tg + 
+ 2g = 1, m+ 2+ rg+ r= 0, 4 +r. + 29 ++ 2, = 1. 
Solving this system, we find z,= 1, z, = —1, 73 =1, x, = —1, 
<3 => 1. Hence, L = @) — @zg + €3 — &4 + C5. 3.17, Ze, = 3e>5 +. 
+ 3e3—3e, + 3e,. 3.18. 5e, + e, + @3 + 4 + eg. 3.22. 2. 3.23. 3. 
5.24, 3.3.25. 2.3.20. 2. 3.216 2.3028). 7 = 2, MA =-0, and-F = 3,11 
WV # 0. 3.29. r= 3 for any A. 3.30. 2. 3.31. 2. 3.33. 3. 3.34. 2. 3.35. 3. 
3.36. 2. 3.37. 2. 3.38. 3. 3.39. 5. 3.40. 4. 3.41. 3. 3.42. 6. 3.46. Linear- 
ly independent. 3.47. Linearly dependent. 3.48. 3. 3.49. 3. 3.50. 4 = 
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= 45. 3.514. XA 12. 3.52. For no ih. 3.53. r = 3; B = (Ag, 3, G4). 
3.54. r= 3; B= (a, Ay, as). 3.55. r—=3, 3 w= =(@), Gy, A,). 3.56. r= 
= 2; ®B, = (@, G2), Be = (Ae, Gz). 3. 57. r= 2; By = (Q, 4), 
Bo a (a, as), V3 cae (a, a, ° 3.98. i 25 B= a (a,, a4), Bo as 
= (Ay, G4), Bs = (Ag, G4). 


ANS % = 16,9 = 1.4.2... 2 = 2,9 =3..4.3. 22> —8, 9 => ia. 


4.4,x2—-2, y= —1, 2-1. 4.5. a. S85 Be OE a ers 
y=i,2= —1. 4.7. 2, = 1, r= —1, 73 = 2, 24 = —2. 4.8. 7 = 
DG re a ee == 0. 4.9. The jo. of the polynomial is less 
than two if the relation k = (y3 —- Yo) (vy — £))== (Yo — 1) (73. — 72); 
if k ~ 0, then the degree is equal to unity; and if k = QO, it is zero. 
Hint. Prove that the determinant of the system of equations yy = 
= az? + bj + ¢, i= 4, 2, 3 (with unknowns a, b, c) is nonzero. 


4.10. f (2) = 22 —5a + 3.441. f, (Ge ys 


(= — 2) (% — 2)’ 


(2 — 2) (%¥ —Z3) (x —z)) (t¢—2,) 
= Os 2) = oO  —... AN. oy = 
(x2 =e (2 — 23) fa (@ (v3 — 7) (13 — 79) 
= —3, p= 2, te 4. 415 2S —1, te— 1, ty = —2. 
4. 145. 2s 1 e541. 75= —1, ae 71. 4.15. a,= —2, 192-0, rg - 1, 
tq, ~ —1. AAG. Z,=7 1, %y = 2, + 2, 7g = 0. 447, 7) 2, 7. = 
== —2, tg -—- 1, ry = —1. 4.18. (aa. c:)'. 4.19. The system 


is is incompatible 4. 20. The system is incompatible. 4.21. (—-1 4 2c, 
-|- €), ¢))'- 4.22. (—4, 3, —2, 2)'. 4.23. (0, 2, 1/3, —3/2)! 
2 4 9 10 5 1 — 
Di eRe fe ts as ia 5. 
4.24, ( Tl -- 11 Cy 11 Coy 11 11 Cy + Tq 62 C1; cs | 4.25 The 
system is incompatible. 4.26. (c,, —13-+ 3c,, —7, 0)'. 
6 8 4 13 145 6 T 
4.27, (—++- Cy es | . 4.28. The system is 


incompatible. 4.29. (c,, Ce ee -|- 4¢5, —3, - L. Je) — ¢. 


4.30. (F4 Ci _ C2, -- 55 = +2 a 442 —C, C1, y" 

4.31. (—s-po — > eg —Feg, Cision ‘ed C3, a » 432. TE 
i) = OU, then the system is incompatible; 4 = 0, then X = ( = -— 
2 — Be, a — Bos, ar, cy)". 4.33. 1 (kK —1)x 


x (4 + 3) # 0, then X=aa5 (1, 1, 1, 1)'3 if 4 = —3, then the 
system is incompatible. If AX = 1, then X = (4 — ce, — cy — 3, cy, 
Co, Cs)'. 4.34. If A—-8, then X=(c,, 4 +2c,—2c., 3--2¢5, co)! 
if A=4 8, then X= (0, 4—2c,, 3--2c,, ¢c,)'. 4.35. If A (A+3) 4 0 
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1 
A+ 3 
patible; if A=0, then X=(1 — ce, — ep, cy, ea) 4.37. ¢,E;, aes 

= (3, 1, 5)’. 4.38. c,F,+c¢,F,, E, = (2, 1, 0)', E, = (3, 0, 1)' 
‘ 39. The system has only a trivial solution. 4.40. GES | (4, 

1, —5)'. 4.41. ¢F,+c.F,, E, = (8, —6, 1, 0)', FE. = (—7, 5, 
0, 1)’. 4.42. c,E,+c,E,, E, = (A, 0, 5/2, 7/2), E, = (0, 4,5, 
—7)!. 4.43. c,E, + c.F. + ¢3E3, E,= (1, 0, 0, —9/4, 3/4)", Ey= 
= (0, 1, 0, —3/2, 1/2)', Es = (0, 0, 14, —2, 1)’. 4.44. ¢F, + 
+ e,F, + cgE3, Ey=(1, 1, —1, 1, 0, 0)', Z,=(—1, 0, 0, 0, 4, 0)7, 
E,=(0, —1, 0, 0, 0, 1)’. 4.45. c,Z,+c¢,E., E,=(0, 1/3, 1, 0, 0)', 
E, = (0, —2/3, 0, 0, 1)'. 4.46. cE, + egF,, E, = (—3, 2, 4, 0, 
0O)', Ey = (—5, 3, 0, 0, 1)'. 4.47. The rows of matrix A do not 
form and those of matrix B do form a fundamental system of solu- 
tions fur the given system of equations. Hint. If the rank of the ma- 
trix of the coefficients of the unknowns is equal to r, then it is neces- 
sary to check that (a) the rank of A (of B) is equal to 5 -~ r; (b) the 
rows of matrix A (of B) are solutions of the original system. 
4.48. ay=2, X= “18, Bea A. 0, 2) uae ee XS OE, LS 
= (1, —24/5 , —4/5)". 4.49. ee =—-1, X=cF,, EF, = (—9f, 
1/3,.4)" 4 50. Xo7 ee i pe Calas Mg. Silos Way Oe Oy O's 
B= 0, 41; 0,0)" eee 45 08.4 O)F Be 3, 5350 
0, 41)'. 4.54. X9 + Ak, + esE, + c3E3, Xo = (2/3, 1/6, 0, 0, 0)', 
E, = (0, 1/2, 1, 0, 0)', FE, = (0, —1/2, 0, 1, 0)', Bs, = (4/3, 5/6, 
0, 0, 1)". 4.52. X_ + cE, + cok. + cgEa + cag, Xq = (1/3, --1/3, 
0, 0, 0, O)', A, = (, 4, ? 0, 0, oes i = (—1, 0, 4, 0, 0, 0)', 
BE, = (0, 0, » 1, 1, O)7 = (0, "a —1, 0, 1)'. 4.538. X,_ 4- 
Ks ae + ek ek caE a, mee = a, ape, , 0, 0), E, = (0, —3/2, 1, 

, oy! Fa= (0 —2, 0, 1, 0)', £;=(0, ae QO, 0, 4)'. 4.54. (4, 
2 a 1)". 4.55. (6 —c, —5 +c, 3, —1—e, c)!. 4.56. The 


then X =: (4, 4, 1)'; if A = —3, then the system is incom- 


( ai 
system is incompatible. 4.57. (+— Zehr Cs 0, 0, = Co, 2 
4.58. (—4 +c, + 2cg, —3 + e, + 2¢g, C1, ¢2)!. 
9.41, 
6 ~—8 -—5 —15 
0 0 2 4 Q 10 0 QO 22 
A= (1 Yi me ae ACH, ag 45) 
—2 ) 1 1 
9.2. 


5 47 14.25 5.75 
AB | 9:35 25.3 22.275 9.625 

10.4 15.6 8.775 6.5 |” 

4.9 1.4 3.45 3.5 
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BA= 


5.4. 


9.9. 


2.6. 


D.7. 


0.12. 
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72.4 
52.85 


—48.1 
— 34.85 

46.875 —34.225 
12.275 —8.225 
0.142 —0.42 —0.34 
fe 0.42 0.44 
0.34 

0.44 


oe 
| 
| 


0. [ —0.42 


1 

1 

1 
1.125 

1 


—7.2727 
0.4545 
18.1818 
— 13.6364 
2.0 
~-0.8333 
0.8333 
0 


0.8. 234.375. 


1 
1 
4 
4 
12. a 
—9.,0909 
— 31.8182 
22.4212 
20 
—9.5833 
8.3333 
— 4.1667 
207.36. 


X= 


xX = 


Ch. 


30.85 
28.75 
10.25 

4.75 


—(0.44 

—0.34 
0).42 
0.12 


— 28.25 
—25.7 
—10.125 ]’ 
—4.925 


ATBT =(BA)". 


— a pe 


1.0625 


— 19.0959 
13.6364 
50.9094 

— 36.3636 

—3.3333 

1.6666 

—1.6666 —2.5 
0.8333 0.8333 


0.9. 2.03. 5.10. 1.7368. 
—().46 


10.909 
—8.1818 

29 .0909 

21.8182 


— 6.6667 
2.9167 


2.414. 0.378. 


Chapter 4 


ELEMENTS OF LINEAR ALGEBRA 


SEC. 4.1. 


LINEAR VECTOR SPACES 
AND SPACES WITH A SCALAR PRODUCT 


{. Linear Vector Space. The set & is defined as a linear vector 
space if the following conditions are fulfilled: 

(1) Introduced in ¢% is the operation of addition of elements, i.e. 
Va, y€ £ the mapping 


(LZ, Yi > 2€F 


(designation: z= 2+ y) is defined which possesses the following 
properties: 

(la) e+ y=Yy ta; 

(ib) (e@ + y) + 2=2+4 (y+ 3); 

(1c) JO € £Vxe ¥ (x +0=2) (0 is called a zero element); 

(1d) Ve € € 2(—2z) € ¥ (2 + (—x) = 0) (the element —z is 
called opposite to the element z). 

(2) Introduced in » is the operation of multiplication of elements 
hy real (complex) numbers, i.e. Va ER(AEC), Vice £ the map- 
ping 

(A, 2)>YEL 
(designation: y -= ax 1g defined which possesses the following pro- 
perties: 

(2a) 1-x = @; 

(2b) A (Ax) = (Au) @. 

(3) The operations of addition of elements and their multiplica- 
tion by numbers satisfy the distributive laws: 

(3a) A (w@ + y) = Aw + Ay; 

(3b) (A-- pp) & = he | pe. 

The elements of a linear vector space are called vectors. The space 
is said to be real if the operation of multiplication of vectors by a 


number is defined in it only for real numbers, and it is said to be 
complex if this operation is defined for complex numbers. 


In Problems 1.1 to 1.5 check to see that the given set is 
a linear vector space. 


14-—01176 
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1.1. The set 7, of all geometrical vectors (the operations 
on geometrical vectors are defined in Chapter 2, Sec. 2.4). 

1.2. The set R” of all arithmetical n-component vectors 
x = (€,, ..., Ly) (the operations on arithmetical vectors 
are defined in Chapter 3, Sec. 3.3). 

1.3. The set &, of all polynomials 

p(t) =a,,t?7'+... +at4+a, 

of degree < n —1 with naturally introduced operations of 
addition and multiplication of polynomials by numbers. 

1.4. The set Cra, oj of all functions f (¢), continuous on the 
closed interval {a, 6], with naturally introduced operations 
of addition and multiplication of functions by numbers. 

1.5. The set of», of all matrices of dimension m X n 
(the operations on matrices are defined in Chapter 3, 
Sec. 3.2). 

In Problems 1.6 to 1.12 find out whether the given set is 
a linear vector space. 

1.6. The set 7, of all geometrical vectors collinear with 
a fixed straight line. 

1.7. The set of all geometrical vectors emanating from 
the origin whose end points lie on a fixed straight line. 

1.8. The set of all geometrical vectors satisfying the con- 
dition | x | >a, where a > 0 is a fixed number. 

1.9. The set of all converging sequences. 

1.10. The set of all diverging sequences. 

1.141. The set of all functions integrable on the interval 
[a, bd]. 

1.12. The set of all transformations of a three-dimension- 
al geometrical space by rotating it about a fixed axis. 

A system of vectors {v,, ..., %}C £ is calle linearly depen- 
dent if there can be found numbers A,,_ . ., A,, not all zero and such 
that Az, + ...+A,7, = 0; otherwise this system is said to be 


linearly independent. 
Let Qc ¥ be an arbitrary set of vectors of a linear vector space. 


An ie system of vectors % = (e,, ..., @,) is called a basis 
in Q i 
(a) en €Q, k= 4, 2, -83 
(b) the system 8 = (e,, ..., @s) is linearly independent; 
(c) for any x € Q there exist numbers Z1, +++, Lg, such that 
s 
a= S) rpep.- (4) 


k=1 
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Formula (1) is known as the decomposition of the vector x with respect 
to the basis %. 
The coefficients z,, ..., 2, are determined identically by the 
vector x and are called the coordinates of this vector in the basis ‘8. 
If a set Qc ¥ possesses bases, then all of them consist of the 
same number of vectors. This number is called the rank of Q and 
is denoted as rank Q. In particular, if the entire space ¥ has a basis, 
then it is termed finite-dimensional and is symbolized #,, where 
= dim ¥ is the number of vectors in any basis called the dimen- 
sion of a space. Otherwise, the space & is infinite-dimensional. 
Let & be an arbitrary n-dimensional space and let B = (e,, ... 
., @,) be a fixed basis in it. Then to any vector x € & there corre- 
sponds one-to-one the column of its coordinates in this basis: 


vy 
L=27,ey+ ove +2Znen <—_ X= 
In 
And this is how the linear operations on vectors in coordinate form 
look like: 
za=aeatyoz=x4+Y. 
y= ha Y= dX. 

Let B = (e,;,.-., e,) and 8’ = (e;, ..., @€n) be two distinct 
bases in “pn. Let us now decompose each of the vectors of the basis 
%’ in the basis 8 

tik - 
e, = typeyt eee +tnpen <=> EL = 9 eas 0 2; eee, Ne 


tnk 
The transformation matrix Pp’ for passing from the basis 8 to 


basis %’ is defined as the matrix 


iy eee tin 
T i—_ e . © @« 68 e 9 
BB 

fis. tee dan 


whose kth column is the column Ep of the coordinates of the vector 
e, in the basis 8. If x is an arbitrary vector from £,, X and X’ are 
the columns of its coordinates in the bases 8 and 8’ respectively, 
then the following equality takes place: 


x’ = (Tp a) o% (2) 


(formula for transforming the coordinates when the basis is trans- 
formed). 

Example 1.%Find the coordinates of the geometrical vector x = 
= —i + 2j -|- k in the basis 3%’ consisting of the vectors ey = i+ J, 
eg=Jtk, es=itk. 


149 
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Let us write the coordinates of the vectors ej, e3, es in the original 
basis 8 = (i, J, k): 


1\ ()* 4 
ei=(4), ni-(1), i-(0). 
0 1 1 


Hence the transformation matrix 7). _.., has the form 
BB 


Transforming the matrix 7 , and using formula (2), we find 


L>B 


pf 4 4-1) 7-1 0 
X(T vite (1 { :}( 2) =( 2). 
= aN 4-1 4 { 4 


le. 2 =2e,—e3. 


1.13. Let Q be an arbitrary system of vectors from Z. 
A subsystem {e,, ..., e,} <Q is called a maximal lin- 
early independent subsystem in Q if {e,,..., e,} is a linearly 
independent system and any extended systeme,, ..., €,,2, 
where x is an arbilrary vector from Q, is linearly dependent. 
Prove that any basis in O is a maximal linearly indepen- 
dent subsystem in Q, and vice versa. 

1.14. Given & arbitrary vectors z,,..., &,, we can make 
up not more than & linearly independent combinations, 
using these vectors. Using this result, prove that if 8 and 
8’ are two distinct bases in system Q, then they consist of 
the same number of vectors (i.e. the notion of the rank of 
system Q holds). 

1.15. Given in space %°, are three vectors: 


éee=ti+j, eg=i-—j, e= —i+2j —k. 


/ 


Prove that the system 8’ = (e;, e, e,) is a basis in Ws, 
and write the transformation matrix Ty_.9’, where 8 = 
= (e€, = 1, e, = J, es = k). Find the coordinates of the vec- 
tor x = t — 2j + 2k in the basis B’. 

Let 8 = (i, jf, k) and 8’ = (iv, j’, k’) be rectangular 
bases in Y's. In Problems 1.16 to 1.48 find the transformation 
matrix I’y_, and write the column of the coordinates of the 


vector = it —2j +k in the basis %’. 
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1.16. Basis 8’ is obtained by reversing the sense of all 
the three basis unit vectors of %. 

1.17. Basis 8’ is obtained by permutation of i’ = 7, 
J =. kh = 4: 

1.18. Basis 8’ is obtained by rotating the basis 8 about 
the unit vector z through an angle @ anticlockwise. 

1.19. Find the rank and some basis of the system of geo- 
metrical vectors 4, = —i+ 2j, 7, = 2i—jtk, «x, = 
= —41+ 9) —k, x4, = 3i —37 + k. 

1.20. Given in space R* are the following vectors: e; = 
= (1, 2, —1, —2), ef = (2, 3, 0, —1), e, = (1, 2,14, 4), 
e, = (1, 3, —1, 0). Prove that 8’ = (ej, e3, e3, e;) is a ba- 
sis in R*, and write the transformation matrix Ty ,»’, 
where % is the canonical basis in R* (see Chapter 3, Sec. 3.3). 
Find the coordinates of the vector = (7, 14, —1, 2) in B’. 

1.21. Prove that the system of arithmetical vectors 7, = 
= (42.0 4)s ee = (1,05 dy, 4)y By (14-6 105 414) is 
linearly dependent, and write a nontrivial relation of the 
form 1,2, + Apt, + Age = O. Find the rank and all the 
bases of this system. 

1.22. Prove that the system of matrices of the form 


(oO ....000... 0} 


O- ee OOD -aa0 0 


en) 
© 
— 
an) 
aS 
R 

' 
— 
3 


Ae = “ee 6 OL, ee 
: O ... et B= 1, 


forms a basis in the space ./,, , of all matrices of dimension 
m < n and, consequently, dim eM» ,= mn. What are the 
coordinates of an arbitrary matrix A = (@;;)€ Amn in 
this basis? 

1.23. Prove that the system of polynomials 1, ¢, #?, ... 
..., "7! forms a basis in the space *, of all polynomials 
of degree <n —1 and, consequently, dim “, =n (this 
basis is called canonical). Find the coordinates of the fol- 
lowing polynomials: 
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(a) —3t? + 1 in the canonical basis of the space #3; 

(b) t? — 2¢ in the canonical basis of the space #,. 

1.24. Prove that the system of polynomials t® + ¢ + 
+t+1,2+t+1,t-+ 1, 1 is linearly independent. 

1.25. Prove that the system of polynomials ¢? + 1, 
—t? + 2t, t? —t forms a basis in the space #,. Write the 
column of the coordinates of the polynomial —2t? + ¢ — 1 
in this basis. 

1.26. Prove that for an arbitrary ¢, the system of polyno- 
mials 1, ¢ —t,, (¢ —t,)?, ..., (t —t,)""+ forms a basis 
in P,. 

1.27. Find the transformation matrix for passing from the 
canonical basis 1, t, t?, ..., #"~1 to the basis 1, ¢ —t,, 
(Cty) eg AE Se as 

1.28. Find the coordinates of the polynomial ¢*? —f + 2 
in the basis 1, ¢ —1, (¢ —1)?. 

1.29. Prove that the space & of all polynomials is infinite 
-dimensional. Hence deduce that the space Cja,») of func- 
tion, f (t), continuous on [a, b] is also infinite-dimensional. 


In Problems 1.30 to 1.34 the vectors e;, e,, ..., e, and 
x are given in an arbitrary space 7, by their coordinates 
in some basis 8. Prove that the system 8’ = (e], ..., en) 


is a basis in £,, and find the column X’ of the coordinates 
of the vector x in this basis. 


1 1 { 6 
1.30. e-(1 e-(1) =(2) (2) 
{ 2 3 14 


ete 

Ow 

bo 

Ry 

ee ~N 

| 
eee 
Nm eS Ne 

Gy 

won» 

f 

1 
m= © Ww 

Ry 

qQ~ 

| 
oes 
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1 7 

3 14 
Hel 3 ie Xe oy 
0 2 


tm. B=(y), wa (iy1)) (ai) 
i a ee ee ne oa 


1 0 —{ 1 
1.34. ni—(0 , E,-jil, B--| 1 -i}, x= :} 
.0 0 1 1 
1.35. Prove the following statements: 
(a) the transformation matrix Ty.» is always nonsin- 
gular, and Tx.» = (Tg .9')73 
(b) if 


es oe 


is a nonsingular matrix and 8 = (e,, ..., e,) is some ba- 
sis in £,; then the system of vectors 


e; = by 41 a eee oF Lyi7ens i —= qi Zs oe 09 n, 


also forms a basis in Z,,. 
1.36. Prove that in 3, 8’ and 8%” are bases in ¥,, the 
following matrix equality holds true: 


'g..g = Lgigr Lg .gr 


In Problems 1.37 and 1.38 the vectors e,, @., ..., e€, and 


e1, @,, ...+, @, are given in an arbitrary space £, by their 
coordinates in some basis. Prove that the systems 8 = 
= (e,,.-.-, @,) and 8’ = (e], ..., en) are bases in Ly, 


and, uSing the results obtained in Problems 1.35 an 1.36, 
write the transformation matrix Ty, y-. 


1 2 3 \ 


137. E,-(2|, & -13), B= at 
{ 3 1 
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Let £ and &’ be two real (or complex) linear spaces. The mapping 
q: £ > F' of the space ¥ onto the space ’ is called isomorphism if: 

(a) @ is one-to-one; 

(b) @ (Ax) = Ag (a) and g (a+ y)= @ (x) -/ p Y) for pee x, 
yes na for any number 2X. If there exists mae — of fon ¥ 
then the spaces ¥ and %’ are called isomorphic: £ 


In Problems 1.39 to 1.41* find out coe ‘ie given 
mapping 7, on R° is an isomorphism. 

1.39. o (zi + yy + 2k) = (22 — yy, 2, x+y 4+ 2). 

1.40. @ (zi -- yj + 2k) = («@ + y — 1, 22, 3y). 


1.44. op (zi + yj + zk) = (a + y, —y -+ 22, x + 2y — 
— 22). 


* Let us agree to use in the present chapter the lower-case letters 
x, y, z, but not the capital ones (as it was done in Chapter 2), for 
designating the coordinates of geometrical vectors in the rectangular 
basis (i, j, ), since here the capital letters will be used to denote 
column vectors. 


Sec. 4.1. Vector Spaces and Spaces with a Scalar Product 217 


1.42. The mapping o: £, —R” of an arbitrary space 
ft, onto the space R” of arithmetical vectors has the form 


Qi4 Qin 
@ (2ey bake eee) (hs aoe Ball = Se eee 
an ann. 
where & = (e,, ..., e,) is some basis in %,, and A = 


== (a;;) is a nonsingular matrix of order n. Prove that this 
mapping is an isomorphism and, consequently, that 7,~”. 

1.43. Prove that the set of all complex numbers with ordi- 
nary addition and multiplication by real numbers forms 
a real space isomorphic with the space 7. Write the trans- 
formation matrix for passing from the basis 8 = (1, i) to 
the basis %’=(1-++i, —i) in this space; write the decomposi- 
tion of the number —2 — 3i with respect to the basis 8’. 


2. Subspaces and Linear Manifolds. A subspace of a linear vector 
space £ is a subset ¥’cC ¥ which possesses the following proper- 
ties: 

(a) 2, YE LZ’ Srt+ye L's 

(b) c€ Z' =| Arve F' for any number ij. 

If ¥' is some subspace in ¥, then the set of vectors 

Lita= f€€ Ll|r=2'4+ 24, zw € L’ for some xz, € £} 


is called a linear manifold obtained by a shear transformation of the 
subspace £%’ over the vector Zy. 


1.44. Prove that any subspace 2%’ of a linear vector space 
¥ is also a linear veclor space, and dim %’ < dim J. 

In Problems 1.49 to 1.49 find out whether the given set is 
a subspace in the appropriate space. If the answer is in the 
affirmative, find its dimension. 

1.45. The set of all geometrical vectors from 7's: 

(a) coplanar with a fixed plane; 

(b) satisfying the condition (7, a) = 0, where @ is a fixed 
vector; 

(c) satisfying the condition | z | = 1. 


1.46. The sel of all vectors from R” of the form: 
fa): (Os ge OW i Hes ke as 


(byes Pax Ay eye ee A) 


218 Elements of Linear Algebra Ch. 4. 


1.47*. The set of all vectors of an arbitrary space 7, 
whose coordinates in a fixed basis satisfy the following con- 
ditions: 

(a) 2, = 2,; (b) ap + ef ssn fa, = Q; 

(c) 2, — r, = 1; 

(d) a2, +... + 4,27, = 0, 

Qihy eon & Opa, = 0; 
or, in the matrix i AX = QO, where A is a given matrix 
of dimension m X n. 

1.48. The set of all matrices A of order n satisfying the 
following conditions: 

(a) AT = A (symmetric matrices); (b) det A = 0. 

1.49. The set of all functions f (€), continuous on the in- 
terval [a, b] and satisfying the following conditions: 


(a) f (t)) = O for some ft, € la, 0]; 
(b) f (t).) = 1 for some ¢, € la, d]; 


(c) f(t) = a,_t? 1+ ... + a,t+ a), i.e. f (t) is a poly- 
nomial of degree not higher than n — 1. 


Let Q be an arbitrary system of vectors from a linear vector 
space J. 
The linear span of the system Q is defined as the set of vectors 


L(Q) = {a | x= Aya, +... + At, Fy, ..., EQ}. 

1.50. Prove that: 

(a) £ (Q) is a subspace in JZ; 

(b) dim # (Q) = rank Q, and any basis of system Q may 
be taken as the basis in £ (Q) 

1.51. Find the dimension of the linear span ¥£ (x,, x.) of 
the arithmetical vectors z, = (1, 0, 2, —1), x, = (O, —1, 
2, 0). Show that the vector x = (1, a 4, —1) belongs to 
Cs (x, Ly). 

In Problems 1.52 and 1.53 find the dimension and some 
basis of the linear span of the given syslem of arithmetical 
vectors. 

1,592. 275-13 0,0, = 1), ae = 2, As 120) as = OS 1 
1) 5 tie ee 1 De as wee = (0 Te 2 8), 

1.53. 2, = (1, 1, 1, 1, 0), x, = (1, 1, —1, —1, —1), 
Bo == (2,2, :0.- 05-1), ae = Oe 19; 9;.2)) ee = > = 


——_ 


? b 
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{.04*. Show that the linear span of the system of poly- 
nomials —3t* — 1, 217 + t, —t coincides with the space of 
all polynomials of degree < 2. 


Let V be an arbitrary system of geometrical vectors. The geometri- 
cal image of the system V is defined as the set of points which are 
the terminal points of the vectors from V, provided that all the vec- 
tors emanate from the origin. 


1.55. Write the equation of the geometrical image of the 
linear span & (a) and the manifold & (a) + 6 if a= —2i + 
+ j—k and b= 2i —j. 

1.56. Write the cquation of the geometrical image of the 
linear span 2 (a,, a,) and the manifold ¥ (a,, a,) -- 6 if 
@,= —i+tjt+k, a, = 2j —k, andb=i+ck. 

1.57. Given a system of equations: 


t+ t2— 3%3-— 2+ 4, = 1, 
Or, — Fo + 2X, + 44, 4- 3x, = A, 
Ly — 9X, — 9x, — 84, + 2, = 0. 


(a) Prove that the set of solutions of this system is a 
linear manifold in R°. 

(b) What space should be sheared to obtain this linear 
manifold? Find the rank and some basis of this subspace. 

(c) Find some shearing vector. 


3. Spaces with a Scalar Product. A real linear space ¢ is called 
an Euclidean space if every pair of vectors x and y from @ is associated 
with a real number denoted by (a, y) and called the scalar product 
of the vectors x and y, the following conditions being fulfilled: 

(1) (x, y) = y. 2); 

(2) (4 + 22, Y) = (4%, Y) + (Fe, Y): 

(3) (Az, y) = A(z, yy), AER; 

(4) (a, xz) > 0, where (x, 7) =O<> z= 0. 

The length of the vector x is defined as the number 


|e] = V (@, x). 


A vector x whose length is equal to unity is said to be normed. 
For any vectors x, y of an Euclidean space the Cauchy-Bunia- 
kovuski inequality 


| (xz, y) |? < (x, x) YY, Y), 
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holds which enables us to determine the angle between two nonzero 
vectors in the following way: 


(x, ¥) 
cos Q = ———_—- , 
Pe Tally 
The nonzero vectors 2, y € € are said to be orthogonal if (x, y) = 0. 
The basis B — (e,, ..., @,) of an n-dimensional Euclidean space 


én is called orthonormal if 


,t J, 
(e;, e) = by = {4 ze 


i= j. 
Ifan arbilrary basis (f;, fs, -.-, f,) is given in €,,, then the vectors 
k-1 
e:=fi, en=fr= b> Cjiej, k=2, 3, coe, I, 
where ¢c; == = 4h a form anorthogonal basisin this space (the Gram- 
9 t 


Schmidt process). 

A complex linear space % is called unitary if every pair of vectors 
x, y from @ is associated with a complex number (symbolized (x, y)) 
called the scalar product of the vectors x and y, the following condi- 
tions being fulfilled: 


(1) (2, y) = (YY, 2); 

(2) (4% -++ Lo, y) = (x4, y) + (Lo, y); 

(3) (Av, y) = Aa, y), AEC; 

(4) (x, x) > 0, where (7, 7) =O <>x=— 0. 

In a unitary space the angle between vectors is not defined. But 
the rest of the definitions and results formulated above for an Eucli- 


dean space remain valid for a unitary space as well. 


kKuclidean and unitary spaces will be called spaces with a scalar 
product. 


1.58. Prove the following properties of the scalar product 
of a unitary space: 

(a) (%, Yr + Yo) = (@, yi) + (@, Yo); 

(b) (w, Ay) = A(@, y); 

(c) (x, — &o; a = (x, y) —s (Xo, y); 

(d) (z, 0) = 

1.59. Prove that the basis 3 = (e,, ..., e,) in a uni-~ 
tary space WU, is orthonormal if and only if any of the fol- 
lowing conditions is fulfilled: 

(a) if w= xe; + ... + 2,€, and y= wet... 

- + Yn€n, then (x, y) = 2yYyy + .-- + 2nYni 
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(b) if a= ae, +... + a,e,, then 2, = (a#, e,), k = 
at n. 

Vs 60. ‘Prove that any system of pairwise orthogonal vec- 
tors is linearly independent. 

1.61. Using the Cauchy-Buniakovski inequality, prove the 
following triangle inequalities: 


(a) |e+yl<Slei[+lyi 
(b) lle l—lyll<let+y |. 
1.62. (a) Prove that in space R” the formula 


(w, Y) = %Yy + .-- + nn, 

where x = (%,, ..., X,) and y = (y,, ..., Yn). Specify a 
scalar product (the Euclidean space of arithmetical vectors 
thus obtained will also be denoted by the symbol  ~”). 

(b) Show that in the Euclidean space R” the canonical 
basis (see Chapter 3, Sec. 3.3) is orthonormal. 

(c) Write the Cauchy-Buniakovski inequality for the 
Euclidean space R”. 

(d) Write the triangle inequalities in the Euclidean 
Space R”. 

1.63. Let x = (x,, x.) and y= (y,, Y2) be arbitrary vec- 
tors of the arithmetical space ®. Show that the scalar 
product in RR? can be defined in the following ways: 


(a) (@, y) = 2xyyy + 52eYo; 

(b) (@, y) = %Yy + TYo + Loy, + T2Ypo.- 
Compute the scalar product of the veclors x = (1, —-2) 
and y = (9, 1), using either of the indicated methods. 


1.64. Prove that in the space #,, of polynomials of degree 
< n— 1 the scalar product of the polynomials 


p(t) = agtayt +... + ani" 
qi) = b)+0t4+... 4 6,_,i"7 

can be defined by the following methods: 
(a) (Dp, G) = G9 + 410, + ~~ + Gy On 1; 


and 


(b) (p,q) = dp ( rn) g (En), ty, .. +, ty are arbitrary pair- 


wise distinct real numbers. 
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Compute the scalar product of the polynomials p (t) = 
=1+t+4+# and q(t) =t — 20? + 32°, using either of 
the indicated methods (n = 4) if in case (b) ¢t, = —2, 
bp Ss tS 1 i Se 

1.65. (a) Prove thal in space Cja, 4; the relation 


b 


(f, a) =| F(t) e(e)at 


a 


defines a scalar product. 

(b) Write the Cauchy-Buniakovski inequality for this 
space. 

(c) Write the triangle inequalities for this space. 

Apply the orthogonalization process to the following sys- 
tems of vectors of Euclidean space R” (see Problem 1.62). 
1.66. f, = (1, —2, 2), f. = (—1, 0, —1), fs = (5, —3, 
7). 


We set e, = f, = (1, —2, 2) and find the vector e, in the form 
€y = fy — Ce}. Since (fy, ey) = —3 and (e,, ey) = 9, we obtain cy = 


= a = —1/3. Hence, eg = (—2/3, —2/3, —1/3). Finally, we 
ly “1 

find the vector e,; in the form of the following linear combination: 

€; = fs — C11 — Co@g- Computing the scalar products (f3, ey) = —3, 


(fg, €2) = 1, (eg, 2) = 1, we evaluate the coefficients: c, = a 3 — 
Is “I 
eS 4/3, Cy = pete oy 1. Consequently, e, == (6, —-3, ——6). 


Co, €2) 


1.67. J, =] Oy 11s ie = (836,17, 1), fs = (2, 0, 
6, 8). 
1,68..-f6 (1, 2545-3) Fa = Ge tly Defa = 6; Ay 1y 0); 
1.69. f, = (1, 2, 2, —1), fe = (1, 1, —95, 3), fs = ( 
8, —7). 
1.70. f, = (2, 1, 3, —1), f, = (7, 4, 3, —3), fg= (1, 1, 
—6, 0), f, = (5, 7, 7, 8). 
In Problems 1.71 to 1.74 check the orthogonality of the 
given system of vectors in the Euclidean space R” and add 
it to obtain an orthogonal basis. 


1.71*. e, = (1, —2, 1, 3), e, = (2, 1, —3, 1). 
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1.725 €) = (2/3, 41/3,. 2/8): -e€5 = (118, 2/35, --= 2/9). 

1.73. 5, ==(1, 1, 4, 2),-e, = (1,233, =3): 

1.74, e, = (4, 1, 1, 2, 1), eg = (1, 0, 0, 1, —2), e, = 

= (2, ri ae 0, 2). 

1.75. Let Z be a linear subspace in @,. Prove that: 

(a) any vector x € €, is uniquely representable in the 
form « = y + z, where y € L and z is orthogonal to L (y is 
called the orthogonal projection of the vector x on L, and 2 
the orthogonal component of x with respect to L); 

2) if & = (e,, ..., ex) is the basis of L, then y = 


= #3 c,e;, where the coefficients c;, i = 1, 2, , k, are 
= 
found identically from the system of equations 


k 
pay (e;, €;) cy = (e;, x), 7=1, Ze ee ey k, 


and z= 2x — 

In Problems 1.76 to 1.78, using the result obtained in 
Problem 1.75, find the orthogonal projection y and the 
orthogonal component z of the vector x on the linear sub- 
space L of the Euclidean space R”; 

1.76. x = (4, —1, —3, 4), Z is spanned on the vectors: 
= (14:45-43 1), es — 1,2, 2, —1), es — (1,0;-9j,3): 

1.77. x = (5, 2, —2, 2), LZ is spanned on the vectors: 
e, = (2,1, 1, —1), eg = (1, 1, 3, 0), eg = (1, 2, 8, 1). 

1.78. x = (—3, 5, 9, 3), LZ is spanned on the vectors: 
e, = (1,1, 41,1), e, = (2, —1, 1, 1), eg = (2, —7, —1, —1). 

1.79. Prove that in a real Euclidean space there hold 
true the Pythagoras’ theorem and also its converse: two 
vectors x and y are orthogonal if and only if |«# —y |* = 
= |e |+]y I. 

1.80*. Prove that Pythagoras’ theorem holds in a unitary 
space as well: if two vectors are mutually orthogonal, then 
la—-y |? = {ax |? + | y |?. Show that in this case the con- 
verse is false. 
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SEC. 4.2. 
LINEAR OPERATORS 


4. Algebra of Linear Operators. A linear operator in linear vector 


space ¥ is defined as any mapping A: £—> £& of the space ¥ into 
itself possessing the following properties: 


A (Ax) = AAx and A(x + y) =A + Ay. 


Let A be a linear operator in a finite-dimensional space ¥,, and 


: “nn 
let B= (e,, ..-, @,) be some fixed basis. Decompose the vectors 
Ae,, k= 1, ..., n, in the basis 38: 

Ae}, > O04 22 eT Bppeys SH Sy ee 


Then the matrix 


Qny Ang +++ Ann 


is called the matrix of operator A in basis ‘8. The matrix of operator 
A will sometimes be denoted by the symbol [A] or [A], if it is essen- 


tial what basis is meant. 

By giving a matrix, the operator is defined uniquely, namely: 
if y = Ax, then Y = AX, where X, Y are colunns of the coordi- 
nates of the vectors x, y and A is the matrix of the operator A in 
the basis %. 

Let A and A’ be the matrices of the operator A in the bases 8 and 
8’ and let T= Py yy be the transformation matrix for passing 


from the basis 8 to basis ‘8’. Then, when transforming the basis, 
the formula for transforming the matrix of the operator has the form 


A’ = T-1AT. (1) 


Example 1. In the basis 8 = (i, j, k) write the matrix of the 
operator P, for projecting on the plane a: r+ y-+z2=0. 

The operator for projecting on the plane a is defined by the equality 
P,£ = Xo, where xy is the orthogonal projection of the vector x on 
the plane a. We have 


Pox = £—2fn=2 in fe —27 ie) 
BEES Tig 


where 7” is the normal vector of the plane a. In the case under con- 
sideration nm-= t-+ j-+ k& and, consequently, 
Z 1 1 


Pot=t— > a ae ae k, 
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e e 4 1. 2 e 1 
gl a ae aaa cL a a 
4 4, 4,,2 
Ss aa eer a 


whence 


( 2/3 —1/3 —4/3 
PeHl=45. 93. 15 
\—-1/3 —1/3 2/8 


On linear operators functioning in a fixed space & the following 
operations are introduced: 

(a) addition of operators: (A + B) x = Ax -+ Bx; where [A + 
+ Bl =A+B; 

(b) multiplication of operators by numbers: (AA) x = A (Ax); and 
[AA] = AA; 
(c) multiplication of operators: (AB) x = A(Bzx); where [AB] = 
B. 


The inverse of the operator A is defined as an operator A~! such 
that AA-! = A-!A = FE, where E is a unit operator realizing an 
identical mapping. The operator A has an inverse (and in this case 
it is called nonsingular) if and only if its matrix A is nonsingular 
(in any basis); in this case [A714] = A-}. 


In Problems 2.1 to 2.7 determine which of the given map- 
pings of the space %’, into itself are linear operators; write 
their matrices in the rectangular basis 8 == (i, J, k). 


2.14. Ax = Ax, id is a fixed number. 
2.2. Ax = han + y, Xd and a are fixed. 


2.3. Ax = (x, e) e, where e is a given unil vector. Find 
out the geometrical sense of this mapping. 


2.4. Ax = la, x], a is a fixed vector. 
2.5. Ax = (a, x) x, a is a fixed vector. 


2.6**, U (e, ~) is a mapping consisting in rotation through 
an angle @ about an axis given by the unit vector e. 


2.7. If x = avi+ yj + 2k, then 
Az = (y+2)i + (224+ 2)7 + (be —y +2) k. 


In Problems 2.8 to 2.10 determine which of the given 
mappings of the space of arithmetical vectors ® into itself 
are linear operators; write their matrices in the canonical 
basis. 


15—01176 
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2.8. At = (tg + Xs, 22, + 23, 32, — Xz + 7). 

2.06 At = (tee By 1s. Bye 2): 

2.10. Ax = (0, zy — 23, 0). 

2.141. Given in %, is a linear operator A whose matrix in 
some basis @ = (@,, @9, @3, €4) iS equal to 


12 01 
30 —1 2 
A=|15o 5 34 
12 13 


Find the matrix of this operator in the following bases: 
(a) B" = (e;, €3, €2, 4); 


(b) B’ = (e;, €; + €g, €y + €2 + @3, ey + €g + €3 + ey). 


2.12. Given in £%, are two bases: 
B’: e| = 8e, — be, + Tes, e, = —16e, + Te, — 136s, 
e, = 9e, — 3e, + Tes, 
SB": ef = ey — 2e, + €3, €; = 8e, — eg + 26s, 
e, = 2e, + e, + 2e3. 


Find the matrix of operator A in the basis 3” if its matrix 
in the basis 8’ has the form 


1 —18 45 
w= — 22 2) 


141 —2 22 


| 


oO 
2.13. In space %, operator A has the matrix (| 4 in the 


basis $8’: e| = e, + 2e,, e, = 2e, + 3e,, and operator B 
46 

has the matrix (; >) in the basis §": ef = 3e, + e,, e&; = 
= 4e, + 2e,. Find the matrix of the operator A + B in 
the basis &”. 

2.14. Let p (t) = a,_,t"-1 4+- ... +. a,t 4+- a, be a poly- 
nomial and let A be a linear operator. Consider the operator 
p (A) defined by the equality 


p (A) = a,-,A* +... + 4,4 + aE. 
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Find the matrix of the operator p (A) if p (é) = 3é2 — 2¢ + 


+ 9, andthe operator A is given by the matrix A = & =) , 


2.15. Given in space #, is a linear operator of differen- 
liation D = 5. Find the matrix of this operatorin the basis: 


(a) Ag hy Ve sag EO 
t—t,)* t—t,)n-1 
(b) 4, (tty), SS, 2. , KE ner, 


Prove the operator equality D*= O (O is a zero operator: 
Cx = 0). 
2.16. Given in space #, is the mapping 
1 
Ap(t)= | K (t, 1) p(t) dr, 
0 
where K (¢, t) is a polynomial in two variables whose degree 
with respect to ¢ does not exceed 3. Prove that A is a linear 
operator in #,; find its matrix in the basis 1, ¢, é?, ¢° for 
the case when K (¢, t) = t+ v. 
2.17. Given in space #, is the mapping 
A,p(t)=pt-+h), 
where /2 is some fixed number. Prove that A, is a linear op- 
erator and find its matrix in the basis 14, t, 77, ¢°. 
2.18. Given in a space of functions differentiable through- 
out the entire number axis are an operator of differentiation 


D = s and an operator A = e* of multiplication by the 


function et. Verify the equality DA — AD = dA. 

In Problems 2.19 to 2.26 determine which of the linear 
operators given in 7, are nonsingular and find for them 
the explicit form of their inverses (e is a fixed vector of unit 
length and « = zi + yj + zk). 

2.19. Ax = Ax, i is a fixed number. 

2.20. Ax = (x, e)e. 2.21. Ax = [e, xl. 

2.22. Ax = A — (x, e)e. 2.23*. Ax = ax —2 (a, ele. 

2.24. Aw = (y+2)i4+ (Q24+2)7 + (8% —y +2 )k. 

2.25. Ax = 221 + (x — 2) Jj + (22 4+ 32) k. 


LS* 
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2.26. A=: U (e, ~) is an operator of rotalion through an 
angle @ about the axis given by the vector e. 

In Problems 2.27 to 2.29 determine which of the given 
linear operators in R® are nonsingular and find the explicit 
form of their inverses: 

2.27. Ax = (4%, — Xo + 3, Lg, Zo). 

2.28. Ax = (Xo + LL 5: —Zo, 2X5 —— XL3)- 

2.29. Ax = (xy -|- 22s a ies 2) -|- Lo = Zoe: Pes = 
— 22, + 25). 

The set 7, of all vectors Ax, x € £, is called the image of op- 
erator A. The set NV, of all vectors x € £, for which Ax= (0) is termed 
the kernel of operator A. The image and kernel of a linear operator 
are subspaces in &. Here the dimension of the image r, = dim T, 
is called the rank and the dimension of the kernel ng = dim Ny, 


is the defect of operator A. The following equality holds: r, -+-n, = n, 
where n is the dimension of the space &%. 


2.30. Describe the image and kernel of the following lin- 
ear operators operating in space 7’: 


(a) Ax = (a, e)e, |e | = 1; 
(b) Ax = Ix, al, a 0. 


2.31. Describe the image and kernel of the operator of 
differentiation D operating in space #,. 

In Problems 2.32 to 2.34 for the indicated linear opera- 
tors operating in space R® determine the rank and defect 
and find the bases of the image and kernel. 


Dok Ag = (ey ee Dre ee Be as Be a): 


For representing the arithmetical vectors and the given linear 
operator let us take advantage of the canonical basis in f%. In this 
basis the matrix of the operator has the form 


4 2 1 
A={|1 0-1 
1 14 0 


By definition, y C 74 if and only if there can be found a vector 
x€f.s such that y — Ax or, in the coordinate notation: 


1 2 1 Ly 4° 2, 1‘ 
Y -AX = 1 0 — { Lo = Ty 4 +25 0 + 23 —1 ° (2) 
1 1 Lg 1 1 0 
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Equality (2) means that the image 7, coincides with the linear 
span of the system of columns of matrix A. Consequently, the rank 
of operator A coincides with the rank of its matrix, i.e. equals 2, 
and any of the bases of the system of columns of matrix A can be 
chosen as the basis 7,, for instance, 


4 2 
E,=|1], £,=-{0]. 
1 4 


Analogously, «€ N, if and only if Av = 0, or, in the coordi- 
nate notation, 


4 2 4 Ly 0 
AX=|]1 0 —1]} 2, J—l0}]. (3) 


Hence it follows that the kernel N, coincides with the subspace 
of the solutions of homogeneous system (3), i.e. the defect of opera- 
tor A is equal to ng =n—ryg = 3—2= 1, and, as the basis 
in V4, we can choose a fidaunentals system of solutions of system (3), 


4 
say, E= (—1). 
1 


2.00. Ax = (24, —X_ —X3, %, —2%, + Zz, % + 2g — 
— 223). 

2.34. Ax = (4, + 7, + 23, 2, + 2p + 2g, X + FZ, + Zs). 

2.35. Prove that operator A is nonsingular if and only 
if its defect is equal to zero, and, consequently, its rank 
coincides with the dimension of the space. 


2. Eigenvalues and Eigenvectors of a Linear Operator. Let a 
number A and a vector r€ £, x ~0, be such that 

Ax = ha. (4) 

Then the number A is called the eigenvalue of the linear operator A, 


and the vector x is termed the eigenvector of this operator correspond- 


ing to the eigenvalue A. 
In a finite-dimensional space &,, vector equality (4) is equivalent 


to the matrix equality 
(A —AE)X =O, XAO. (5) 


Hence it follows that the number A is the eigenvalue of operator A if 
and only if det (A — AFL) = 0, i.e. A is a root of the polynomial 
p (A) = det (A — AL) called the characteristic polynomial of operator A. 
The column of coordinates X of any eigenvector corresponding to 
the eigenvalue A is some nontrivial solution of homogeneous system (5). 
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Example 2. Find the eigenvalues and the eigenvectors of the 
operator Po, of projecting on the zy-plane in space 73. 

(1) Geometrical solution. The equality Po,,% = Ax, x #90, means 
that the orthogonal projection of the vector x on the zy-plane is col- 
linear with the vector zx itself. But this is possible only in two cases: 

(a) the vector x ~ 0 is coplanar with the zy-plane. For all such 
vectors Poxy® = x, 1.e. all of them are eigenvectors of the oper- 
ator Poxy corresponding to the eigenvalue A, = 1. 

(b) the vector x 0 is orthogonal to the zy-plane. For all! such 
vectors Poxyx = 0 — 0-x, i.e. all of them are eigenvectors of the 
operator Po, y corresponding to the eigenvalue 4, = 0 

Finally, we conclude that the operator Pp,y has two eigenvalues: 
A, = 1 and A, = 0. The corresponding eigenvectors are: 


es ge) — gi + yj, 2a) + 0, 
Ay = 0: x2) = ck, ghh2) 2 0, 


(2) Analytical solution. The marrix of the operator Pyx, in a rect- 
angular basis 88 = (i, 7, k) has the form 


4 0 0\ 


P=10 1 O]. 
0 0 0 


The characteristic equation is 


1—A 0 0 
det (P—AE)=| 0 1—iA QO |= —A(1—A)?=—0, 
0 0 —iA 
whence we obtain the eigenvalues of the operator: A, 1andA,: 0. 


Let us uow find the eigenvectors corresponding to the eigenvalue 
A, = 1. For 4} =1 system (5) takes the form 


0 0 0\ /z 0 
(P—E) X=}t0 0 Olt y j=] 0 
0 0 —t1/) \z 0 
The fundamental system of solutions is: 
4 
E,=-'0O], E,=[11, 
) 


and the general solution is: 


zx 
zE,+yF, suff y 
0 
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Hence we conclude that the eigenvectors corresponding to the eigen- 
value 4, = 1 have the form 


a) = xi + yj, 


where x and y are arbitrary numbers, not both equal to zero. 
The case 4, = 0 is considered in a similar way and we obtain 


2) — zk, 
where z is an arbitrary nonzero number. 


In Problems 2.36 to 2.40 find the eigenvalues and eigen- 
vectors of the operators given in 7 ,. Solve these problems 
ceometrically, i.e. in an invariant form not connected with 
the choice of some basis in 7°, (see Example 2, (1) Geometri- 
cal solution). Then in Problems 2.36 to 2.38 give analytical 
solution. 

2.36. Ax = ax, a is a fixed number. 

2.37. Ax == (x, t)t is an operator of projecting on the 
x-axis. 

2.38. Ax = [i, a]. 

3.39. A = U (e, ¢) is an operator of rotation through an 
angle m about the axis given by the vector e. 

2.40. Ax = x —2 (x, e)e is an operator of the mirror 
image in a plane with the normal vector e. 

In Problems 2.41 to 2.46 find the eigenvalues and the eigen- 
vectors of linear operators given by their matrices. 


2 —1 2 
2.414. A= o —d 3 
—1 0 —2 


—2 —6 13 
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1 —3 4 
2.45. A=| 4 —7 8 

6 —7 7 

7 —12 6 
2.46. A=| 10 —19 10 

12 —24 13 


2.47. Given in the space ¥’, of geometrical vectors on 
the plane is an operator of rotation U (q@) through an angle 
0<q@< 2n about the origin. Check (geometrically and 
analytically) to see that for o #0, nm this operator has no 
eigenvalues. This example shows that a linear operator in a 
real space may have no eigenvalues (and eigenvectors). 

2.48. In a complex space £#, operator A is given by the 
matrix 

cos@ —sin 
A (9)=-( : y, 0<o<2n. 
Find its eigenvalues and eigenvectors. Compare the results 
obtained with the results of Problem 2.47. 

2.49*. Let operator A functioning in a complex space 7, 
be given in some basis by a matrix with real elements. Prove 
that: 


(a) if X is an eigenvalue, then A is also an eigenvalue: 

(b) if X) is a column of the coordinates of the vector 
corresponding to the eigenvalue 4, then X) is a column of 
the coordinates of the eigenvector corresponding to the eigen- 
value A. 

2.00*, In a complex space £%, find the cigenvalues and 
eigenvectors of the linear operator given by the real matrix 


sin @ COs @ 


4 —s5 7 
A= 1 —4 9 
—4 095 


2.01. Show that if x is the eigenvector of operator A cor- 
responding to the eigenvalue A, then it is the eigenvector 
of the operator p (A) = a,_,A"? + ... + 4,4 + a,F cor- 
responding to the eigenvalue p (A). 
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2.02. Prove that: 

(a) operator A has an inverse if and only if it has no zero 
eigenvalues; 

(b) if operator A has an inverse, then A and A! have 
the same eigenvectors. What is the relation between the 
eigenvalues of these operators? 


3. Linear Operators in Spaces with a Scalar Product. Let A be a 
Jinear operator functioning in a space with a scalar product (z, y). 
‘A linear operator A* is said to be conjugate to operator A if for any 
vectors z, y the following equality is fulfilled: 


(Ax, y) = (x, A*y). 
For any operator A there exists a conjugate operator A* which is 
unique. 

If operator A has the matrix A = (a;;) in an orthonormal basis 
then the conjugate operator A* in the same basis has the matrix A* = 
== (aj3), where aj} =a;; (matrix A* is called conjugate to the matrix A). 
in the particular case of an Euclidean space A* = A!. 

Example 3. The linear operator A: €3,—> 63 in the basis QB’ = 
= (e;, €3, €3) has the matrix 


1414 8 
[Aln, =|0 5 —1 
7 ak 


It is known that e; = e; + 2e, + e€3, eg = €; + C2 + 2€3, €3 = 
= e,-+e, and the basis 8 = (e, @g, es) is orthonormalized. Find 
the matrix of the conjugate operator A* in the basis 8’. 

Since the basis ‘8’ is not orthonormalized (check this!), then 
to take advantage of the assertion on the relation between the matrices 
of the operators A and A*, it is necessary to find the matrix [Aly 


(by hypothesis, the basis ‘8 is orthonormalized). We have 


141 ; —2 2 090 
= —7T-! ace = 
Pn yy = 2 4 11, Ppl eg = 5 1 —1 1}, 
j a 3 —1 —! 
consequently, 
2—3 7 
_ 71 E 7 — So ’ 
6 —5 5 
2 6 6 
ee eee ee net 
[A ly = 3 4 i) 


7 6 5 
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Ilence we finally obtain: 


—36 —37 —15 
[A*] =Tetig Atl: Tey =| 30 30 14], 
23 2 9 


2.53. Prove that the operation * of passage from the op- 
erator A to the conjugate operator A* possesses the fol- 
lowing properties: 


(a) (A*)* = A. 
Let us write a chain of equalities holding for any vectors x and y: 
(Ax, y) = (we, Aty) = (A*y, @) = (y, (4*)* @) = ((A*)¥ a, y) = 
= ((A*)* x, y), 


(Ax, y) = ((A*)* a, y). 


Hence, by virtue of the arbitrariness of vectors xz, y, we obtain A = 
=: (A*)* (show this in more detail!). 


(b) (A + B)* = A* + B®; (c) (AB)* = B*A*; 

(d) (a A)* = a A*: 

(ec) (A+)* = (A*)-! if A is nonsingular. 

A linear operator A in the basis 8’ = (ej, ..., en) has 
a matrix A. Find the matrix of the conjugate operator A* 
in the same basis 8’, if the vectors e;, ..., en, are given 


by the columns of their coordinates in some orthonormalized 
basis 8 = (e,, ..., @n): 


2.04, A (; : E. ( 
5 Am(y 4), B=(9), e:-(,). 


{ 
1 1 5} I 
2.55. A=10 5 —1], Ete. 2) 
27 —3 1 
1 1 
\ 2 0 
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{414 Qni 
2.56. A=| te ee], gs—e3 : 
4 8 & 
1 0° { 
EBEi=--\ 1], Ej=| 1], FEj=| 1 
1 1 0 


Given in the space of polynomials #, is a scalar product 
(f, €) = Abo + a,b, + agby, (6) 


where f (t) =a, + a,¢t + a,f?, g(t) = 6b, + dit + daf?. 
Find the matrices of the operator of differentiation D = 


mae and the conjugate operator D* in the basis &: 


2.57. B- (= rt, 12— 4, +e Hoe). 
2.58 B= (1, t, 3 2s), 


2.09. Find the conjugate operator for rotating an Euclidean 
space through an angle a about the origin counterclockwise. 

2.60. Let Oxy he a rectangular Cartesian coordinate sys- 
lem on the plane and let A be an operator of projecting on 
(he z-axis parallel to thestraightlinel: ax + by = 0 (a+ 0). 
Find the matrix of the conjugate operator A*. 

2.61. Let Oxy be a rectangular Cartesian coordinate sys- 
tem on the plane and let A be an operator of mapping the 
points on the plane about the straight line l: ax 4- by = 0. 
Find the matrix of the operator A*. 


The concept of a conjugate operator can be utilized in investi- 
gating a nonhomogeneous system of linear equations for conipatibility. 
Let AX =: B be the matrix notation of such a system, and m = n. 
Then X and B are columns of the coordinates of the corresponding 
arithmetic vectors in the canonical basis of the Euclidean space 
R, and to the square matrix A in the same basis there corresponds 
some linear operator A: R®-»>R”. The system A*X = 0, where A* 
is the matrix of the conjugate operator A* in the canonical basis 
is called a conjugate homogeneous system. The following theorem 
(Fredholm’s theorem) is valid: for a system AX = B to be compat- 
ible, it is necessary and sufficient that the column vector B be ortho- 
gonal to all the solutions of a vonjugate homogeneous system. 
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2.62**, Prove Fredholm’s theorem. 
Using this theorem, investigate for compatibility the fol- 
lowing systems of linear equations: 


2.63. 32, + 22, + 2, = —1, 2.64. 2, + 27 + 2, = 0, 


7x, + 624, + O45 = 5, x, +2,+27, = 1, 

52, + 42, + 3x, = 2. 2, +2, +2, =—1. 

2.65. 22, + 2, —2r, = 1, 2.66. 7, + 2, + 2, = 1, 
Z, — 2%, + «= 1, X, +24, +2, =— 1, 

ia te + 2x, = 1. 2, +4, +2, = 1. 


2.67*. Prove Fredholm’s alternative: either the system 
AX = B is compatible for any right-hand member 8, or 
the conjugate homogeneous system A*X = 0 has nonzero 
solutions. 

2.68. Which of the systems of linear equations indicated 
in Problems 2.63 to 2.66 are compatible for any right-hand 
member? 

A linear operator H in a space with a scalar product is said to 
be self-conjugate if H = H*. A self-conjugate operator in a unitary 
(Euclidean) space is also called Hermitian (symmetric). For an oper- 
ator A to be Hermitian (symmetric), it is necessary and sufficient 
that in any orthonormal basis its matrix A = (a;,;) satisfies the rela- 
tion aj; = a;; (aj; = a;;). Such matrices are termed Hermitian (sym- 
metric). 

A linear operator U in a unitary (Euclidean) space is called unitary 
(orthogonal) if 

UU* = U*U = E, i. U* = UA,” 
For an operator A to be unitary (orthogonal), it is necessary and 
sufficient that in any orthonormal basis its matrix A = (a;;) satisfies 


the relation A-! = A* (A-! = A!). Such matrices are called unitary 
(orthogonal). 


2.69. Prove the following properties of a self-conjugate 
operator: 

(a) the eigenvalues are real; 

(b) the cigenvectors corresponding to the appropriate 
eigenvalues are orthogonal. 

2.70. Prove the following properties of a unitary operator: 

(a) the eigenvalues are equal (by modulus) to unity; 

(b) for a linear operator to be unitary, it is necessary 
and sufficient that it transforms an orthonormal basis again 
into an orthonormal basis; 
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(c) a unitary operator retains a scalar product; 

(d) a unitary operator retains Lhe lengths of vectors. 

2.71. Show that in the space #7, the following operators 
are symmetric: 

(a) Ax = dx, dX is a fixed number; 

(b) Ax = (x, e)e, |e | = 1; 

(c) Ax = x —2 (a, e)e, |e | =1. 

2.72. Show that in the space of polynomials #3 with 
scalar product (6) the following operators are symmetric: 


(a) f() >f(—-); —) F 0) = #4/(F). 


2.73. Show that in the space 7’, the operator U (e, @) of 
rotation through an angle @ about the axis given by the 
unit vector e (see Problem 2.6) is orthogonal. 

2.74. Show that the operators from Problem 2.71 are 
orthogonal. 


4. Reducing the Matrix of a Linear Operator to the Diagonal Form. 
If an operator A functioning in space %, has n linearly independent 
eigenvectors €;, €5, +--+, @,, corresponding to the eigenvalues 


Ay, Aos- ++, Ap, then in the basis formed from these vectors the 
matrix of operator A has the diagonal form 
Ay 0 
Ae 
(7) 
0 hn 
Example 4. Reduce the matrix A of a linear operator to the 
diagonal form and find the corresponding basis: 
4 2. 0: 
A= 0 2 O 
—2 —2 —1 


The characteristic equation 
1—rv 06. 2 0 
det (A—AE)= 0 2—A’ 0 —(N—2) (1—A2) = 0 
—2 —2 —1—A 
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has the roots A, = 2, Ag = 1, As = —1. Consequently, the matrix 
can be reduced to the diagonal form. We find the corresponding eigen- 
vectors. For A = 2 system (5) takes the form 


—1 2 O Ly 0 
(A—2E) X= 0 O O}] zz [=] 0 
—2 —2 —3 Ls 0 
or 
—z, + 2z7,= 0 
—22r, — 2x, — 3r, = 0. 
The fundamental system of solutions consists of one vector FE, = 
-- (2, 1, —2)'. Analogously, for 4 = 1 system (5) takes the form. 
0 2 0 Ly 0 
(A— FE) X= 0 1 0 Zo |=|0 
—2 —2 —2 XL 0 


From this system we find the second eigenvector E, - (1, 0, - 1) ¥. 
Finally, for 4 = —1 from the system 
2 2 0\ fz, 0 
(A+ FE) X = 0 3 0 Ly |=] 0 
—2 —2 0 L3 0 


we find the third eigenvector FE, = (0, 0, 1)'. 
The found vectors £,, E,, Es, form the desired basis in which 
the matrix of the linear operator has the following diagonal form 


2 0 0 
0 141 0 
00 —1 


Example 5. Show that matrix A of a linear operator cannot 
be reduced to the diagonal form: 


2 —1 2 
A= o —3 3 
—1 0 —2 
The characteristic equation 
2—hk —1 2 
det(A—AE)=| 5 —3—A 3 = —(A-+ 1) —0 


—1 1 —2—hK 
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has one root A = -—1. The corresponding system (5) for deter- 
mining eigenvectors takes the form: 


3 —1 yd Ly 
(ALE)X=| 5 —2 3]) 2, |= 
—1 0 —1 . £3 


OLY — Be +25 = 0, 
D2, = 225 + 3D a 0. 


or 


Whence we find FE, = (1, 1, —1)'. lence, there is only one linearly 
independent eigenvector. This means that matrix A of the given 
linear operator cannot be diagonalized. 


In Problems 2.75 to 2.80 find out which of the given mat- 
rices of linear operators can be diagonalized by passing to a 
new basis. Find this basis and the corresponding diagonal 
form of the matrix. 


2.79. /1 1 1 2.76. 2 —1 2, 
[: , | [ a ) 
141 0 —2 


1 
2.77. (1/2 0 : 2.78. / — 3 —1 
| ). (—: j - | 
1/2 0 14/2 3 3 1 


2.79. 1 1 1 1 
1 1 —1 —1 
1 4 1 —1 
1 —1 —1 1 

2.80 000 1 
0010 
010 0Y7° 
100 0 


2.81*. Compute A™ if 


@ a=(, ,): (b) A: (; <a} 
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Compute: 
__ 2\6 
17 —6\5 4 3 3 
2.82. & 4 . 2.83.)2 3 —2 
a 44 —3 


Matrix A of a self-conjugate operator is always reduced to the 
diagonal form. Using the notion of a unitary operator, it can be repre- 
sented in the form 


A = UDU-, 


where U is the matrix of the unitary operator performing the passage 
from the original basis to the basis made up from the eigenvectors 
of operator A, and D is the diagonal matrix of form (7). 


In Problems 2.84 to 2.86 find the orthonormal hasis formed 
by eigenvectors and the matrix in this basis for a linear 
operator given in some orthonormal basis by matrix A (the 
desired basis is defined nonuniquely). 


2.84. 14 2 --8 
A= a «2 40 
-8 10 >) 
2.89 17 —8 4 
A=|-—8 17 —4 
4 —4 ii 
2.86. 3. —i 0 
A=|{i 3 0 
0 0 4 


In Problems 2.87 to 2.91 for the given matrix A find the 
diagonal matrix D and unitary (orthogonal) matrix U such 
that A = UDU", 


2.87. 3 242i 
4=(325 4) 


2— 2i 4 

2.88 3 wee 
=(,), 7 

2.89 1 4i 0 
A —-4i 1 QO 
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2.90. 5) 2 0 
A=]|—2 4 -2] 
0 —2 bs) 
2.91. 2 2 2g 
A -( 2 5) 4], 
—2 —4 ) 
SEC. 4.3. 


BILINEAR AND QUADRATIC FORMS 


1. Linear Forms. A linear form is said to be given in a real linear 
vector space £ if every vector x € ¥ is associated with the number 
(z), the following conditions being fulfilled: 


f(e+y)=f@)+fy), 2 ye &, 
f (Ac) = Af (x), TE L,NER. 
3.1. Prove that in space Z the function f(x), « € LZ, isa 
linear form: 
b 
(a) f(w)=Jx(t)dt, L=Cy,, 2=2(d); 
)f() =x), L£= Cre, 2= z(t), tt €la, Od); 
f (x) .= («, a), 2 =7 3, @E%’'s is a fixed vector. 
3.2. Let a basis 8 = (e,, ..., @n) be fixed in space Z, 
and let f (e;) = a;,i = 1, 2, ..., nm, where f (x) is a linear 
form in JZ. 
(a) Prove that f (x) = a,z, -+ ... + Qt, where z,, ... 
., Ly, are the coordinates of the vector x in the basis %. 
(b) Let us denote by Z* the set of linear forms / (x) in 


which the operations of addition and multiplication by a 
number are defined in the following way: 


g=fi tf, if Va Ee L(g (x) =f, (&) t fe (&)); 
h=>df if Va€ x (hk (x) = Af (@)). 
Prove that £* is a linear vector space. 
(c) Prove that dim £* = n (space L* is called conjugate 
to space Z). 


16—01176 
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3.0. Prove that: 

(a) if xER", xv = (a,,..., 2), then the formula 
f (x) = z, defines a linear form; 

(b) any linear form f (x), « €R”". which is not equal 
identically to zero, by a properly chosen basis can be reduced 
to the form f (x) = z,, where z, is the first coordinate of the 
vector x in this basis. 


2. Bilinear Forms. A numerical function A(x. y): $ X SOR, 
defined in a real linear vector space £ is called a_ bilinear form if, 
with y fixed, it is a linear form in «x, and for a fixed a it is linear 
y. A bilinear form is termed symmetric if A (x, y) =A ly, x), 
x, y€ £. If in space £, some basis B= (a, -, @,) is fixed, 
then the matrix A = (2;3), aj; A (@;, e;), is called a matrix of 
the bilinear form A (2, y) in the basis &. 


3.4. Prove that in space £& the function A (a, y) is a bi- 
linear form: 
(a) .1 (x, y) = f, (©) fe (y), where f,, f, are linear forms 
in ZL; 
b b 


(b) A (x, y) = ) \ K (s, t) x (s) y (t) ds dt, where £ = 


= Cy, 1 © = 2 (t)E Ca, , v= y HE Cia, v1, K (s, t) is 
a continuous function of two variables: 
7m 


(c) A (a, y)= >) ayjxyy;, where L = R”, 2, y ER", 
i GA 
A = (a;;) is some matrix. 
3.0. Let in space £, there be fixed a basis 8 = (e,,... 
». +, @,), and let A (a, y) be a bilinear form in £,, and 
A (e€;, €;) = 4;;. BLOve that: 


(a) A (@, y) = 2 Astin where z;, y;, i, j = 1, 2, 
ae ‘are the ecordinates of the vectors x and y in the 
basis R; 

(b) if A’ == (a;;) is the matrix of the bilinear form A (z, y) 
in the basis B’ = (ej, ..., e;,), then A’ = T'AT, where 
l= Ty_,y: is a transformation matrix for passing from 
the basis 8 to basis 8’. 

3.6. Let in space R? there be given a bilinear form 
A (x, y). Find its matrix in the basis 8 = (e,, e., e,) if: 
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_ (a) A (©, y) = ty, + 222Y2 ae B2sY 35 é,= (1, 1, 1), e, 
(1. 8, , @, = (1, —1, — 
~(b) A (a, Y) = LyYo + Leyy |- Lays e, = (1, 0, 0), eg = 
=. (4, 1, 0), C3 a (1, di: 1) 
3.7. Given in space R” is a bilinear form A (x, y) in the 
basis 8. Find its matrix in the basis ¥’ if 
(a)n = 4, A(X, y) = LyYo + LeY3 + Loa, 
4 4 1 1 
1 —1 1 —1 
fase =P4 4 —4 4 9 


1—i —t1 1 
(b) 2 = 2, A (@, y) = YY, + LyYo + Loy, — LeYo, 


401 
Paow =(4 ms! 


3.8. Prove that the scalar product (z, y) in an Euclide- 
an space é is a bilinear form. 


3. Quadratic Forms. Let A(.x,y) be a symmetric bilinear forin. The 
form A (x, x), obtained from A (zx, y) by setting y = x, is called 
quadratic. In this case A (x, y) is said to be a bilinear form polar 
to the quadratic form A (z, 2). 

If some basis 8 = (e,;, ..., e,) is fixed in a real linear space 
Ly then the quadratic form A (x, xz) in this basis has the form 


A(x, @)= y Qj j2j7j, (4) 
i,j=1 
where A ~ (a;;) is the matrix of the quadratic formandz - x,e,+... 


Tt Lpep. 


Let in some basis expression (1) does not contain the products 


a; (i #j), 1e. 


2 
A(z, 2)= >) Aj2?. (2) 

i=1 
Then expression (2) is called the canonical form of a quadratic form. 
In particular, if A; = +1, 0, i = 1, 2, ..., n, then we obtain the 


normal form of the quadratic form A (a, Lr). 

For any quadratic form there exists such a basis 8%’ in which it 
has a canonical (and even a normal) form. 

Below, we consider a couple of incthods for reducing a quadratic 
form to the canonical form. 

(1) The method of separating perfect squares (Lagrange’s method). 
Let a quadratic form A (za, y) in basis 8 have form (1). If all the 


16% 
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coefficients a;; (of the squares zi), i=: 1, 2,..., n, are zero ‘and 
at the same time the form is not equal identically to zero, then,at 
least one product, say, 2,923, is nonzero. Let us transform the basis 
so that the coordinates of vectors in the old and new bases are re- 
lated by the formulas 


Then 244924%_ = 2Qy, (442— 232)= 2aorj? — 2ayox3", and since, by 
the supposition, a,; = @gg “= VU, the coefficient of z,* is nonzero. 

Thus, always there can be found such a basis $ in which in nota- 
tion (1) at least one coefficient of the square is nonzero. 

We then assume that a,, 40. (If a;; = 0, then the coefficient 
of the square of some other coordinate is nonzero, and we can arrive 
at the case under consideration by nuinbering the vectors e;, 5, . . ., @n 
which is also a certain transformation of the basis.) 

Consider the portion of the quadratic form containing 2z,, 1.e. 


0; = yx? +- 2049L1Xo + ee -- 2017 Tye 
Let us complete this sum to get a periect square: 


1 


(Qyy% +... + ayntn)?- ¥, 
11 


O1 — 
I a 


where y is an algebraic sum of the terms independent of z,. If now 
we make the substitution 


i 

Ho —_ 4447 oee Ayntns 
4 e 

Lis Ly, = 2 sa eg Thy 


then the quadratic form in the new basis will take the form 


A(z, 2) + 


. 1 rae ’ 
In the obtained form the term re x,* is singled out, and the re- 
thy 


maining part A, is a quadratic form in %,-,. Our reasoning is then 
repeated for the quadratic form A, (x7, x2), and so on. 

Example 1. Using Lagrange’s method, reduce to the canonical 
form the quadratic form 


A (@, ©) = 22,25 + 42423 —~ 23 — 823. 
First transformation 2, = 23, ry = 24, %3 = xg yields 
A = —az.? + 22523 + 4zgr3 — 82,2. 
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Second transformation: z{ = —2z; + 23, 23 = x3, ry - xy. We ob- 
tain a new expression for the quadratic form: 


@ ai id 
A= —23 + 25? + 42or5 — 8257. 


Third transformation: <7’ = xj, xo’ =: zy -+ 225, 23’ = 25. and 
the form takes the canonical form: 


A (@, ©) = —2xy'? + 79/2 — 12252. 
Here 
wp 
Ty = Ly — Zo, 
Le = 2, + 273, 
i, ee 


(2) The method of eigenvectors. We shall consider quadratic form 
(1) in Euclidean space R™. Since its‘matrix A = (a;;) is symmetric, 
it can be represented in the form A = U' DU, where /) is the diagonal 
matrix whose diagonal is occupied by the eigenvalues of matrix A, 
and U is an orthogonal matrix (see the preceding section). The columns 
of matrix U are the coordinates of some orthonormal basis ‘8’ ~ 
= (e;, ..., @n), in which matrix A has the diagonal form D, and, 
hence, the quadratic form has the required canonical form. The corre- 
sponding transformation of the coordinates is defined by the relation 


ry ry 
e e ep 
=U 


zn oy) 


Example 2. Find the orthogonal transformation reducing the 
quadratic form A (x, x) == 6x} + S23 4- 773 — 4ryrg + 42,23, given 
in Euclidean’ space R%, to the canonical form. Write this canonical 
form. 

The matrix of the quadratic form has¥the form 


6 —2 2 
A==| —2 Do (0 
2 0 7 


(Notice how the clements a;; (i 7) are obtained from the explicit 
form of the quadratic form!) The eigenvalues of this matrix are A, =~ 3, 
XN. ~ 6, Ag = 9. The corresponding orthonormal cigenvectors are 


ef =- (2/3, 2/3, —41/3), 
ef = (—1/3, 2/3, 2/3), 
ef = (2/3, —1/3, 2/3), 
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and, consequently, 


2—1 2 Z 2—1 
Ua4 2 2 —14, UT as —1 2 2 
—1 2 2 2—1 2 


In the basis &’ - (e;, e3, e3), the given quadratic form has the 
form A (x, £)-:: 327? + 62,2 + 9x37, and the corresponding trans- 
forming of coordinates: 


3.9. Prove that any quadratic form A (x, x) in Euclidean 
space €,, can be written in the form A (a, x) — (Az, az), 
where (x, y) iS a scalar product in @, and A is some linear 
operator. 

3.10. Prove that the polar bilinear form A (x, y) is defined 
uniquely by i's quadratic form A (a, zx). 

In Problems 3.14 to 3.13, using Lagrange’s method, find 
(he normal form and the nonsingular linear transformation 
Jeading to this form for the following quadratic forms: 


3.44. zi + 523 — 4x3 + 22,7, — 42,73. 

3.12. 2,2, + og + Fy2y. 

3.13. 42) + 22 + 2} — 4x, 2, + 42,2, — 3273. 

In Problems 3.14 to 3.17 find the orthogonal transforma- 


tion reducing the given form to the canonical form, and 
write this canonical form. 

3.14. 142i + 523 + 2x3 + 167,27, + 42,23 — 202,73. 

3.15. xf + 23 + 522 — 62,2, + 62,23 — 62,53. 

3.16. 27 + 23 + 23 + 4aytq + 42,23 + 42023. 

3.17. 17x} + 1423 | 1423 — 42,2, — 42,2, — 82223. 

4. Second-order Curves and Surfaces. A hypersurface of the second 
order in Euclidean space R” is defined as the set of points whose 


coordinates satisfy the equation 
Tr 


A(x, x)+2(b, r)+c= > aj, jxjxzj+2 3 bern +c =), (3) 
h=1 


i, j=1 
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where in the left-hand side stands a polynomial in » variables z,, zy ... 
-, £, Of degree 2. 
The problem of classification of second-order hypersurfaces consists 
in finding such a basis in R® in which the left-hand member of the 


equation in the new variables x;, 23, ..., Zp has the simplest form. 
To this end, we first look for an orthogonal transformation such that 
n 


in the new variables the quadratic form A (zx, x) — > Oj jXjX; 
ij=1 

has the canonical form. In the new basis equation (3) is written in 

the following way: 


n nr 
DS Apnz,? +2 >, bt, +e=0, 
k=1 h=1 


where not all A,, i = 1, 2, ..., m, are zero. If 4, #0, then, by 
translating the origin, we can eliminate the linear term: 


ee ae ee Oe ee = hp_t,—>=— 
faa a a ar Wd Oa ad a 
After these transformations we obtain (changing the enumeration 
of the variables if it is necessary) 
Nyx7? + Pear rer + | Pe +. bn +1641 + ¢” = 0. (4) 
Equation (4) is called the canonical equation of a hypersurface of 
the second order. ie 
The set of points of plane k, satisfying equation (3) is called 


a curve of the second order. In this case canonical equation (4) can 
take one of the following forms (in the variables z, y): 


(1) Aye?+Agy?+c¢=0 (AqAg & 0); 
(2) Ma?+by=0 (dy + 0); 
(3) Ayz?-+c=0 (A, # 0). 
Example 3. Write the canonical equation of the second-order 


curve 
322 + 10zy + 3y? — 2x — 14y — 13 = 0, 


determine its type and find the canonical coordinate system. 
The matrix of the quadratic part of the polynomial of the second 


: oF Its eigenvalues are: \, = 8 and Meg = —2; 


: 1 ae (— __f 
and eigenvectors: e, = (as : TF) Vey = Va’ V3 
The transformation 


degree is equal to 
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yields 
Br’? —py’2——16_ gr 12 _ 430. 
V2 V2 


Since 4, and A, are different from zero, we can single out a perfect 
square with respect to each of the new variables zx’ and y’: 


2 
get 9 (2-12) 


By the change of variables 


Wish VA. weg 8 


2 ? V2 9 


corresponding to a shift along either of the coordinate axes, we get 


8r"2_2y"2—8--0, or oF yA. 


The last equation is a canonical equation of the hyperbola. The result- 
ing transformation of the coordinates has the form 


r= 75 (2"+-y") +2, 
Y -(n"—y")—4, 


V3 
and the canonical coordinate system is (O’, e,, €2), where O' (2, —1)e 
ee ee ae ee 
V2 V2°> V2 V2 
In Problems 3.18 to 3.24 write the canonical equation of 
the given second-order curve, determine its type, and find 
the canonical coordinate system. 


3.18. 92? —4zy + by? + 167 — 8y —2 = 0. 

3.19. x? — 2ry + y*? —10x — by + 25 = 0. 

3.20. 52? + 12xy — 22x —12y —19 = 0. 

3.21. 427 —4zry + y? —6x + 38y —4= 0. 

3.22. 227 + 4ry + Sy? — 6x — 8y —1 = 0. 

"3.23. 2? —4ry + 4y? —4r — 3y —7 = 0. 

3.24. A second-order curve is defined by the equation: 
8) a7 2y +rA(y®> — 2x) = 0; (b) 2? 4+ 2ary 4- y? — 
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Determine its type as the parameter A varies from —oo to 
+00. 
The set of points of Euclidean space R® satisfying equation (3) 


is called a surface of the second order. In this case canonical equa- 
tion (4) takes one of the following forms (in the variables x, y, z): 


(1) Aya? +- Agy? + Agz? --¢ = 0 (AqAghs = 0), 


(2) Ayz? + Agy? + bz = 0 (A,A, = 0), 
(3) Agz? + Agy? te = 0 (Ayhe = 0), 
(4) Ayz? + by = 0 (A, = 0), 
(5) Az? -+c¢#=0 (A, = 0). 


The surfaces of types (3)-(5) are cylinders (elliptic, hyperbolic, 
etc. depending on the type of the curve in the section by the plane 
2 = 0). 

Example 4. Write the canonical equation of the second-order 
surface 


Az? + 4y? — 822 -— 10zy + 4yz-4 422 — 16x — 16y — 8z 4 72 = 0, 


determine its type, and find the canonical coordinate system. 
The matrix of the quadratic part of the second-degree polynomial 


4-5 2 
is equal to (—s 4 2 Its eigenvalues are 4;=9, 4,.=—9, A3z=0, 
2 2-8 


and the eigenvectors: 


Carrying out the transformation 


Ba 75 (30 +y’-+2 V2’), 
=> i (—32’ +y'-+2 V22’), 
14 


(—4y'+ V2z’), 


z= = 
3V2 
9x’? — Oy’? — 722’ + 72 = 0. 
Shearing transformation should be performed only with respect to 
the variable 2’: 
—722' + 72 = —72 (2’ — 1) = —72z2”. 


we obtain 


250) Elements of Linear Algebra Ch. 4. 


The second transformation of the coordinates has the form 
a” = cee iat — y’, y” = z! an 1, 


whence we finally obtain the canonical equation of the hyperbolic 
paraboloid 
2 y"2 
8 8 
The resulting ee of the gorau is: 


v7 (32"+-y"+2 Vie") 4+— 


TV (—32"+y"+2 yo , 


i 7 (—4y"+ V 22") > ) 
and the canonical system of coordinates is (O’, e,, @5, @3), where 
ee 2 4 1 1 
ols gq) aa(e 9): 


a ( ee ee | : =(= a =) 
2 3 V2 ’ 3 V2 9 3 V2 ’ 3 3 ’ 3 ’ 3 ° 
In Problems 3.25 to 3.32 write the canonical equation of 


the given second-order surface, determine its type, and find 
the canonical coordinate system. 


3.29. 7x? + by? + 522 —4xry —4yz —6x —24y + 182 + 
+ 30 = 0. 

3.26, 22% — Ty? — 422 + 4zy + 20yz — 162x + 60x — 
— 12y + 12z — 90 = 0. 

3.27, 22? + 2y* — 527 + 2ry — 2x —4y —4z2 +2=—0. 

3.28. 227 + 2y? + 322 + 4ry + 2yz + 22x — 4x + by — 
—2z+3=0. 

3.29, 4x” + y® + 42? — 4xy + 4yz — 82x — 28x + 2y + 
+ 162 + 45 = 0. 

3-30. 22? + Sy? -+ 22? —Qry— 4x2 4- 2yz + 2r —10y — 
—2z —-1=0. 

3.31. 27 + Sy? + 2? + 2ry + 2yz + b6zx — 2x + by + 
+ 2z = 0. 

3.32, 2° — 2y? + 2? + 4ay + 4yz — 102x + 2x + 4y — 
— 102 —1 = 0. 


1.6. Yes. £.7. Yes, if th 
1.8. No. 
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Answers 


e straight line passes through the origin. 


1.9. Yes. £1.10. No. 1.41. Yes. 1.12. No. 1.15. Pp oy = 
4 { 4/2 <=> 0 6 
={1 --1 21, X’= | —3/2 1.16. Pa .Q'= O—1 OO}, 
0 0 —1 —2 0 0O~—1 
—4 0 0 4 =’) 
xX’ = 2 1.17. rag = 1 0 Oj, xX’ = 4 
— 0 4 0 { 
1 0 0 1 
1.18 P Rg? = 0 cos@ sing |, X’=] —2cosqg+sin® 
0 sing —cos@ 2 sin @-} cos ~P 
14.49. r—2; the basis is, for instance, the system (2, 2). 
4214 4\ 0 
3.2 33 ¢ 
1.20.7. =<) 7 — xral 2% yo 4.28. 8a, + 
BoB 24 (044 1 
—2-1 4 90 2 
-. 25. 2 0, r=: 2, any pair of vectors form the basis of this 
system. 1.22. The coordinates of the matrix in this basis coincide 


with its elements. 1.23. (a) 


0 
1.27, | 9 1 —2to 38 
0 0 oO 0 


1 = 
( 0); (b) | 1.25. O}. 
pane | =A. 
ee ere Yea he ‘ 
vee (1)? (n— 1) 00 FP gos, | 
1 
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1.30. |2). 4.31. 14]. 4.32. : ( aa 


* 91+i \—1—-2i 


wm = Nw © 


1.34. [4]. 1.37.7, .9/=] 12 20 9]. 1.38. Ty pe 


- 1.39. It is. 1.40. It is not. since the 


condition of linearity of the mapping is violated. 1.41. No, 

it is not, since the condition of one-to-one correspondence 
| 

of the mapping is violated. 1.43. oe ak —2 + 


+ 3i — —2 (14 + i) — 5 (—i). 1.45. (a), (b) Subspace of dimen- 
sion 2, the basis is any pair of noncollinear vectors from the 
given set; (c) it is not a subspace. 1.46. (a) Subspace of dimen- 
sion n — 2; (b) it is not a subspace. 1.47. The sets indicated 
in (a), (b), and (d) are subspaces, and the set from (c) is not 
a subspace. Hint. The condition satisfied by the coordinates in any 
of the problems belonging to this series can be written in the form 
AX = O, where A-is some matrix having n columns, and X is a coluinn 
of the coordinates in a fixed basis. Therefore the dimension of the 
corresponding subspace is equal, to n— rank A, and any funda- 
mental system of solutions of the system of equations AY - 0 may 
be taken as the basis. 1.48. (a) Subspace of dimension n?-— C} = 
n(n -+ 1). 

4 3 


(b) it is not a subspace. 1.49. (a) Infinite-dimensional 


subspace; (b) it is not a subspace; (c) subspace of dimension n. [.51. 2. 
1.52. 3; one of the basis is, for instance, B — (7, Lo, Ly). 1.53. 3; 
one of the bases is, for instance, B (41, 2, Zs). 1.54. Hint. The 
given system of polynomials is linearly independent. 1.55. % (a) is 


a straight line S = f= = es (a) + bisa straight ie x = = 
ew + 1 =. 1.56. £ (a,, a) is a plane —dc -- y --- 22 - 0, 


L (a;a) + db is a plane —3zr — y — 2z2-++5= 0. 1.57. The set of 
solutions of a nonhomogeneous system is a linear manifold obtained 
from the subspace of dimension n- rank A =- 3 of the solutions 
of the corresponding homogeneous system by a shift over an arbitrary 
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n 


2 
particular solution of the nonhomogencous system, 1.62. (c) ( >it: ) 


i=1 
n / n n 
>2-YV MIS) Dd @tus 
| i--} i=! 


< > x? S’ y?. 4.63. (a) 0; (b)=—6. 1.64. (a) —4; 


T NT 
<>) 22>) vs @) 
pas 


b b 
(b) 24. 1.65. (b) ( | f(t) g(t) ar) <{ { pe(ayat) ( \ (ar); 


b b 


(\ 7 (t) ary" = ( e2 (2) ar)'” 


cl a 


b 
= ( | (f(t) +2 (0)? at) < 


b 
) 


aan if 
< ( | f? (t) at | 
cl a 
es rac. —2), eg = (—1, 1, —1, 1). 1.68. & = (e,, eg, 3), 
e; = (1, 2, a es. = HO. ~4, 1, —3), eg = (19, —87, —61, 72). 
1.69. B= e >, €2) ei. = Ae 2, 2, —1), eg = (2, a ae. 2s 
eae ae -2). 1.70. B= (€1,4 €o, fs); e, = (2, r oy A), 
4), e, = (1, 5,4, 10) 41.74. e,; = (—4, 2, —1, 3), 
C4 me 4, 3, “ty. Hint. To determine the vector ie = (x, rae 
3, t,), it suffices to find some solution of the system with respect 
to the unknowns of the two linear equations (e;, e;)=0, (€3, @,) =90. 
The vector e, is determined from an analogous system consisting of 
three equations. 1.72. e,=(2/3, --2/3, —1/3). 1.73. és= (1, —2, 4, 0), 
€4, = (25, 4, —17, —6). 1.74. eg=(0, 7, 3, —4, —2), e, = (39, 297, 
o1, --29, 5). 1.76. y=(1, --1, --1, 5), z== (3, 0, —2, —1). 1.77. y— 
(3) 1,—1, —2),z--(2, 1, —1, 4). 1.78. y = (3, 1, = ao te = (4, 
7, 3, 3).1.80. Hint. It follows from the equality |x — y eo oe: ae _ 


+ |y |? that (x, y) + Y, 2) = (@, y) + (2%, ¥) = 9, Le. (#, y) is an 
imaginary number, not necessarily equal to zero. 


b 
172 
5 i ( | ge (1) at } . 1.67. e, = fy = (1, 1, 1, 1), 


8 
Nw 

i || 
~— 
Stor 
bh 


rn 0 
2.1. It is; A = (° r o). 2.2. It is not. 2.3. It is the oper- 
00 2X 
ator of projecting on the axis given by the vector e. If e = cos a-t + 
cos? a cosfBh cos@ cosycos a 
+cosfh-j+cosy-k, then A= ( cosacosB cos? B cos ycos fh 
cosacosy cosB cos ycos® y 


0 ——ag Qo 
2.4. It is; if a@- a,i-+ ay + a,k, then A -( ds 0 1) 


—a> 0 ay 
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2.5. It is not. 2.6. It is. It is clear that. 


y=Ule, 9) r= 9. + Ya: (4) 
where y, is the component of the vector y along e, and y, ts the com- 
ponent of the vector y coplanar with the plane a. The component 


Yn = @, = (@, e)e. (2) 


The component y, is obtained from the vector x, by rotating the 
latter in the plane a through an angle q. To find y,, let us introduce 
an auxiliary vector [e, 2,], lying in the plane @ perpendicular to 
the vector z,, the triple z,, |e, z,,], e being right-handed. Let us 
decompose the vector y, along z, and [e, 2x,]: 


La . {e, L | 
= (66) ——_————— -- —— 
Ya | Lq | Ss ® late | ee eee 
= COSP-Fo+Sing-|e, ®g]. (3) 
Finally, 
Ly = &L—xX,=7 x — (2, e)e. (4) 


Substituting (2), (8) and (4) into (1), we obtain 
== (4, e) e + cos @ (x — (a2, e) e) + single, x — (a, e) e] = 
= cos @-x£ + (1 — cos @) (x, e)e + sing [e, x]. (5) 
From (5) it follows that the operator U (e, @) represents the sum 


of the operators from Problems 2.1, 2.3, and 2.4, whose matrices 
are known. 


0 1 14 (0 1 1 
2.7. It is; (2 0 '). 2.8. It is; e 0) ). 2.9.1 


3-1 1 30414 
1 021 
oe 2 351 
is not. 2.10. It is; A={ 0 1 —4 ]. 2.41. (a) A’== oy? 
ie oe 3102 
1 123 
—2 0 4 0 , os 
i eh 228-9 
(A at ae es le, He, A “(3 —{ 2). 
1 3 4 7 2-3 1 
44 AA 
213. [A+Blye=(_ sg 5 on) + 2td. [p(A)] =342—244.58= 


—, 


‘oe zs) 215. (a) (0 4 . (b) (04 
—22 49)" cs, 0 04 
0 3 v4 


0 | 


Answers 955 


2.16. 1/2 41/3 1/4 1/5\ 2.17. 1h h? he 
{ 4/2 1/3 1/4 O 1 2h 3h? | 
0 oO O 0 ° 0 0 1 3h } 
0 O 90 ) 00 0 1 


2.19. The operator is invertible if and only if A 40; Ax = +. 


2.20. The operator of projecting on the axis given by the vector e has 
no inverse. 2.21. The operator has no inverse. 2.22. The operator 
of projecting on the plane perpendicular to the vector e has no inverse. 
2.23. The operator of mirror reflection in the plane perpendicular to 
the vector e. It is invertible, and A~! — A. Hint. The latter follows 
from the equality A? = E, which is geometrically obvious, but 
it can also be verified in the following way: A*x - A (« — 2 (x, e) e)= 
= x£— 2 (a, e) e—2 (x, e) Ae = r—2 (a2, e) e—2 (a, e) (e€ — 2e) = 
=2= Ex, r€ V5. 2.24. Ate = (—2 + 2y — 2) t+ (—2x — 38y — 
— 22) j + (2x -- 3y + 22) k. 2.25. The operator has no inverse. 
2.26. U-! (e.g) = U (e, —9~) =U (—e, @). 2.27. A-! — A. 2.28. The 


operator has no inverse. 2.29. A-!x= + (rz, + 22, + 22g, 22, + 2, — 


2.34. rg = 1, _ basis Ta e= (1, 1, 1); ng = 2, basis Ny: eg = 
= (1, —1, 0), eg = (1, 0, —1). 2.36. 1 = a, a) is any nonzero 
vector. 2.37. A, = 1, 24) = zi, x40, A, = 0, v2) = yf + ck, 
ac?) 40, 2.38.4 = 0, @&) = ci, c 40. 2.39. For @  2nl, l= 
~ 0, +1, ..., the operator U (e, @~) coincides with the unit oper- 
ator. Therefore in this case 4 = 4, and x*) is any nonzero vector. 
For 9 = (1+ 1)", 1=0, +4,...,4=141, 2D = ae, a 40, 
Ao = —1, x“) is any nonzero vector perpendicular to the vector e. 
For p~anl, 1 - 0, +1, ..., the operator has the unique eigen- 
value X — 1, and xg = ae,a + 0). 2.40A, > 14, x) is any non- 
zero vector coplanar with the reflection plane, A, = —1. ght?) —. 


1 
-—ae,aA~0.2.44. A= —1, x) — o( t) a0. 2.42. A = 2, 
—1 


1 0 
x — Oy (2) +a,(0), a@, and a, are not both zero. 2.43. 4, = 
0 1 


{ 1 
=41, X®%) ~@ (1) Ag = 0, XM) = 2(2); a%0. 2.44.4 = 4, 
{ 3 
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3 . 1 
XO) = (:), a0. 245. 4,=3, XW a@ (2): he = —4, 
1 2 


{ 2 4 
XO) — g (2) a #0. 2.46. y= 1, XD = a, (1) + aol 0) ; 
4 0/ - 1 


3 
C.;, &, are not both zero; Ag — —1, X42) =—@ (5), a - 0. 2.48. For 
6 
any » =4 0, m the operator A has two eigenvalues A, (~) = cos @ + 
+ ising = e'?, A, (py) = cos p—i sin @= e’®. The corresponding 
eigenvectors are X0(@) = a oe and X (42) (9) = B Gr where 


a and B are arbitrary nonzero complex numbers. For g = 0 and 
~ = nm the operator 4 has a single eigenvalue for either case: A (9 = 
= 0) = 1, A (@ = x) = —1. In both cases the eigenvector is any 
nonzero vector from the complex space %,. 2.49. Hint. To the equality 


(A — AE) XM =: O apply the operation of complex conjugation. 
1 3— 3i 

2.50.4, -1, X@v = o( 2) Ag = 243i, X42) = o(5— 31), 
4 4 


, 3+ 3: 
Ag -2—3i1, X@9 - af 54-31); ae€C, a0. Hint. Take 
4 


advantage of the result obtained in Problem 2.49. 


1: 6 
2.52, (b) Awa=d/ha. 2.54, (_ ). 


1 —3 
—83 —59 —495d 17 13 13 
2.59. ( 107 = 83 | : 2.96. (1 s2— 8 8] : 
14 10 3 —11 e-—8 2—8 
—3/2 —2 —1/2 —1 1 1 
2.07. p-( 1/2 0 —t/2 ], o-—( y) 0 OO], 
1/2 2 3/2 —~—1 -1 1 
0 1 0 0 2/3 0 
2.08. p-(0 0 | ; o—(1 () -2 . 2.599. Rotation 
0 0 0 0 4/3 0 
through an angle @ clockwise about the origin. 2.60. ( ‘ we 
a 


1 bea —2ab)\ 7410 . 
2.61. “abe ( Dig) Ae) ; if ab =e 0; ( QO —4 for a=(0; 


—{ 0 
0 1 | for b=0. 2.62. Let a,, ..., €n€R” correspond to the 
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for b= 0. 2.62. Let a,, ..., a, € R” correspond to the column 
vectors of matrix A. By the Kronecker-Capelli theorem, a 
syslem sis compatible if and only if rank A =rank A, 1.e. the vector 
b corresponding to the column vector B belongs to the linear span of 
the vectors «@,, ..., @,, which also correspond to the row vectors of 
the conjugate matrix A* (under consideration here is the real case). 
By definition, the arithmetical vector z is a solution of a conjugate 


system if and only if (a;, 7) = 0, i= 1, 2, ..., n, and, hence, 
(6, x) = 0. The theorem has been proved. In the complex case, the 
rows of matrix A* are not vectors a@,, ..., @n, but their complex 


conjugate vectors, but the proof is performed in a similar way. 
2.63. Compatible; the general solution of the conjugate system is 
ce, e=(—1, —1, 2). 2.64. Incompatible; the general solution of the 
conjugate system iS c¢,@, + Co€., e@; = (—1, 1, 0), eg = (—1, 0, 1). 
2.65. Compatible; the conjugate system has only a trivial solution. 
2.66. Compatible; the general solution of the conjugate system as 
in Problem 2.64. 2.67. Hint. Take advantage of Fredholm’s theorem. 


4 
2.68. Only the system from Problem 2.65. 2.75. EF; = (1). 
1 


1 0 3.00 
E, -( ») [is -( ‘) A= (° () | , 2.76. The given matrix 
—1 —1 000 
1 1 0 
cannot he diagonalized. 2.77. e=( o} E,= (° ) e-(1] ; 
—1 1 0 
0 1 0 1 
o). 2.78. r= | (1), F=(1] ; 
1 —3 3 4 


0 
1 
8) 
{ 4 4 
2 0 0 { 0 9) 
a-(0 2 >| m 2.79 E,= 0 9 E,= 4 ’ EE, = 0 ’ 
00 1 0 0 1 
1 200 0 4 0 
_{ 020 0 0 1 
Fua= {_4]> 4=10 0 2 ) 2.80. ro (?) a 1]? 
_4 0002 { 0 
() —{ 4 0 () 0 
— 1 () QO 1 0 0 
E3= 4 } hy= 0} A= 0 0 —1 0 
(0) | 0 0 QO —1 
m __ () 2 -- 
2.81. (a) & eae (b) & Fe for an even m, ( o 


for an odd m. Hint. Use the formula A“=7-1D"T7T, 
.17—01176 
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190 189 —189 2/3 
2.82. eee on . 2.83. (19 127 -28). 2.84. be=() ’ 


1/3 —2/3 9 0 O 
r.-(-20), F~( 19), p-(0 —9 ). 
2/3 2/3 0 O 18 
1/2 1/7/18 2/3 
2.85. £,=|4/ya], E,= | —1/7/18 | ; F;={| —2/3 ] , 
0 —4/Y 18 1/3 
9 0 O 1/2 1/2 
D=}0 9 of. 286. Ey=| —i/Yo], F2=| i/yo], 
LO O27 0 0 
(_2 {+i ) 
0 2 0 0 Ey = 
6 » 
e=(0), dD {< 4 0). 2.87. u = | due ve | ’ 
| = = 
te lve Vo 
5 60 cf f2S 24 2 0 
D=(5 1 | 2.88 =| ; pee) D=(, 5) 
(i//2 1/2 0 | 5 00 
2.89. U = [4/72 i/y¥2 of (0 a | 
0 0 4) o 60 4 
2/3 —2/3 —1/3 100 
2.90. v=( 20 1/3 an) po(o 4 0). 
(/3> 2/3 2/2 00 7 
2 2 en] 
V5 3Y5 3 
10 O 
{ 4 2 
2.91. U= | —— = - = D={0 141 OO]. 
9 
V5 3Y5 8 € 0 9) 
eee 
( 3¥5 63 J 
6 0 


—4 0414 
3.6. (2) a-( 0 6 | wan(e { ar 
—4 2» 1 2 3 
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3—1 —1 —-1 


: 1-3 1 1 pe 
271 S| Ge ce b) A= (5 _5)- 
—1 —1 3 —1 
3.44. rit wht — : 3.12. x13 — 23? — 257, 
= 2} fiat t, = 2, — 23 — Zz, 
a re Ig= 2. 
| #2= 5 %2—¢@ fs, 3 3 
ra fo 
3 3 3 
3.13. 27+ 242 — 23", 3.14. 92{?-+ 1825? — 9237, 
ae ; 2 2 fe. x; 
a ae ,+-2o, | 3 t+ 3 t2— 3 % 
Ly = 13+ 23, a ee ee 
m= apt ah. ee 3 
2 1 2 
oa az 1 Zz tat | Bs. 
3.15. eae 3.16. —o 
( 1 f 
ee a r+-— = 23, Ly = —= 45-+—- soar 
V3 V6 % V3~ +R eT 75 
| xy. tow 1 ane . 
V8 Ve V2 PV Ver yn 
eee ee ene x ee 2X5 
t 3 V3 | V6 2 3 V3 4 V6 2° 
3.47. 9a;?-+ 18257 + 18237, 
1 2 
{[ y=t af 2 ope 3, 
12 
| 2, 41 ., 2, 348. Ellipse + y’2=4, 0’ x 
I 
Dr cig es 1 
| y= Stout oH 


( 
x (—4/5, 2/5), ee = (4/75, 2/Y5), e, = (—2/ 5, 1/V5). 3.49. 
Parabola y’2=4Y2z2', O’ (2, 1), ep = (1/2, 1/V¥2), a= 


12 


- 12 
= (1/2, 1/2). 3.20. Hyperbola = — —— =e15°O" (1,4), 


17* 
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e, = (3/13, 2/ V13),_ e, =—[(—2/ 7/13, 3/13). 3.21. _ Parallel 
a lines 2’ = + Y/5/2, O' (—3/5, —3/10),e,= (—2/ 5, 1/75), 
= (4/y5, 2/y5) or, in _ old variables, 2e—y+1=0, 2x— 


cote 0. 3.22. Ellipse — ta =1, O’ (7/6, 1/3), ey= 

ras —1/Y5), eg = (1/5, 2/5). 3.23. Parabola y’? = 
2 { 1 2 

=~", O 3, 2), = (—— _ ,@.= (=, — =e). 
gi Rem gy ae yee 
2 

3.24: (a) For A € (—o, —1) hyperbola (c — a2 + 2 ( —-) — 

aE, for ) == —1 two intersecting straight lines x — y = 0, 


2 
ney +2= 0, for 4€ (1, 0)—hyperbola («AeA ( _—} = 


3 
= h a : , for } = 0--parabola z?=2y, for A € (0, -+0o)—ellipse 
2 3 
(@—2)°-40(y—+-) =*E* 5 (b) for 2 € (<0, —1) hyperbola 


(A4—A)c?+ (+A) y2=1, O' 0, 0), e = (—1/Y2, 1/72), 
e, = (—1/¥ 2, —1/Y2), for A=—1 two parallel lines — +1=0, 
for 4€(—4, 0)—ellipse (4—A) 22+ (1+ A y2=1, O'(0, 0), 
e, = (1/73, ‘iV xe = (—1/y 2, « 4/73), for \} = 0—circle 
z+ y2= 1, forrv€ (0, 4)— ellipse (14 —A)2’*?+ (14+ A) y? = 1, 
0'(0, eae 4/V2,41/V 2), J es 1/2, —-1V 2), for’ = 1—two 
parallel straight linesz + y+1=0, for A€ (1, -+cc)—hyperbola 
Q4—Ac?+A4+A) y2=1, O' (0, 0), ae AiyV2, 4/V 2), 
22 


e, =(—1/V2, —1/Y2). 3.25. Ellipsoid aes sym 
O' (1, 2, —1), e,= (1/3, 2/3, 2/3), eg=(2/3, 1/3, —2/3), eg=(2/3, —2/3, 


2 42 
1/3). 3.26. Hyperbolic paraboloid —-— or see 225 Oly 23.3), 
= (—2/3, 1/3, 2/3), eg = (4/3, —2/3, 2/3), eg = (2/3, 2/3, 4/3). 


y’2 z'2 


Akg ae , 
3.27. Hyperboloid of two sheets a5 + GAs — Was 4, 0’ (0, 
, —2/5), ey = 4/72, —1/Y2, 0), eg = ae aa 0), €g = 


= (0, 0, 1). 3.28 Elliptic paraboloid = 72. 
( i i 5 San ir 


o’ (—1/40, —19/40, 1/2), e,= (1/6, 1/6, —2/ 76), e, = (1/3; 
1/V3, 1/3), eg = 1/¥2, —1/ V2, 0). 3.29. Parabolic cylinder 


y= x’, O' (2, 1, —1), e=(2/3, 2/3, 1/3), eg=(2/3, —1/3, —2/3), 
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$e gi? oy"? 
e, = (1/3, —2/3, 2/3). 3.30. Elliptic cylinder oF 4. as 1, 
ont 1, 0), e, = (4/3, 1/f3, —1/3), e, = (1/V¥6, —2/ 76, 
—1/ V8), oe = 2s 0, 1/72). 3.31. Hyporboloid of one sheet 
19 19, _ 
2) ¥* "4 or (4/3, —2/3, 2/3), e, = (1/3, —1/ 73, 


Ta eT 
1/3), e, = (1/6, ae a V6), e3 = (1/Y2, 0 : oa 1/ y 2). 


at ee aad - 
3.32. Hyperbolic cylinder ie = ag —=1, 0’ (4/6, 1/3, —5/6), 


ey ee 0, —1/V2),e=(4/73, —1/Y3,1//3), e, = (4/6, 
2/6, 1/6). 
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DIFFERENTIAL CALCULUS: 
FUNCTIONS OF ONE VARIABLE 


SEC, 5.1. 
DERIVATIVES 


1. The Derivative Defined. Differentiation of Explicitly Represented 
Functions. Let Af (z,, Ax) = f (x) + Az) — f (zo) be the increment 
of the function y = f (x) at the point x) corresponding to the increment 
of the argument Ax. The derivative of the first order (or the first de- 
rivative) of a function y = f (x) at a given point z, is defined as the 
limit 

Af (zo, Az) 


’ (z,) = lim ——————. 1 
f ( 0) Ae Az ( ) 
The numbers 
: Af (xp, Az) 
9 (x,)= lim ——— 
f (x9) ae Az 
and 
: Af (z% , Az) 
ee) —>] lm ——— 
fy ( 0) Ag Az 


are called, respectively, the left-hand and right-hand derivatives of 
the function y = f (rz) at the point z,. For the derivative f’ (x9) of 
the function f (z) to exist at the point zy, it is necessary and sufficient 
that its left-hand and right-hand derivatives exist and coincide at 
this point, i.e. - ers 
2 (xo) = fy (Zo). 


Example 1. Find f. (0) and fi (0) for the function f (xz) = | z |. 
By definition, we have 


[Az] ,, — Az 


‘(O= lm —— lim =——1 
ee) Ax+-q Az Ax+-Q Az 
and 
Az | : Az 
4 (0)= lim | — lim ——=1 
1) 0 Az Ax+>+0 Az 
Note that the function f (x) = |x| has no derivative at the point 


t = 0, since f2 (0) = fi (0). 
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The derivative of the function f (z), considered on the set of those 
points where it exists, is a function itself. The process of finding 
the derivative is also called differentiation. 

Table of derivatives of basic elementary functions: 


1. (x2)? = ax@-1,a 40. 
2. (a*)’ = a* Ina, a >O; (e%)’ = e*. 


8 | 


3. (logg zr)’ =log,e- = ,a>0, a 1; (Inz)’= 


4. (sin x)/=cosz. 


Qo. (cos x)’ = —sinz. 

6. (tan z)’= a, 

7. (cot z)’ = —— 

8. (are sin x)’ = — (arc cos2)’ aay er : 
9. (arc tan x)’ = —(are cot z)’= is ; 


Rules for differentiation of functions: 
1. Let C be a constant and let f (z), g (z) be differentiable func- 
tions. Then: 


je (42 eine 0 
2. (f+ s)'=f' +8’. 
a: (Cf) = Cf’. 
oe) Spe Ie 
f } f'e—s't 
(Ly afeset ego, 
g ae i 
If. Let the function y= f(z) have a derivative at the point 
x, and let the function z = g (y) have a derivative at the point yo = 


= f (z,). Then the composite function z = g (f (z)) has a derivative 
at the point z,) equal to 


2’ (to) = 8’ (Yo) f’ (Zo) (2) 
(the rule for differentiation of a composite function). 


Example 2. Find the derivative of the function z = log, (are sin z). 
Setting z= log, y and y= arcsinz, we have 


4 4 
z’ (y)=logge-— and y’ (c)=————_—.. 
Hence, according to (2), we obtain 
logs € { 


(=e sing To 
are sin V1—z 
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In Problems 1.1 to 1.3 find Af (z,, Az) if 

11. Cy ae a. ee Re S01. 

1.2. f(r) = Vaz, x, = 1, Ar = 0.25. 

1.3. f (xz) = log z, x == 100, Ax = —90. 

In Problems 1.4 to 1.7 find Af (z), Az) as a function of 
Ax if 

1.4. f(x) =sing, ry=>. 
We have 
Af (+ ‘ Ar) = sin (+ +. Ax )—sin 7 

qt Az 


_ og, At = - 9g AL 
= 2s1n pe oe (+ t=) = 2 sin ie 


1.027 (2) = oe. Gee St. 1 7 OG) = ea SS 1 
176 7 (a) -= legs-2,. 2 = 4. 
In Problems 1.8 to 1.12, using only the definition of the 


derivative, find f’ (z). 
1.8. f (x) = cot x. 


We have: 


fot r\'e- lam COL (e+ Az)—cot xy. sin (— Az) 
rob!) = Ax - om Az sin x sin (z+ Az) 
oe Ps 4 wy 
T Ax+0 Sinz sin (z+ Az) gin? a 
4 i 
1.9. f(z) =e 1.10. f(t)=Ve. 


1.11. f (x) = 2”. 1.12. f (z) = log, z. 
1.13. It is known that f (0) = O and there exists the limit 
f(z) 


lim ——. Prove that this limit is equal to f’ (0). 


1.14*. Prove that if f (x) has a derivative at the point 
Xo, then 


Lim LG) Fl Gf (a4) — al" (to) 
In Problems 1.15 to 1.19 find f" (x9) and f, (v9) for the 
given f (z). 
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1.15. f(z) = |Ja—1)J4+ i241 |, z = +1. 


1.16 a os}; { 
" f(a) =| —g?427, 2>1, % * 
We have 
; .  f(z)—f() 
J a aa r—1 Pe zr—1 = 
and 
ray ue FMF) 
ae aes ae 
= lim a lim (x—1)=0. 
x+1+0 x7+1+0 
1.17 | . saa 
7 a z2inz, x>0, ee 
1.48. f(z) =V1—e-*, 2,=0. 
1 x == 0, 
1.19. f(x)= Ly — 0. 
" aR , £0, 


1.20*. Show that the function 


jaye x30, 


xz=0 


9 


is continuous for x = QO, but has neither a left-hand, nor a 


right-hand derivative at this point. 
In Problems 1.21 to 1.76 find the derivatives of the given 


functions: 


1.24, y=3—2242a4. 1,22. y= — 3 


az ° 


1.28. y-=—S—-4. 1.24, y= 2 


x a : z+i° 
ed (72 2 2 
1.25. y~—z——. 1.26. y= (2? —1) (2? —4) (x + 9). 
_ 1432? _ 1 
1.27. y= Tie 1.28. a i 


266 Differential Calculus: Functions of One Variable 
_ at+obsz 

129. y= Ta ; 1.30. y= aa 

a2 1 _ 2+ Vz 
1.31. ol ae 1.32. same ST oo Vt . 
1.33. y = (Vz—1) Me as 1). 1.34. y=33/ p23, 
1.35. y=(3 Sieg aaa 

‘ 4 3 

1.36. YT Va 1.37. y= cot z. 
1.38. y= a . 1.39. Y=Taane- 
1.40. y=Vasinz. 1.44. y=x?/ 72 (2 In c—3*). 


1.42. 


y = 32° log, t+ =. 1.43. y=2 sin x—3 tan 


| ae feet ae 

1.44. Y= ater 1.45. you? Ya a. 
4— x g2 -Oe 

{.46. y= Thar: 1.47. y=sin->. 

1.48. y=6 cos =, 1.49. y= (1 + 42%). 

1.50. y// (1+322)%, 1.54. y=sin? =. 

1.52. y=V1-+sin 4z—V 1—sin 4c. 


1.03. 
1.90. 


1.57. 
1.58. 


1.99. 


(.64. 


y=xarcsinIinz. 1.54. y=cos* (+--+). 


y= aes sin? zx)3, 1.56. y=x2e. 
y==e3 cos’, 
y=: > Va+a+— In (z@-+-V 2? +a). 


Ch. 


Z. 


y= In tan (++). 1.60. y=In’ te. 


y = V/ arccot =. 1.62. y — / t+tan(2+44), 


2. 
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3 
1.65. y=are tan(a4—V'1 -+ 22). 


, b-+acos z 
1.66. y= —_____——— 
6. y =arccos ach cose 


1.63. y= cos? (sin =) » WpO4: y= / sin V x. 


ex? 


1.67. y=Vxe2. 1.68. yar. 


x 


1.69. y=2i=, 1.70. y= 2Vsin®x, 
1.71. y= 32”. 1.72. y=Inzx-logz—Ina-log, z. 
1.73. y=log, In2z. 1.74. y =e Vin (axt+bete), 


1.75. y==Inarctan /1-- 2%. 1.76. y=:In(2+V @+2?) . 


In Problems 1.77 to 1.80 find the derivatives of the given 
hyperbolic functions: 


1.77. sinh = TS (hyperbolic sine), 
1.78. cosh z =. ore (hyperbolic cosine), 
1.79. tanh x= S02 (iiyperbolic tangent), 
1.80. coth x= Sone (liyperbolic cotangent). 


The logarithmic derivative of a function y = f (x) is defined as 
the derivative of the logarithm of this function, i.e. 


, YY 
l ee ag 
(In y) 


Taking the logarithm prior to finding the derivative often simplifies 
the computation of the derivative. 


Example 3. Find the derivative of the function y — eteet ; 
zr— 


We have 
| 


Iny=- (In z-t-In (x —1)—In (x—2)) , 


: | 1 1 
(ny) = at (—4+—-)} 
ae 


x xr—1 r—2 
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whence 
x2*—4zr+2 
2 Vz (e—1) (e—2)8 © 
Example 4. Find the derivative of an exponential composite func 
tion: y =(4 ++ =). 
Taking the logarithm, we obtain 


y’ == (In y) ey = 


Iny=z In (1+—) ‘ 


Then we find the derivatives of the left-hand and right-hand members 


(In y= =In (i++). 
Consequently, 
ymunyy-rm(4£) (In(14t) gp). 


In Problems 1.81 to 1.92, taking first the logarithm of 
the given function, find then its derivative. 


| __ (e©—3)? (22-1) — & “(@+2)(e—1)? 
1.81. aie Co | aa 1.82. y= V ——— 5 
1.83. Ve+2 


YS TFT | 
x—1 
1.84. y = x3 V SS: 
1.85. y=a% 1.86. y=22". 


2375 41 /x 
1.87. y=Va"™. 4.88. y=-(Inz). 
1.89. y = (sin x)arcsine, 1,90, y = xx”. 
1.94. y= 4.92%, y a ax? 4 22" 4 20%, 


yin x 


In Problems 1.93 to 1.97, introducing intermediate vari- 
ables, compute the derivatives of the given functions: 


1.93*. y= In (cos?z+V 1+ cos? z). 
1.94. y= (arc cos x)? In (arc cos =). 


—x? . : — x? 
(67a 
V 1—e- 2% 
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1.96. y= Tat are tana”. 
1.97*. Let 
x2+t2xr, r<0, 
I tLaxr-+b, z>0. 


Find the coefficients a and 6 such that the function f (x) is 
continuous and differentiable at the point z, = 0. 


1.98. Let 
—, fels4, 
f(z)=y |*' 
ax*+-b, |r| <4. 


Find the coefficients a and b such that the function f (z) is 
continuous and differentiable al any point. 
In Problems 1.99 to 1.132 find the derivatives of the 


given functions. 


1.99. y= JIE. 1.100. y=V ttV c4Vor. 
1.104. y="*Y (1— a)™ (4+4+2)". 


1.102. y--sin (cos? x)cos(sin?z). 1.103. y= 


1.104. y= (4) (2) (ZY, a, b>0. 


cos” max ° 


b 
1.105. y= In (In" mz). 
1.106. 1,2 V-¥2 


P26 2 V84VR- 

1.107. y=log,sin (2n2++). 

1.108. y= arc tan (tan? 2). 

1.109. y—log,e. 1.110. y=(sinx)°**. 

1.444. y= Voo™*. 1.112. y= Voosz-a Voss, 
1.413. y=In (sinh 2) +55. 

1.414. y=arc tan (tanh 2). 
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1.1415. y=e“sinhaz. 1.116. y =-are cos (- az): 


1.417. y=I1n [2]. 
The function y = In| z|{ is defined VzeR, x +0, and 


iene In z, x>0, 
en ={in( a) r<0. 
Hence, 
1 
ere 
(Inja|)= i ad roe 
ae x<0O 
1.448. y = arcsin =. 1.419. y = | sin x |. 1.120. y = 
= | arc tan z |. 


1.121. y = [x] xz, where [z] is the integral part of the 
number z. 
The function y = [z] z is defined VzE R. UKE Z, then y = ker 
for x€[k, k +1). Therefore 
y’ =k, x€ (k, k +1), 
and at the points z= k, k € Z: 
jL(k)=k—1, [2 =k. 


1—z, «<0, 
1.122. y=| oo nea 
Lt. rz O, 
es | In(4+2), 220. 
we-*, |z[<14, 
1.124. v=\he rare 
a2 3 / 3-2 
1.125. OO hoag (-- 2)?" 


1.126. y = («4 —a,)™ (« —a,)* ... (x —a,)™. 
1.127. y = a*. 1.128 y = (log, a)”. 
1.129. y--sin (sin (sin x)). 1.130. y =(1/x)'/*. 


1.131. y= In SSin eos 
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sin ax 


1.432. y= 3 oH FS 


cos bz * 

1.133. Prove that the derivative of an even function is an 
odd function, and the derivative of an odd function is an 
even function. 

1.134. Prove that the derivative of a periodic function is 
again a periodic function. 

{.135*. Find f’ (z,) if f (xz) = (« — Zp) @ (x), where the 
function @ (z) is continuous at the point Zp. 

Let @ (x) and » (x) be differentiable functions. Find the 
derivatives of the following composite functions (Problems 


1,136 to 41.139): 
1.136. y == Vp? (x) + wp? (2). 1.137. y = arc tan 
1.138. y = wp (x), w (xz) > 0. 
1.139. y = loggayp (x), @ (x) > 0, (x) > 0, @ (x) # 1. 
Let us pass to natural logarithms: 


In  (z) 
In@(z) * 


(Z) 
(x)" 


y = log Sox) P (2) =7=—_- 


fence we find 


gp” (2) 
@ (z) 


p’ (2) 


va) 


In p (z)-— 


In? @ (zx) 


In tp (2); 


= 4 yp (z) gz) 
«Ing (2) ( plz)” @(a) 

Let f (z) be an arbitrary differentiable function. Find y’ 
(Problems 1.140 to 1.143): 

1.140. y =f (Ina). 1.1414. y = In (f (x)). 

1.142. y =f (e*)e™. 

We have y’ = f’ (e*) eXef(*) + f (eX) ef) f’ (2) = ef(®) (e%/’ (e*) = 
= {’ (x) f (e*)). 

1.143. y =f (f (2)). 


2. Differentiation of Functions Represented Implicitly or Parametri- 
cally. The function y = f (x), x € (a, b) is said to be represented 
implicitly by the equation F (z, y) = 0 if for all z € (a, b) 


F (a, f (z)) = 0. (3) 
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To compule the derivative of the function y - f (x), one should 
differentiate identity (3) with respect to x (regarding the left-hand 
member as a composite function of zx) and then solve the obtained 
equation with respect to f’ (z). 

Example 5. The equation xz? + y? = 1 defines implicitly on the 
interval (—1, 1) two functions: 


yy (et) = V1 — 2, (4) 
yo (2) = —VT— a, 


Find their derivatives without using explicit expression (4). 
Let y (x) be any of these functions. Then, differentiating the 
identity x? + y? (x) = 1 with respect to z, we obtain 


2x + 2y (z) y’ (x) = 0. 


Hence 
j zx 
9) ee 
ow! y (x) ’ 
i.e. 
3 x x 
2) SS SS 
eC eg pe 
and 
; x zx 
Ce SS 
a) Y(t) W/{—z2 
Example 6. Deduce the rule for differentiation of an inverse 
function. 


If «= f(y), y € £, is the inverse of the function y = f (2), 
z€QD, then for all y€ F& the following equality is fulfilled: 


fifty) —y=0. 


In other words, the inverse function x = f-! (y) is a function repre- 
sented implicitly by the equation 


f(t) —y = 0. (5) 


To compute the derivative of the function z = f-! (y), we differ- 
entiate (5) with respect to y: 


f’ (z (y)) x’ (y) —1= 9, 
whence 


Bak 1 
7W=TEG ° 


For implicitly represented functions as also for composite functions 
we shall also use symbols of type y;. to denote their derivatives when- 
ever it is necessary to indicate with respect to which variable differ- 
entiation is carried out. 
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1.144. Compute the derivative y, at the point « = 1 if 
3 _ 2e*y* + ocr + y —5 = 0, y (1) = 1. 


1.145. Find y, at the point (0, 1) if e’ + zy =e. 
In Problems 1.146 to 1.157 find y; for the indicated implic- 
itly represented functions. 


1.146. =} 4. 1447, ch pyt = ay? 


1.1448. Vz+Vy=Va,a>0. 1.149. 2y ny =z. 
1.150. e* sin y — e¥ cosx=O0. 1.151. sin (zy) + 
+ cos (zy) = 0. 
4.452. 2% + 24 = 2**¥, 1.153. 2 —y = arc sin x — 
— arc Sin y. 


1.154. are tan 7 =InV 22+ y?. 


1.155. xy = arc tan = ; 


14156. 2% —y*. 4.457. a= (=). 


1.158. Prove thatithe ‘function fy? defined by the equation 
zyj—Iny=1 “satisfies the equation y? + (zy —141)y’ = 0 
as well. & 

In Problems 1.159 to 1.162 find the derivative of the in- 
verse of the given function. 

1.159. y = sinh gz. 


x. eprX 
By definition, we have sinh z= —— since (sinh xz)’ = 
_ ae e -% 
ay > 0 for all z¢€ R, the function sinh x increases mono- 


tonically throughout the entire real axis, and, consequently, has 
an inverse denoted as sinh-! x. According to the differentiation rule 
for an inverse function, we obtain 


re Uo soe ee 
ty -=(sinh™ y)’ = yy. e*te*X  coshz 


{ 1 


Vitsnhts  Vtry 
Consequently, passing to ordinary notation, we have 
1 


Vite 


(sinh-} x)’ — 


18—01176 
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1.160*. y = cosh x. 1.161. y = arc sin 2*. 

1.162. y = 22% — a, x € (1/2, +00). 

Let y = @ (x) be the inverse of the given function y = 
= f (x). Express a’ (x) in terms of x and a (z) if (Prob- 
lems 1.163 to 1.167): 

1.163. y = 2*. 


Taking into consideration that 
(x*)’ = x* (In « + 1), 


we obtain: 
4 4 4 


Uys (Inet) y(ina(y)+4) ’ 
since z—a(y). In ordinary notation: 
4 
xz (Ina (x)-+1) ° 
1.164. y= 2x+e. 1.165. y = (1/2) 2 + 23. 
1.166. y = x + log, xz. 1.167. y= zxInz. 


Let there be given two functions: 
z= 9(t), y= vt), t€ @, B). (6) 


If the function z = g (t) has an inverse ¢ = @-! (zx) on the interval 
(a, B) then a new function is defined: 


y (e) = P (p> (2), (7) 
which is said to be reprsented parametrically by relations (6). Differ- 
entiating (7) with respect to z and applying the rule for differentiation 
of an inverse function (Example 6), we obtain 


a’ (4) = 


eVieten Tee Ee, (8) 
Example 7. Find yg if 
z= cos*?t, y = sint, t € (0, /2). 
Since py = cost, @; = --2costsint, by formula (8), we find 
; 4 
4x OD Sint ° 


In Problems 1.168 to 1.179 find y; for the functions repre- 
sented parametrically: 


1.168. 2 = 2t, y = 30? — St, t€ (—cw, +00), 
109. 2022 4 2) = 0D. FE ( 00, boo). 
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4 t \2 
1.470. + - 775. Prete) Pena, 
1.171. « = 27*, y = 274, £ € (—co, +00). 
1.172. x = acoso, y = bsing, @ E (0, x). 
1.173. xz = tant, y == sin 2t -+ 2 cos 2t, t € (—mn/2, m/2). 


1.174. x-=arecos—— : 
Vite 


y =arc sin 


Vi+t 


£€(0, -b oo). 


1.175. < = In (4 + #?), y= t —arctant, t€ (0, 4-co), 
1.176. x = 3 log, cot t, y = tant + cott, t€ (0, 2/2). 
1.177. x = arc sin (t? — 1), y = arc cos 2t, t€ (0, V 2). 
1.178. c= j/1—-Vt, y= V1—j/t, t€(, +00). 
1.179. x =asinht, y = bcosht, t € (0, +00). 
In Problems 1.180 to 1.83 find y, at the indicated points. 
1.180. 2--tint, y= Bt, t=4. 
1.181. 2 i (icost —2 sin b), 

y = t (t sin t 4- 2 cos f), 
1.182. zc = e' cost, y =e'sint, t = n/6. 


3at 3at? 
1.183. t=7TT A» Y= Tp 


t= n/4. 


ll 


3. Derivatives of Higher Orders. The derivative of the second order 


of the function y =: / (z) is defined as the derivative of its first deriv- 
ative, 1.e. 


In 
as 


Vita 


18* 


y” (x) = (y’ @))’. 


general, the derivative of order n (or the nth a hee is defined 
the derivative of the derivative of order (n — 1), 


y(™ (xz) = (y(™) (z))’, n= 2, 3, 


; dny , 
For the derivative of order n the notation = is also used. 
Example 8. Find y” if y= In(z+ Y1 +22). We have y’ = 


1 Consequently, 


Hy 


“o(aps) =a 
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In Problems 1.184 to 1.189 find the derivatives of the sec- 
ond order of the given functions. 


1.184. y = cos* x. 1.185. y = arc tan 2’. 
1.186. y=log, »/1—22. 1.187. y=e-*. 
1.188. y=S2S2* 4.489%, yaar’. 
88. y i 8 y=2x 
1.190. Find y’ (0), y” (0), y” (O) if y (2) — e* sin 3z. 
1.191. Find y” (2) if y = In (@ — 1). 
1.192. Find y!V (4) if y = z3 Inz. 
1.193. Find y (0), y’ (0), y” (0) if y = 25!"* cos (sin 2). 
Let f (wu) be a twice differentiable function. Find y’ and 
y” if (Problems 1.194 and 4.195): 


1.194. y- f(z). 1.195. y=In f(e*). 


Let u (x) and vu (x) be twice differentiable functions. Find 
y’ and y” if (Problems 1.196 to 1.198): 


1.196. y= y? (u>O0). 


We have Iny=vinu. Hence we find 


, , 
v 

J —y' Ip u-- —uwu’, 
Y u 


y’=y (v’ Inu-+ =u!) =u (r In u-+ <u’), 


, , r oe 7] = D) 
y"=y' (v’ In u+ — u'\+y (v' In u -+— pee 


uw 


; wu’ | 2 uu” —u’? 2u'v" 
u popu nu) + p—————-}- 


u“ Uu. 


Ly" In u). 


1.197. y—- Vu2+ v3. 1.198. y=In—. 


In Problems 1.199 to 1.204 find the formula for the nth 
derivative of the given function. 

1.199. y= 2”, mEN. 1.200. y = a®*, KER. 

1.201%. y -- sin x. 1.202. y -- Ina. 


1.203". y—costx. 1.204. y=" 
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In Problems 1.205 to 1.207 find the indicated derivatives 
of the given funclions, by expanding them into a linear com- 
bination of simpler functions. 


1.205. y=, find y™. 


x2— 41’ 


Let us transform the given expression to the form 


20 - A I 
a 
Since 
4 (n) 1 
(ss) =(—1)?n} (c+ 4jrt? 
we have 
1 1 
ym =(— 1) nl (erpert oper): 
= 4 5 
1.206. Y ~ 7232-2 9 find y$ 0), 
1.207%. y=—t2 | find y. 


Vi—z’ 


Let w (zr) and v(x) have derivatives up to order n inclusively. 
Then for the nth derivative of their product u (x) v (x) Leibniz’ for- 
mula is valid: 


Th 
ats ») Ch yn-Wyh 
k=0 
where 
n(n—1)... (n—k-+1) n} 


uO --u, ypo— yp and CR a= 3 — 


eee kl (n—k)t 
are binoinial coefficients. 

In Problems 1.208 to 1.242 find the derivative of the indi- 
cated order of the given function, applying Leibniz’ for- 
mula. 

1.208. y = (22 ++ 2+ 1)sinz, find yO. 

1.209. y = (x? — x) e*, find y®. 

1.210. y = sin z-e*, find y. 

1.211. y = x log, z, find y“. 
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1.212. y = zsinha, find yO, 
1.213*. Show that 


(e* cos br) = re cos (bx -+ ng), 
where r= V @ + 67, tang= a 


1.214. Prove that (x"te1/x)™ — (—1)” 


grt ° 


1.215. Compute the rth derivative of the function 
3z +2 


i= 5s at the point x=0. 


By hypothesis, we have 
y (x) (x? — 22 + 5) = 38x 4 2. 


Let us differentiate this identily times, using Leibniz’ formula. 
Then (for n> 2) we obtain 
ee n(n—i1) ._ 
y™ (x) (x2? — 2x45) +4 ny) (22 —2) 4-5 y™® (2) -2=0, 


whence for z=0 
By ® (0)—2ny™-» (0) -n (n—4) y™® (0) =0, 
or 


y’™ (0) == = nym) (0) 2) 


y6r—2) (()), 


We have obtained a recurrence formufa for determining the rth 
derivative at the point x - 0 (n> 2); y (0) and »’ (0) are found 
directly: 


2 — 322— 474-19 19 
() freee ? SSS — — 
a AE egy reap oe 
Then, setting in turn n -- 2, 3, 4, ..., with the aid of the recurrence 


formula, we compute the derivatives of higher orders. 
For instance, 


In Problems 1.216 and 1.217, applying the method described 
in Problem 1.210, find the derivative of the fourth order 
of the given function at the point z = 0. 
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1.216. y> Se, cH“#0. 1.217. y ote 


1.218. Show that the function re = arc Sin x satisfies the 
differential equation (4 — x?) y’ : 

1.219. Show that the Fonction 3 y — 0 er 4+. Cy en + e* 
salishes the differential equation y” 0 + 4y = & 

1.220. Show that the function y = e~* cos z satisfies the 
differential equation y“¢Y)+ 4y = 0. 

{.221. Show that the function y = 2” (cos (In x) + 
- sin (In z)) satisfies the differential equation z’y” + 
+ (1 —2n) zy’ +14 ny = 0. 

In Problems 1.222 to 1.226 find the second derivative of 
the function represented implicitly. 


tan ¥y 


1.222. Vrrtyt=ae x a>Qd0. 


Differeutiating the equation defining the function y (zx), we obtain 


cH yy’ are tan 7 yay yoy 
— ae m = ——————— 
V/ 22+ y? x2 + y? V22+y? 
Hence, 
t+ yy =ry'—y (9) 
and, consequently, 
ee ae (10) 
v—Y 


Differentiating (9) and making use of the expression (10), found for 


y’, we get 
jf ee) 
(x—y)* 
1.223. y® = 2px. 1.224. y = 1 + xe’. 
1.225. y = tan (x + y). 1.226. e~-Y = xy. 
1.227. Deduce the formula for the second derivative of 
the inverse of the given function y = f (2). 
1.228. Prove that if (@ + bx) eY/* =a, then zy" = 
= (xy’ — y)’. 
: bas 1.229 to 1.233 find the second derivative of 
the function represented parametrically. 
1.229. c = Int, y = #?, t € (0, +o). 
We have 


, 
Yx = yp = 388 
t 
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and 


c\e 
” — ( x) xe = ( tl = (Yor) Laer 
Ya = WY x) xe = VY x) 3° OX z 1/t : 


! 


Note that in the present case the parameter ¢ is readily eliminated 
from the given equations by putting t = e*. Consequently, the expres- 
sion for yx, as a function of x has the form yx, = 9e*. 

In the general case, if z= 9 (t), y= (t), then yx, Is com- 
puted by the formula 


p’ (t) wp’ (é) 
‘ee VO? O—e’ Mv) IP OWE 
a (g’ (t))§ (p’ (#))8 
1.230. c = sect, y = tant, t € (0, x/2). 
1.231. x = arc sin t, y = In (1 — #*), t € (4, 1). 
1.232. «= arctant, y= In (i+ #7), t€(—oo, -+oo). 


1.233. x = acos?t, y = asin? t, t € (0, n/2). 
1.234. Show that the function y (x) represented para- 


metrically by the equations x=sint, y= ae’ V2 
1. betV2,t€ (—n/2, n/2) sa- 
tisfies the differential equation 
(1 — x") X Yaw — LYx = 2y 
for any constants a and Bb. 


4, Geometrical and Mechanical 
Applications of the Derivative. The 
magnitude of the derivative *f’ (z,) 
ipa ee of the function y=f (z) at the point 
Zy is equal to the slope k = tan p 
of the tangent line TT’ to the graph 
of this function drawn through the 
point My (Zo, yo), where yo = f (Zo) 
(see Fig. 46)¥(geometrical meaning 
of ig derivative). . 

wo: «6 Fie. The equation of the tangent 

: tal Fig. 46 lineTT’ to thegraph of the function 
y =f (z) at [its point My (zp, yo) ‘has the form 


¥-? (2) 


Yy — Yo = fF (%q) (& — 2). 


The straight line NN’ passing through the point of tangency 
M, perpendicular to the tangent (line) is called the normal to the 
graph of the function y = f (x) at this point. The equation of the 


normal is 
(zx — 2) + f' (2%) (y — Yo) = 0. 
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In Problems 1.235 to 1.240 write the equations of the 
tangent and the normal to the graph of the given function 
y =f (x) at the indicated point if: 

1.235. y = z* —dxr +4, x = —1. 

1.236. y = 2° + 22? —4r —3, x = —2. 

1.237. y= Vz, z= 4 

1.238. y = tan 2z, xz, = 0. 

1:239. 9-2 2 = 1. 

1.240; =e" >. oy. - 1. 

1.241. Write the equations a the tangent and the normal 


to the curve x = te 


M, (2, 2). 
1.242. Write the equations of the tangent lines to the 
curve 


——-, y= a + 5 —~=£0, at its point 


x= tcost, y=tsint, t € (—oo, + co) 


at the origin and at the point ¢ = m/4. 

1.243. Write the equations of the tangent and the norma! 
to the curve z® + y? -+- 2x —6 = 0 at the point with ordi- 
nate yy = 3. 

1.244. Write the equation of the tangent line to the curve 
x -+ y® — 2xzy = 0 at the point M, (1, 1). 

1.245. At what angle does the graph of the function y = 
= e*/2 intersect the straight line x = 2? 

1.246. At what point M, of the curve y* = 22° is the 
tangent linefperpendicular to the straight line 4% — 3y |- 
| 2=0? & 

{.247. Find the coefficients b and ¢ in the equation of the 
parabola y = 2? |- bx -- c which touches the straight line 
y = x at the point M, (4, 1). 

1.248. Show that the tangents to the hyperbola y =— ~* 
at the points of its intersection with the coordinate axes are 
parallel to each other. 

1.249. Write the equation of the normal to the graph 


of the function y = —/ x + 2 at the point of intersection 
with the bisector of the first quadrant. 

1.250. Write the equation of such a normal to the parab- 
ola y = x? — 6x -++ 6 which is perpendicular to the straight 
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line connecting the origin with the vertex of the parabola. 

1.251. At the points of intersection of the straight line 
x —y + 1=0 and the parabola y = x? — 4x4 + 5 nor- 
mals are drawn to the parabola. Find the area of the triangle 
formed by the normals and the chord subtending the indic- 
ated points of intersection. 

1.252. Show that the normals to the involute of a circle 
x == a(cost-+¢tsin t), y = a(sint —tcost) are tangent 
lines to the circle x? + y? = a’. 


The angle between two curves y = f, (x) and y = f, (x) at their 
common point M, (zo, Yo) is defined as the angle between the tangent 
lines to these curves at the point My. 


1.253. Prove that 


fx (0) — fi (Zo) 
1+- fi (20) fo (20) ° 

In Problems 1.254 to 1.257 find the angles at which the 
given curves intersect. 

1.254 y = 2? and y = 2°. 

1.255. y = (« — 2)? and y = 4x — 2° +4. 

1.256. y = sin x and y = cosz, x € (0, 2a]. 

Fe 2 a a 
4.257. 2? + y® = 8axr and y 55S 
1.258. Prove that the sum of the segments intercepted 

by the tangent line to the curve 2 ¥/? + y'/? = a'/* on the 
coordinale axes is equal to a for all of its points. 

1.259. Show that the segment of the tangent line to the 
astroid 27/3 -Fy?/ -= a?/? contained between the coordinate 
axes has a constant length equal to a. 

1.260. Find the distance from the origin to the normal 
to the line y = e* + 2? drawn at the point with abscissa 
EV. 

1.261. Prove that the segment of the tangent line to the 
tractrix 


{an oO = 


a a+ Vat—x? <5 6 
y ln ——W— J) a*— 2%, 


contained between the axis of ordinates and the point of 
tangency has a constant length. 
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If a curve is given in polar coordinates by the equation r = r (gq), 
then the angle @ formed by the tangent line 77” and the radius vector 


OM of the point of tangency M (Fig. 47) is determined by the rela- 
tion 


tan p= Ze) : (12) 
ro 

1.262**. Derive formula (42). 

1.263. Find the angle 0 between the tangent line and 
the radius vector of the point of tangency for the logarithmic 
spiral r = ae®®, 

1.264. Find the angle @ be- 
tween the tangent line and the 
radius vector of the point of 
tangency for the  lemniscate 
r= G" COs 20: 


If{x = zx (t)isa function describ- 
ing the law of motion of a mate- 
rial point, then the first derivative 


d ., aa — 
= == zg is the velocity, and the second Mig. 47. 

bias hei WEA, Oe : ; 
derivative — = x is the acceleration of this puint at instant ¢ (me- 


chanical interpretation of the first and second derivatives). 


1.265. ‘The law of motion of a inaterial point in a straight 
line has the form x = (1/4) t* — 48 + 162. 

(a) At what instants of time is the point found at the 
origin? 

(b) At what instants of time does the direction of its 
molion coincide wilh the positive direction of the z-axis? 

(c) Al whal instants of time does its acceleration equal 
Zero? 

1.266. Find the velocity of a harmonic oscillation with 
amplitude a, frequency w, and initial phase @ == Q. 

1.267. A body of mass 4 performs a rectilinear motion 
according to the law x = @ }- ¢ + 1. Determine the kinetic 
encrgy of the body al the moment of time ¢ = 5. 

1.268. At what instant ¢ € 10, 27] the forces must cease 
to act so that a point performing harmonic oscillation 
x — cos 3 will continue lo move uniformly with velocity 
U =a) 2. 
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1.269. A point moves along a logarithmic spiral r = e*?. 
Find the rate of change of the polar radius if it is known 
that it rotates with a constant angular velocity o. 

1.270. A point moves in a circle r == 2a cos q. Find the 
rates of change of the abscissa and ordinate of the point 
if the polar radius rotates with angular velocity w. 

1.271. At what point of the ellipse 16x? + Yy? -= 400 
does the ordinate decrease at the same rate with which the 
abscissa increases? 

1.272. The radius of a sphere changes at a rate v. At 
what rate do the volume and surface of the sphere change? 

1.273. A wheel revolves so that the angle of rotation 
is proportional to the square of time. The first revolution 
was completed by the wheel during the time T = 8 s. Find 
the angular velocity w at the instant of time ¢ = 32s after 
the beginning of motion. 


SEC, 5.2. 
THE DIFFERENTIAL 


{. Differential of First Order. A function y = f(z) is called diffe- 
rentiable at a point zp if its increment Ay (z,, Ax) can be repre- 
sented in the form 


Ay (9, Ax) = AAr + o (Az). (1) 


The principal linear part A Az of the increment Ay is called the dif- 
ferential of this function at the point z), corresponding to the increment 
Az, and is denoted by the symbol dy (z», Az). 

For a function y = f (x) to be differentiable at a point zy, it is 
necessary and sufficient that the derivative /’ (r)) exists; the equality 
A = f’ (#9) being valid. 

This assertion allows any function having a derivative to be called 
differentiable. It is in this sense that we have used this expression 
in the preceding section. 

The expression for the differential has the form 


dy (aq, dz) == f’ (x9) dz, 
where dx = Az. It follows from formula (1) that if f’ (x)) <4 U, then, 
as Ar +0, the increment of the function and its differential dy at 


a fixed point are equivalent infinitesimals which allows us to write 
the following approximate equality: 


Ay ~ dy for | Ar] <1. (2) 


Example t. Find approximately the volume V of the sphere 
of radius r= 1.02 m. 
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Since V(r) = Snes, setting ro = 1, Ar = 0.02 and using for- 
mula (2), we obtain: 
V (4.02) = V (41) + AV (1, 0.02) = V (1) + V’ (1)-0.02 


= : mn + 4n-0.02 ~ 4.43 m?. 


Geometrical meaning of the differential. The differential dy (x), Az) 
is equal to the increment of the ordinate of the tangent line TT’ 
to the graph of the function 
y = f (x) at the point My (zo, yo) 
with the increment of the argu- 
ment equal to Az (Fig. 48). 


2.1. Prove that for the 
linear function y = ax +b 
the increment Ay and dif- 
ferential dy coincide. 

2.2. Find the increment Ay 
and differential dy of the 
function y = z*, corresponding Fig. 48. 
to the value of the argument 
ZX, = 2 and to two distinct increments of the argument: 
(Ax), = 0.1 and (Az), = 0.014. 

2.3. Find the increment AS and differential dS of the 
area S of a square corresponding to the increment Az of 
its side z. With the aid of a drawing, give a geometrical 
interpretation of AS, dS and of the difference AS — dS. 

2.4. A material point M performs rectilinear motion 
according to the law s = f (t), where ¢ is an instant of time 
and s the path covered during the time interval from 0 to ¢. 
Give a mechanical interpretation of the differential of path 
ds corresponding to the time interval At = t, — ft). 

2.9. Using the result derived in the preceding problem 
and formula (2), find approximately the path As covered 
by the point M during the time interval from t, = 3 to 
t, = 4 if the law of motion of the point M is given by the 
formula s = 1 + arc tan ¢. Compare the answer with the 
exact value of As. 

2.6. For the functions (a) f (cz) = 2" and (b) @ (2) 
= sin z find the values of the argument x for which the 
differentials of these functions are not equivalent to their 
increments as Ax —0. 
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2.7. Given: the interval [z,, 2) -- Ax) of variation of 
the argument z of the function y == f (x); the corresponding 
increment and differential of this function: Ay and dy, 
respectively. Are the following equalities possible: (a) dy = 
== Ay, (b) dy = Ay, (c) dy =— Ay? 

2.8. The edges of a cube are extended by 1 cm. In this 
case the differential dV of the volume V of the cube turns 
out to be equal to 12 cm®. Find the original length of the 
edges, 

2.9. The radius of a circle is extended by 1 cm. In this 
case the differential of the area of the circle turns out to 
he equal to 6m cm?®. Find the original length of the radius. 

In Problems 2.10 to 2.17 find the differentials of the 
indicated functions for arbilrary values of the argument 
x and its arbitrary increment Az = dz. 


2.10. 2 Va? —2? 4+ a? arc sin = — 5. 

2.11. sin xz —az cos az + 4. 

2.12. x arc tan x — In Vi + 2. 2.13. ec lnxzx —2z -- 1. 
2.14. zarcsing |-V1—2?—3. 215. y® -+ y —2® - 1. 
2.16. arc tan = —-InVYa? + y® 247. e a ax -+ y. 


In Problems 2.18 to 2.22 carry out the indicated approx- 
imate computations by replacing the increment Ay of a suit- 
able function y = f (x) by the differential dy of this function 
for a small absolute value of the increment Az of the argu- 
ment z. 

2.18. Compute approximately: 

(a) arc sin 0.05; 

(b) arc tan 1.04; 

(c) In 1.2. 

2.19. Justify the approximate formula 

a+ An Vat ae 


Var 
y x 


and compute 7% 25 using this formula. 
2.20. Find the approximate value of the function f (2) = 
= e°>* tor @ == 1.2. 
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2.21*. Find the approximate expression for the increment 
AV of the volume V of a right circular cylinder with altitude 
h for a change in the radius r of the base by the quantity Ar. 

2.22*. According to the Clapeyron equation of state for 
gases, the volume V occupied by a gas, its pressure p, and 
the absolute temperature 7 are related by the equation 
pV = RT, where RF is the gas constant. Find the approx- 
imate expression for the increment AV of the volume V 
with p changing by a quantity Ap and the temperature 
T unchanged. 

2. DifYerentials of Higher Orders. Consider the differential dy (z, 
A,xz) = f’ (cz) A, x as a function x with a fixed Az = A,z. Assum- 


ing that the function y ~- f (z) is twice differentiable at the point z, 
we find the differential of dy (x, A,z) for Az = A,z: 


d (dy (z, A,z)) les A x=Ag x — f’ (x) AyxAoz. 
The value of the obtained expression for A,;z == A,z = dz is known 
as the second differential or the differential of the second order of the 


function y- f(z) and is denoted by the symbol d?y (z, dz). 
Hence, 


d*y = f” (x) d?. 
Analogously, 


ee e e@ @®© @  @&®  @ @ oe  @# @® e® @® se  «@ 


d™y = d (d™-ly) = f(™ (2) dz”. 


In Problems 2.23 to 2.30 find the second differentials 
of the indicated functions y of the argument z. 
2.23. y = asin (bx + c). 2.24. y = 3. 


2.25. y = 2, 2.26. y = ax? + br +. 


2.27. sy + y? = 1. 2.28. (x — a)? | (y — db)? = R?*. 
2.29. 2 + y= y. 2.30. c= y —asiny. 


SEC. 5.3. 


TITEOREMS ON DIFFERENTIABLE FUNCTIONS. 
TAYLOR’S FORMULA 


1. Mean-value Theorems. 

Rolle’s theorem. /f a function f(x) is continuous on the closed in- 
terval |a, b] differentiable for x € (a, b) and f (a) -~ f(b), then there 
exists at least one point C€ (a, b) such that f’ (¢) = 0. 
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Points at which /’ (z) = 0 are called the stationary points of the 
function f (z). 

Lagrange’s theorem. /f a function f(x) is continuous on the closed 
interval {a, b] and differentiable for x € (a, 6), then there exists at 
least one point & € (a, b) such that 


f(b) —f (2) =f’ (§&)-(6 — a) (Lagrange’s formula). 
Cauchy’s theorem. If two functions f(x) and g(x) are continuous on 


the closed interval [a, b], differentiable for x € (a, b), and g’ (x) 40 
for all x € (a, b), then there exists at least one point & € (a, b) such 


that ; 
f(o)—f(a) _ f &) ; 
“g(b)—# (a) g’ (E) (Cauchy Ss formula). 
3.1. The function f (x) = am has equal values at the 


end points of the closed interval [—1, 1] (check this!). 
Its derivative f’ (x) is equal to zero only at two points 
z= -+V10 (check!) situated beyond the limits of this 
interval. Why is the conclusion of Rolle’s theorem violated 
in this case? 

3.2. Show that the function f (7) = x? —1 satisfies the 
conditions of Rolle’s theorem on the closed interval [—1, 4]. 
Find all the stationary points of this function. 

3.3. Let f (x) = x (x —1)(x — 2) (x — 3). Prove that 
all the three roots of the equation f’ (x) = 0 are real. 

3-4*, Prove that the equation 1674 — 647 + 31 = O can- 
not have two distinct real roots on the interval (0, 1). 

3.0*. Prove that the equation e*-! + x —2 = 0, having 
the root x = 1 (check this!), has no other real roots. 

3.6*. Prove that if a function f (x) is continuous on the 
closed interval [a, b] and differentiable on the interval 
(a, b), the function F (x)= (f (x) —f (a)) (b— a) — (f (b) -- 
—f (a)) (c —a) has at least one stationary point on the 
interval (a, b). 

3.7. Write Lagrange’s formula for the function f (7) = 


= VY 3x3 +- 3z on the closed interval [0, 1], and find the 
corresponding value of & on the open interval (0, 1). 

3.8. Prove that if the derivative f’ (x) is identically equal 
to zero on the interval (a, b), then the function f (xz) is 
constant on this interval. 

3.9. Prove that if f’ (x) > 0 (f' (2) < 0) on the interval 
(a, b) then the function f (x) increases (decreases) mono- 
tonically on this interval. 
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_ A function f (x) satisfies a Lipschitz condition on the interval (a, b) 
if there exists a K such that 


| f (tg) — f (1) | < K-| rq — 2, | 
for any 2), 2, € (a, bd). 


3.10. Prove that if sup f’ (z) = M, then the func- 


a<x<b 
tion f (x) on the interval (a, b) satisfies a Lipschitz condi- 
tion with constant K equal to M. 

3.11%. Let f (xz) and @ (x) be twice differentiable func- 
tions on the interval (a, b). Prove that if f” (z) = 9” (x) 
on (a, 6), then f (x) and @ (x) differ by a linear term. 

3.12. Prove that if a function f (z) satisfies the condi- 
tions of Lagrange’s theorem on la, b| then | f(b) —f (a) > 
>> m-(b —a), where m= inf ff’ (2). 

B<x<b 

3.13. Write Cauchy’s formula for the functions f (x) = 
= 2x3 +- 5x +141 and g (x) = 2? + 4 on the interval [0, 2] 
and find the values of &. 


2. L’Hospital-Bernoulli Rule. Evaluation of indeterminate forms 
© and ~ Let, as x + a, the functions f (xz) and @ (r) be both infi- 
nitely small or infinitely large. Then their ratio is not defined at the 


o a e id e e 0 
point z = a,and it is said to represent an indeterminate form op ot 


re respectively. But thisratio may have a limit at the point z a, 
OO 


finite or infinite. Finding this limit is known as evaluation of an 
indeterminate form. The L’Hospital-Bernoulli rule is one of the 


methods for evaluation of the indeterminate forms = and ~. It 


is based on the following L’Hospital-Bernoulli theorem. 
Theorem. Let in some neighbourhood U of the point x - a the 
functions f(x) and @ (x) be differentiable everywhere except possibly 
at x = a, and let gy’ (xr) 40 in U. If the functions f (x) and @ (x) are 
both either infinitesimals, or infinitely large as xr >a and - _ ap- 


f(z) 
@ (2) 
f 


proaches a limit as x approaches a, then approaches the same liinit, i.e. 
f (z) 


fl) f(a) 
ee eG) _ 


The rule is also applicable when a = oo, 


19—01176 
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2x 


Example 1. Find lim eee (i.e. evaluate the indeterminate 
x are tan oz 
form 2. 
1) e 
Using formula (1), we obtain 
e2X% 4 _ li s 2e2x = 2 
sae arctan5z ae 1 e oe 
1-4-2522 
1 
2x tee ie 3 
since e2*-» 4 and. 15a +41 as 20. 


; : : 0 fore) 
In some cases evaluation of the indeterminate forms 0 and = 


may require repeated application of the L’Hospital-Bernoulli rule. 


* F . = a 
(i.e. evaluate the indeterminate 


Example 2. Find lim 


x +00 8 & 
(e. @) 
form =). 
CO 
Applying formula (1) twice, we obtain: 
2inz 4 
lim ne lim = a lim ue é lim = 0 
1 = LI aa oP ae —,—- —- — li => =0. 
x>to = go Bes. Feng 3 xetoo He 


At each step of applying the L’ Hospital-Bernoulli rule it is advis- 
able to use various identical transformations to simplify the ratio, 
and also to combine this rule with any other methods for evaluation 
of limits. 


.  tanz— sing 
Example 3. Find lim ———~——— 


(i.e. evaluate the indeter- 
x->Q x 


0 
Using forinula (1), we obtain 


minate form = ). 


— COS Z 


_ taneg—sinz ; cos? x 4... 1—cos*? z 
a0 q x+0 oe 0) SeeCOSS 


We then climinate the factor cos? « from the denominator, since 
it has the limit 4 as z > (0. Expanding the difference of cubes standing 
in the numerator, we climinate then the factor (1 + cos x {- cos? z) 
having the limit 3 as z »Q. After these simplifications we get 


_ tanz—sinz _. 4—cosz 
in SS 
x70 2 x70 Ed 
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Applying (1) once again, we obtain: 


tanz—Ssinz . 4—cosz . sing 
Diag I im. > 
x>0 x+0 a x 0 m 
Using the first remarkable limit, we obtain the final answer 1/2 without 
resorting to the L’Hospital- Bernoulli rule once again. 


In Problems 3.14 to 3.33 evaluate the given indeterminate 


6) fee) 
forms (or =}. 
OO 


0 
Sila, Bios im, 
x0 sin 22 x—-0 - 
3.16. lim = ieee mA~én, a0. 
xa rie 
ax~ — 
3.17. lim 3 oe, asd, a. 
x ex © —d 
: ln sin az e2x __ 4 
3.18. a In Sin bz ° 3.19. Bae arc Sin 32° 
af oss 
3.20. lim Y2=V¥2 3.94, tim 12 e082 | 
«+5 Va—YV5 x29 lncos bz 
: %_e~X — Ox : m—2arctanz 
3.22. fe rae de Los ast ae 
: x—Sinz e cea 
qe Ek% —37— 14 
3.26. im sn Bp 
COR a1 za tesa 
uy h 
; Inz : Inz 
3.29. tm m>O0. 3.30. lin 7 poise 
tan 
3.31. lim 


wo mM (1—z) ° 


G99) Wii oe ee. 


a29 inex) 
In (1---2)-4- tan * 
3.0% ao cate 


Loe 
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Evaluation of the indeterminate forms 0- co and oo — oo. To eval- 

uate lim f (x) @ (x), where f(z) is an infinitesimal, and @ (z) 
x>a 

is an infinite as z > a (evaluation of the indeterminate form U- co), 


f (2) ; 
i/@ (2) (the inde- 


( the indeterminate form = | 


it is necessary to transform the product to the form 


ica paar al ¢(a) 
terminate form 0 ] or to the form if @) 
and then apply the L’Hospital-Bernoulli rule. 


: ‘ Nt. 

Example 4. Find lim sin (z — 1)-tan ~~ (1.e. evaluate the inde- 
x1 

terminate form 0- oo). 


cz sin (x— 1 
We have: lim sin («—1)-tan —= ig ia Xx 
x1 4 re ey, | ea x 
2 
cos (x— 1) 2 x 2 

> —_—_ — ——- 1} —= ina —_—__-_ 

x ae 1 Ps an cos (x—1) sin? = a 
7 sin? = 
: 2 


To evaluate lim (f (x) — @ (z)), where f (z) and @ (z) are infinite- 
x-a 


ly large quantities as x > a (evaluation of the indeterminate form 
co — oo), if is necessary to transform the difference to the form 


{ (2) (4 =e 2) and then evaluate the indeterminate form ow) 


f (2) f (z) 
, _  @ (2) 
(ie. =). If Jim —— +1, then lim (f (x) — @ (z)) = o. And 
o@) x +a Z) x->a 
if Jim uA ae ie “we obtain the above considered indeterminate 


xa f (x) 


form oo-0. 
Example 5. Find Jim (za — Jn®.r) (i.e. evaluate the indeter- 


minate form oo — oo). 
We have 
: ‘ In? x 
lim (c—Iin' z)= lim 2(1— ye 
x ->-+00 x-> +00 a 
Since 
1 
2 —_, 
In? x ; 3in oH . In? 
lim = lim qo a3 lim 
x-> -- 00 x > +00 x -> 4-00 
2 Inz-— 4 
—* r : x . 4 
= 3 lim 1 = 6 Vim —- 6 lim 7 Ge fon ==0, 
x > +00 x +00 x -+-00 x +00 
we have 


lim (z — In*z) = +0, 
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In Problems 3.34 to 3.48 evaluate the indicated indc- 
terminate forms 0-co or ow —oo. 


3.04. limz(et/*—1). 3.35. lim (cotz—=). 


x 00 x-0 


3.36. lim 2"e-*~. 3.37. lim az In? z. 


x 00 x70 
3.38. lim (m—2z) lan. 3.39. lim (e*—e-*— 2) cot z. 
x> IT = x0 


3.40. lim xve!/**. 3.41. lim (x— 1) cot x (x— 1). 
x1 


x >0 


3.42. lime sin — : 


. 1 x 
4 ie 7 y oe 
3.43. ue Ing-In(a—1). 3.44. lim (ia im} 
ee | 4 1 
ae rae: ( arc tan x a) 
: 4 4 
46. |] a es) 
eo lim (SG GLYS) 
3.47, lim (=~ =. ). 3.48. lim & —cot2), 


ot 
xr s 
2 


x70 


Evaluation of the forms 0°, o°%, 1%. In all the three cases we have 


{o evaluate the limit of the expression (f (z))*@, where f (x) is an 
infinitesimal in the first case, an infinite in the second, and a function 
having the limit equal to unity in the third. As to the function @ (x), 
it is an infinitesimal in the first two cases and an infinite in the third. 

We proceed as follows: taking first the logarithm of y == (f (z))"%, 
we obtain the equality 


In y = 9 (z) Inf (2) (2) 


and find the limit of In y, whereupon the limit of y is found. In all 
the three cases, by virtue of (2), In y is the determinate form 0- co 
(check this!) which is evaluated by the above discussed method. 


Ly 2% 
Example 6. Find lim (1 + =| (in other words, evaluate the 


indeterminate form 1). 


1 \2* 1\. 
Let us puty = (1 Ze —| . Then Iny -: 2.c In (1 +=) is the 


indcterminate form oo-0. Transforming the expression In y to the 
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In (1 -|- : 
form In y=2 TE: “and applying the L’ Hospital-Bernoulli rule, 
we find 
1 ( 1 } 
4 x? 
1 a 
lim In y=2 lim ——————_,—_ = 2 lim = ae 
x00 x7 00 1 x» 00 4-+- a 
ae x 
Consequently, 


4 \ 2x 
lim y= lim (1+—) =e 
x—> oo x7 00 
In Problems 3.49 to 3.60 evaluate the indeterminate 
forms 0°, o°®, 1™. 


3.49. lim zsin~, 


x>0 
3.50. lim (are sin x)"*, 
x0 
3.01. lim (m—2zx)*. 3.52. lim ——— 
x0 zim (e*~1) 
aD 
3.53. lim zt/*, 3.54. lim (x-+2*)'*. 
X-+ + oo x + 00 
3.55. lim (cotz)'/"*. 3.56. lim (tan x)°*~™. 
x0 AL 
NX> 5 


3.57. limat/-»), 3,58. lim (14). 


x1 o> + 00 


3.59. lim (cos 2z)**". 3.60. lim (e* + z)'™. 
x0 x0 


3. Taylor’s Formula. If a function y -= f(z) has the derivatives up 
to the (n 4- 1)th order (inclusively) in some neighbourhood Us (a) = 
= {x | |x — a| < 8} of the point a, then for any z € Us, (a) Taylor's 
formula (of order n) holds true: 


p= 7 (a) + OO a4 EO ear ... 


(2 
oid a fe) (xz—a\"4+-Ryi, (x). 
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where 
f(™1) (a+ 6 (x—a)) 
(n+ 1)! 


(the remainder in Lagrange’s form). Thus, Taylor’s formula of order 
n enables us to represent the function y = f (xz) in the form of the 
suin of a polynomial of the nth degree and a remainder. 

In particular, for a= 0 we have 


rO £0) 


Rais (2) = (c—a)n41, 0<O0<1 


f(z) =f (0) + 1 Baeor e+... 
fp LO on eerie fe om QO <0 <1 


(Maclaurin's formula). 


3.61. Expand the polynomial 22? — 3x? -+ 5x + 1 in pow- 
ers of the binomial x + 1. 

3.62. Write Taylor’s formula of the second order at the 
point a = 1 for the polynomial z* + 42? —z-}+ 3. Write 
the remainder in Lagrange’s form and find the value of @ 
corresponding to the following values of the argument: 
(a) a ==0; (bh) ae 1: -(¢): a = 2: 

3.63. Let P (x) be a polynomial of the 4th degree, P (2) = 
= —1, P’ (2) =0, P’ (2) = 2, P” (2) = —12, PUY) (2)— 
= 24. Compute P (—1), P’ (0), and P” (4). 

In Problems 3.64 to 3.69 write Maclaurin’s formula of 
the nth order for the given functions. 

3.64. y — e*. 3.65. y — sin x. 3.66. y = cos z. 

3.67. y = In (144+ 2). 3.68*. y = arctanez. 3.69. y = 
= (14 + x)*. 

In Problems 3.70 lo 3.74 using Maclaurin’s formula ob- 
tained in Problems 3.64 lo 3.69 write the first n terms of Macla- 
urin’s formula (without the remainder) for the given 
functions. 

SO eye Fle. DA Y. SIN a. 

272. YS sin =. 3.73*. y= In (44 22). 

3.74. y= 84 22. 

3.75. Write Taylor’s formula of the 3rd order for the 


function y = 4 at. the point a= 2. Construct the 
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graphs of the given function and its Taylor polynomial of the 
3rd degree. 

3.76. Write Taylor’s formula of the 2nd order for the 
function y == lan z at the point a = = (). Construct the graphs 
of the given function and its Taylor polynomial of the 
2nd degree. 

3.77. Write Taylor’s formula of the 3rd order for the 
function y = arc sin x at the point a = 0. Construct the 
graph of the given function and its Taylor polynomial of 
the 3rd degree. 

3.78. Write Taylor’s formula of the 3rd order for the 


function y = + at the point a = 1. Construct the graphs 


of the given function and its Taylor polynomial of the 
ord degree. 

Taylor's formula is widely used for computing the values of a func- 
tion with a preassigned degree of accuracy. For instance, it is required 
to evaluate the function f (z) at the point xz) with an absolute error 
not exceeding e if the values of this function and its derivatives are 
known at the point a. It follows from Taylor’s formula that 


(a 0) 
f(a) = (0) + EP (aya)... ¢$ AO) (ay — ay, 


where ng is the minimal of the numbers n a which 
| Rn ta (zo) | < 8. 


Example 7. Compute the number e¢ with an absolute error nol 
exceeding 0.0014. 

Applying Maclaurin’s formula to the function / (7) = e%, we 
obtain 


4 4 4 e® 
oe oad alee | ees a ae aoe Pa Gas O<0<1. 


i] 
The least value of n satisfying the condition aii < 0.0001, where 
0<8< 1, is ny = 6. Consequently, , 


14 
i a ey 


3.79. Compute with an absolute error not exceeding 0.001 
the approximate values of the following numbeis: 


(a) sin 1; (b) Ve; (c) In 1.05; (d) ~7 33. 


See. 5.3. Theorems on Differential Functions 
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3.80. Find out the original of the approximate formulas 


(a) Vitaewt4je— 22%, fe pe 45 


VYIFewi+er—72 lxJ<4 


and estimate their errors 


The remainder in Taylor's formula can be written in Peano’s form 
Ryti(z) = o(|z—al™), 
which is very useful in computation of limits 


1— cos? x 
Example 8. Find an bat + Te 


Since 1 — cos? zx = (4 — cosz) (4 + cos z+ cos? zx), and 52? + 
+ 7x3 ~ 5x7, we get 


ij 1— cos? zx = 3 (1— cos z) 
ee 5ax®+ 723 pa 5x? ‘ 
Replacing cos x by its expansion by Maclaurin’s formula cos 2 — 
= 4 —5+ o (x*), we obtain 
Ze. . 

ij 1—cos’x 3 Ij oa oe x]? 

ee a x? Daag ae? 
since 


x2 
St 0 (2%) ~ az as z—>(),. Finally, 


i; {—cosz 3 
a) 5at-+7as 10° 


— {—sin (2z— 2) 
Example 9. Find lim | —T+ sin G2—3) * 
By Taylor’s aaa we obtain: 


sin ee 
3B(z—1) 
sin (32 — 3) = oe + o(|a—1)}). 
Consequently, 
a4—41—sin (22— 2) st ese (x— 1)— 0 (|zx—1]) 
lim —[—q-Fsin (@e—3) ny 4@—1 Fo(le— 11) 
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Rejecting the infinitesimals of higher orders, i.e. passing both in the 
numerator and denominator to equivalent injinitesimals as zx — 1, 
we obtain 


io met ce 
z—41+sin(3z—3) "| 4(z—-1h 4° 


x71 


lim 
x 1 
3.81. Show that the expansions by Maclaurin’s formula 
for the functions sin z, tan x, arc sin z, arc tan z, e* — 1, 
and In (1+ x) can be written in the form z } 0 (|< |) 
and, as x 0, all these functions are equivalent lo the 
infinitesimal a (x) = x (and, consequently, equivalent to 
one another). 
3.82. Using the expansion by Maclaurin’s formula, compute 
the given limit: 


Vinee VA. 


(a) lim : 


x70 


(b) lim eee 


21.73! 
x20 7 a 

(c) een tan z-—Sinz 
50 z+ gz} : 


SEC. 5.4. 


INVESTIGATION OF BEHAVIOUR 
OF FUNCTIONS AND CONSTRUCTION OF GRAPHS 


1. Inerease and Decrease of a Function. Extremum. A_ finction 
y = (x) is called an increasing (decreasing) Junction in an interval 
(a, b) if the inequality z;< 2z,, where z,, x, € (a, 6), implies the 
inequality f (x) < f (xe) (f (41) > f (#2). 

Ifa function f (7) is differentiable on the interval (a, 5) and f’ (r) > 
> 0 for all x € (a, 6), then the function f (2) is Increasing in (a, b); 
and if f’ (7) < 0 for all x € (a, 6), then f(r) is decreasing in this 
interval. 

In simplest cases the domain of definition of a function y = / (x) 
can be divided tnto a finite number of intervals of monotonicity. Each 
of these intervals is bounded by critical points at which f (r) = 0 
or f’ (x) is not existent. 

If there exists a neighbourhood Us (79) of a point zy such that 
for any point + #2, of this neighbourhood the inequality f(z) > 
> f(r) (or f (v) <f (v,)) is fulfilled, then the point.) is called a point of 
minimum (of maximum) of the function y = f(z), and the number 
{ (ey) is termed a minimum (macimum) of this function. The generic 
term for maximum and minimum is ectremum. 
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Necessary condition for an extremum. Jf x9 is a point of extremum 
(or an extreme point) of a function f (x), then f’ (x9) = Oor f’ (Zo) 
does not exist, i.e. xz, is a critical point of this function. 

The converse is, generally speaking, false. 

Sufficient conditions for an extremum of a continuns function. 

(1) Let a function f(r) be differentiable in some neighbourhood 
(x9 — 5, xz -+ 5) of a critical point zx) except possibly at x. If the 
derivative f’ (z) has opposite signs in the intervals (z) — 6, 29) 
and (rv), ry + 6), then z, is a point of extremum. The following 
cases are possible: (a) if f’ (x) > O for x € (ry — 6, rg) and f’ (x) < 0 
for r € (%9, Fp» + 4), then z, isa point of maximum, and (b) if f’ (7) < 
< 0 for x € (r» — 6, xy) and f’ (z) > O for z € (ry + 6, zo), then zo 
is a point of minimum. But if f’ (z) for z € (#7 — 6, ry 4+- 6), tz 4 2X, 
retains sign, then x, is not a point of extremum. 

(2) Let the function f(z) be twice differentiable at a critical 
point 7, and in some of its neighbourhood. If f” (x9) < 0, then zg is 
a point of maximum of the function / (r), and if f” (x9) > O, then zy 
is a point of minimum. But if /” (z7)») = 0, then some additional 
investigations are needed. 

Example 1. Find the intervals of monotonicity and points of 


extremum of the function f (z) =: eo | 
We find the derivative: 
se for x€(—oo, NU, 4), 
[' (x)= at 
> for x€(4, -+oo). 


Equating it to zero, we obtain z = 2. Thus, the critical points (taking 
into account the points where the derivative does not exist) are .r, = 0, 
ty, = 1, zz, — 2. They divide the domain of definition of f (x) into 
four intervals of monotonicity: ( -oo, 9), (0, 1), (1, 2) and (2, -j-00). 
Since f’ (x) >0O for z€ (—oo, 0) U(4, 2) and f’ (xz) <0 for ré 
€ (0, 1) U (2, +o), f (z) monotonically increases for x € (—oo, 0) U 
U (1, 2), monotonically decreases for « € (0, 1) U (2, +0), reaches 


a maximum at the point zx; — 2 (/ (2) = ar and a minimuin at 
ft 


the point 7,:-1 (f (4) — 0). It is convenient to tabulate the obtained 
results as follows: 


Table 4.1 
x | (—-oo, 0) 0 (0, »| 4 c »| 9 (2, +o) 
| 
wo) 2 fie {nfo lz] eds 
f* (2) - Nonex- | — | Nonex- 7 0 _ 
istent istent 
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Note that in the example under consideration the first sufficient 
condition makes it possible to determine the nature of each of the 
critical points of the given function. At the same time the second 
sufficient condition is not applicable at the point z, since at this 
point the first derivative does not exist. 


4.1*. Prove the following generalization of the second 
sufficient condition for an extremum. Let z, be a critical 
point of a function f (x) and let the first of the nonzero 
derivatives of this function at the point x, have the order 
k. If k is an even number, then zx, is a point of extremum, 
viz. it is a point of maximum if f(® (z,) < 0, and a point 
of minimum if {/"(z,) > 0. And if k is odd, then there 
is no extremum at the point Zp. 

4.2. Investigate for an extremum at the point z, the 
function f (x) = (c —2x,)* (z), where k € N and gq (z) is 
continuous at the point x), and @ (a,) # 0. 

4.3*, Let 


e~i/x? xg #0, | oe x~Q, 
f(2)-| O. w= 2 Ge. 2256. 


Prove that the function f/ (z) has a minimum at the point 
2 = 0, and the function g (z) has no extremum at this 
point, although 

{™ (0) = g® (0) = 0, & EN. 


In Problems 4.4 to 4.12 tind the intervals of increase and 
decrease and the points of extremum for the indicated 
functions. 

——* 2 

44. y. xV1—2%. 4.5. j= 

zx ° 
= 4 =S —_— 5 
4.6. y mare 4.7. y= xu—asinz. 


4.8 y=a—24lnz. 4.9 y = Inez —arc tana. 
4.10. y = e cosx. 4.41. y = x*. 4.12. y = cosh* x | I. 


. The greatest (least) valwe of a continuous function f (r) on a given 
interval [a, b] isattained either at critical points, or at the end points 
of this interval. 


In Problems 4.13 to 4.20 determine the greatest (17) 
and least (m) values of the given functions on the indicated 
intervals (if an interval is not indicated, then in the entire 
domain of definition): 
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AAS. y= —d3x* +6272; [—2, 2]. 
4A4. y=2x4+2V az; [0, 4]. 


4.15. y=: (0, 4]. 

4.16. y= SS [0, 1]. 

4.17. y=Vrt1—V7a—t; [O, 4]. 
4.18. y=arc tan he ; (0, 4]. 
419. y= ay. 4.20. y= xe-2/?, 


In Problems 4.21 to 4.24 prove the given inequalities: 
4.21%, e >14+24, r~0. 4.22. cos 2 > 1— =, r#0. 
4.23. a ae r0. 


4.24. sin x -+ tan xz > 22, x € (0, x/2). 


4.25. Two bodies move with constant velocities v, m/s 
and v, m/s. Their motions are performed in two straight 
lines which form an angle 1/2, towards the vertex of this 
angle from which the first 
body was at a distance a m and 
the second at a distance 0 m. 
In how many seconds after the 
bodies started will the dis- 
tance between them be the 
least? 

4.26. To deliver the prod- Fig. 49. 
ucts manufactured at factory 
N to town A, a highway NP is designed to connect the 
factory to the railway AB passing throngh A (Fig. 49). 
The cost of carriage by truck is twice the cost of carriage 
by rail. At what point P must the highway be joined to 
the railway so that the total cost of transportation of the 
products of factory NV to town A by truck and by rail is 
the least? 

4.27. A window has the shape of a rectangle completed by 
a semi-circle (Fig. 50). The perimeter p of this figure is 
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given. For what dimensions of x and y will the window pass 
the greatest amount of light? 

4,28. Three boards of equal width are given to construct 
a gutter. For what angle a@ of inclination of the lateral 
walls to the bottom of the gutter will its cross section be 
the greatest? 

4.29. Inscribed in a triangle with base a and altitude 
h is a rectangle whose base lies on the base of the triangle, 

and two of its vertices on the lateral sides 
of the triangle. Find the greatest area of 
the inscribed rectangle. 

4.30. The perimeter of an axial section 
of a cylinder is equal to 6a. Find the 

4 greatest volume of such a cylinder. 

4.31. A cylinder is inscribed in a cone 
with altitude hk and radius of the base r. 
Find the greatest volume of the inscribed 
cylinder. 

Fig. 50. 4.32. Find the least volume of the cone 
circumscribed about a sphere of radius r. 

4.33. Find the greatest volume of a cone whose generatix 
is of length 1. 

4.34. Determine the greatest area of a rectangle inscribed 
in a circle of radius r. 

4.35. On the parabola y = x® find the point N least 
distant from the straight line y = 2x —4 

4.36. A rectangle of the greatest possible area is inscribed 
in a semi-circle of radius R. Determine the base z and altitude 
y of the inscribed rectangle. 

4.37. Divide a line segment of length a into two parts 
so that the sum of the areas of the squares constructed on 
these parts would be the least. 

4.38. A conical funnel the radius of whose base is R and 
whose altitude is //, is filled with water. A ball is submerged 
into the funnel. Of what radius r must the ball be so that 
the volume of the water displaced from the funnel by the 
submerged portion of the ball is the greatest? 

4.39. Delermine the least height hk -: | OA | of the door 
of the vertical tower ABCD so that a rigid rod MN of length 
/ whose end slides along a horizontal line AB could be 


LZ 
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brought inside the tower. The width of the tower | AB | = 
= d< l/l (Fig. 51). 

2. Direction of Convexity. Points of Inflection. A graph of a differ- 
entiable function y = f (z) is said to be conver downward (or concave 
upward) on an interval (a, 6) if an arc of a curve on this interval en- 
tirely lies above the tangent drawn to the graph of the function y = f (z) 
at any point z € (a, b). 

And if on the interval (a, 6) any tangent lies above an arc of 
the curve, then the graph of a differentiable function on this interval 


Lf, b z 
Fig. 54. Fig. 52. 


is said to be convex wpward (or concave downward) (in Fig. 52 the graph 
of the function y = f (z) is convex downward on the interval (a, z9) 
and convex upward on the interval (zo, 5)). 

If a function is twice differentiable on (a, b) and f” (xz) > O(f" (2) < 
<0), then its graph is convex downward (upward) on this interval. 

In simplest cases the domain of definition of f (x) can be divided 
into a finite number of intervals with a constant direction of convex- 
ity. Each of these intervals is bounded by points at which f” (xz) = 0, 
or f” (x) does not exist. A point (x9, f (tv 9)) at which the direction of 
the convexity of the graph of a function changes is called a point 
of inflection (see Fig. 52). 

Sufficient condition for a point of inflection. Let a function f (z) 
be twice differentiable in some neighbourhood Us (z,) of the point 2 
at which /” (zo) is either zero, or does not exist. In this case, if f ” (x) 
has opposite signs in the intervals (zr) —— 6, +9) and (x9, zg -+ 4), 
then z, is a point of inflection. 

Example 2. Find the intervals of convexity and the points ol 


inflection of the graph of the function y - Lees 
We find the second derivative: 
2 (3—2z) 
aoe aera r€ (--00, 0) 1) (0, 1), 
Ph @)=) 2(@—3) 


zt 


? 
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Consequently, the critical points of the first derivative are: z, = 0, 
ty — 1, x3 == 3. In addition, at the points z, and z, the second der- 
ivative does not exist (in particular, f” (1) = 4, and fj; (4) = --4) 
and at the point z, it is equal to zero. 

Thus, we have obtained four intervals of convexity: (—o, QO), 
(0, 1), (1, 3) and (3, +00). Investigaling the sign of the second 
derivative in each of these intervals, we conclude that the graph 
of the given function is convex downward on the intervals (—oco, 0), 
(0, 1), (38, -+oo) and is convex upward on the interval (1, 3). Conse- 
quently, the points z, and z, are the points of inflection of the graph 
of the given function, and z, is not. The obtained results are conve- 
niently tabulated as follows: 


Table 4.2 
* (20510) 0 (0, 1) 1 (G20, 2 (3, +00) 
f (2) yu fee ful o lolz] oe 
f" (2) + nonex- -+- | nonex- _ 0 me 
istent istent 


In Problems 4.40 to 4.47 find the intervals of convexity 
of the graph of the given function y = f (x), points of 
inflection, and slopes k of the tangents at the points of 
inflection. 

4.40. y=au' 4+ Ta +1. 444. y = xt 4+ 62’. 

4.42. y = V (« — 2) + 3. 443. y= yY¥a+1— 
— oS x — 4, 

AAA y= VetiptY@ —1). 445. y = re™ +4. 

4.46. y =axln]o7|. 447. y — eine + 1. 

4.48. For what values of a and 0 is the point (1, 3) a point 
of inflection of the curve y = az® + bz?? 


4.49. At what choice of the parameter does the proba- 
bility curve 
h 


y = e- hex? h > 0. 
IU 


have points of inflection with abscissas 2 = +6? 


4.90. Show that the curve y = has three points 
a 


of inflection lying on one straight line. 
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4.91*. Show that the points of inflection of the curve 
y = x sin x lie on the curve y? (4 + 2?) = 42’. 


3. Asymptotes. Let for a function y = f (z) there exist a straight 
line such that the distance from a point M (z, f (z)) on the graph 
of the function to this straight line tends to zero at an infinite distance 
of the point M from the origin. Then such a straight line is called an 
asymptote to the graph of the given function. 

If the abscissa z of the point M tends to a finite number a, then 
the half-line z = a (y > 0 or y <0) is a vertical asymptote. For 
a vertical asymptote to exist at the point xz = a, it is necessary and 
sufficient that at least one of the limits lim f(z) be equal to 

x+a+0 
infinity. 

Continuous functions have no vertical asymptotes. 

And if the abscissa x of the point M tends to -;-o or —oo, then 
we have an inclined asymptote y=: kx +- b; for an inclined asymptote 
to exist, it is necessary and sufficient that the following two limits 
exist: 

. f(t) 
lim rae and lim (f (z)—kz)-=5b. 


x 00 > 00 


The indicated limits can be different for z > +-co (for a right-hand 
inclined asymptote) and for z — —oo (for a left-hand inclined asymp- 
tote). 
Example 3. Find the asymptotes to the graph of the function 
[2 — 1] 
i 8 
y © | | 
Since the given function is continuous throughout the entire 
axis except the point x ~ 0, a vertical asymptote can exist only 
at this point. 
We have 
z—1| jz—i| 
lim Leslee HU, Serge -} 90 
x>940 x+0—0 


and, consequently, the straight line z = 0 is a vertical asymptote. 
Let us now find the inclined asymptotes. Since 
jo 4 | 
z2 ; x—1 
lim —m=0=k and lim (-2—*! — 0.2) =0=2, 
x » +00 = x— +00 & 


the straight line y = 0-2 -+ 0 == 0 is a right-hand inclined (in the 
present case—horizontal) asymptote. _ 

Analogously, we find that the same straight line y — 0 is also 
a left-hand inclined asymptote. 


In Problems 4.52 to 4.59 find the asymptoltes lo the 
graphs of the indicated functions. 


20—01176 
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5 ee ee eer 
452. y= | 2. 4.53. y= Va 


4.54. y-V |z2—3]/r. 4.55. y = 3x --arc tan 52. 
4.96. y= er) +22. 4.97. y ine : 
4 


4.98. pointed’. 4.99. y= 2x arc sec &. 


4.60. Prove that the graph of the integral rational func- 
tion y = aot” +a”? +... +a,_0 +a,, no 2, has 
no asymptotes at all. 


4, Construction of Graphs of Functions. To construct the graph of 
a function y = f (z) with a continuous second derivative (everywhere 
in the domain of definition except possibly at a finite number of 
points), we first carry out an elementary investigation to determine 
some peculiarities of the lunction (if any): symmetry, periodicity, 
steadiness of sign, zeros, points of intersection with the y-axis, points 
of discontinuity, etc. Then, using the first and second derivatives, 
we find the points of extremum and inflection, intervals of mono- 
tonicity and convexity, and also the asymptotes. 
|z—1| 

yr 

The given function is defined and continuous everywhere except 
al the point « = 0, it is nonnegative everywhere and is equal to 


Example 4. Construct the graph of the function y = 


Fig. 53. 


zero only at the point x — 1. Its investigation is carried owl in Exam- 
ples 1-3. The result of this investigation is useful to bring together, 
ji.c. to combine Tables 4.1 and 4. 2 into one table. The eraph of the 
function is given in Fig. 53. 


In Problems 4.61 to 4.123 construct the graphs of the 
given functions. 


4.64. y= 4.62. y ~~ 22 (02-3), 


Goo je Go , “At pe 

4.82. y / 23 + + V2 y aoa 

4.84. (2 4.85. ae 
Vet” 37 2+2 

TRG: Spee BOR, Ge, 

ia a 2 re ace), 

4.88. Y= 4.89. ee eae 

4.90. aero 4.91. ac 

4.92. | Sr 4.93. y=V |v—1I. 

: == 
4.94. y ~V\z?—2)%. 4.95. y—sinz + cose. 


4.96. 


4.98. 


; y-Vxti-VYr—tl. 4.47. y-=V 2222 
y= V (et 1P + V (@— 1). 
‘ a ee, 4.80. y—-V1—2. 


yeti yr—1 


ae | eae Va el LVr—t. 


: 4 
J = “sin x-'-cosaz ° 


4.97. y=2z arc tan x. 


y = tare cot x. 4.99. y=e%*-**, 


4.100. y=xe-#/2, 4101. ya etl. 
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oe { 3 2 fF . ; x 
- Yea (a? —). 4.64. Y-- 3G DE: 
y=. 4.66. y= 
yaa. OR yaa. 4698 y 
Lyssa, AM yaa. 472 y=. 
yagi 4 y= Sp. 4. y=. 
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402. ys pe. 4.1038. y= axel 4.104. y= ete, 


4.105. y = (x —2)e"/*. 4.106. y = (2x — 1) e?!”. 
4.107. y = (2? +1) e-**/?, 4.108. y = x?e?/. 


4.109. y = 28e-8*/?, 4.110. y= In(2V 2?2+1). 


AA yo PZ AN y ER. 418, ya In 


AWG. y— PS, AALS. y= a? In? ee, 
4.116. y = 27/In |x |. 4.417. y = x In? | ox |. 
4.118. y—In|o2—1]. 4.119. y= 


4.120) 7 2x eS 0. G2. yp Se SS 0: 
4422. yo (1--2)*, eo — 1. 4.123%, y= 2*. 


L 


In? [a]. 


in Problems 4.124 to 4.128 construct the curves repre- 
sented parametrically. 
AAQ4. x = te’, y = tet, ER. 


Let us carry out auxiliary calculations: 


= + Det ah — Det, ve = Ge, 
f= te. yo = eS Der. gi? an 3 e-3t. 
Since x; 0 fort= —1 and x, (—1) = ; > 0, we have yin = — .. 
Since y; = O for t= 1 and yy, (= oe <0, Ymax = : Hence 
it follows that the curve lies in the domain { y)| x € | —-, -| co), 


4 eae 
ye ( - 00, = |}. From the expression for the derivative yy we 
\ 


determine the critical points t, = 1 (y (4) = 0) and t,— —1 (yy (—1) 
is nonexistent). The critical points of the first derivative are found 
from the expression for the second derivative yy. 13 = V2 (yy (V 2) 
— 0), tg= — V2 (yex(— V 2)==O) and t,= 1 (ye (—1) does nol exist). 
Consequently, A (- 7 2/e!?,—y de! *) and B(7/2e! 7, {/B/eV 2) 
are points of inflection. 

Finally, we find the asymptotes. If + —oo, then r+ 0, and 
yo —o, i.e. a - 0 isa vertical asymptote. Note that, as the points 
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Table 4.3 


” . 
Yr Behaviour of curve 


Convex upward, 
decreases monoton- 
ically, z=0 isa 
vertical asymptote 


Point of inflection 


~Vier2]  — 


Convex downwatd. 
decreases monoton- 
ically 


<0 > 0 


nonex- nonex- 


F istent | istent | CUSP 


Convex upward; 
increases monoton- 

(—1, 1) — ically, the point 
(0, 0) lies on the 
curve 


Y rae . 
— 
ee | OS: hh | C 


Convex upward, 
> 0 <0 <Q |decreaseSs monoton- 


e | e | () a Maximum 
é 
| ically 


3 , re : ; 
V3 ) Point of inflection 


Convex downward, 
V2 decreases monoton- 
( : > 0 >0 <0 > 0 ically, y=Uis a 
-{- 00) horizontal asymp- 
tote 
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of the curve approach this asymptote, their abscissa remains negative. 
If ¢-+ +00, then z— +00, and y—> 0, ie. y= 0 is a horizontal 
asymptote. The points of the curve, approaching this asymptote, 
have a positive ordinate. 

The results of our investigation are then tabulated (Table 4.3) 
and all necessary conclusions are entered under “Behaviour of Curve”. 

Note that the seeming contradiction between the positiveness 
of the first derivative and monotone decrease of the function fort < —1 


Fig. 54. 


is explained by the fact that as the parameter ¢ changes frum —0o 
to —1 the values of x vary from 0 to —1/e (i.e. decrease). The curve 
is shown in Fig. 54. 


4.125. ¢ = @ — 2t, y= #? +24, t€ R. 

ANZ. 2 es. y= 2b ee. Te 8. 

4.127. x = acos*t, y = asin’ t, t €[0, 2x). 

4.128. x = t? —3n, y = 2? —6arctant, t€R. 

In Problems 4.129 to 4.132 construct the indicated curves 
given in polar coordinates. 


4.129. r = asin 39. 4.130. r= a (4 + cos Qg). 
4ABL. 7 =: V =. 4.132. r® = 2a cos 20. 
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SEC, 5.5. 
VECTOR AND COMPLEX FUNCTIONS 
OF REAL VARIABLE 


1. Definition of Vector Function of Real Variable. If each value 
of a real variable t€ D CR is associated with a vector @ (i) € 77s, 
then a vector function of a real variable a = a (t) is said to be defined 
on the set D. 

To define the vector function @ — a (t) is the same as to give 
three scalar functions a, (t), ay (t), a, (¢) which are the coordinates 
of the vector a: 


a=a,(t)ita,()jta, Wk, 
or, in a shorter notation, @ = (a, (4), ay (4), a, (t)). If vector @ is the 
radius vector of the point M (x, y, 2), then the corresponding vector 
function is customarily denoted: 

r=r(@t) rid yWjt2@k. 

The hodograph of a vector function + = r(t) is a line described 
in space by the terminus of the vector r. Any line in space may be 
regarded as the hodograph of some vector. The parametric equations 
of hodograph are: 

xr x(t), y-- y(t), 5 = 2 (é). 
Example 1. Find the hodograph of the vector function 


1— i , ne 
We have the parametric equations of the hodograph 
1{—?? 2t 


x eee) 


= depart ages 
Eliminating the parameter ¢, we obtain 


(1 — t2)2-+ 4?t? 

2 Deen, SN eA ye 

hr 

Hence, the hodograph of the vector function r (t) is the cirele 
go Ayre AS eg A. 


with the point (—1, 9, 1) excluded. When ¢ changes from — oo to 
-[-oo the point AY (x, y, cs) on the hodograph moves from the point 
(—1, 0, 1) anticlockwise (when viewed from a point situated above 
the plane z ~ 1); in this case lin zx a lim y= 0. 
t + + oo 7 > + 00 
In Problems 5.1 to 5.10 find the hodographs of the giver 
vector functions. 


5. r= (2t —1) i +(—3t +2) 7 +4tk, t ER. 
52r=V1—-Pi+V1 +27, t €[0, 4], 
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5.3. r=4cosht-i —j +3sinht-k, t€R. 


5.4. r= 3ti + (2t —t)j, tER. 

Qo r= cost-t +sint-j + tk, t€R. 

5.6. r= 2cos?t-i +2 sin? t-j, ¢ €[0, 2x]. 

5.7. r=titty +0k, t€R. 

5.8. r= cos? t-i +sintcost-j + sint-k, t€[0, 2nl. 


5.9. r= 5cost-i +4sint-j + 2k, ¢€[0, Qn]. 
5.10. r = (sinh t — 1) i + cosh? t-J + 3k, t€R. 
2. Differentiation of a Vector Function. The derivative of a vector 


function a = a(t) with respect to the argument ¢ ts again a vector 
function 


da lim Aa Ses Se), 
— = li — — lim —— 
dt atvo AE ato At 


If a@ (t) = (ay (), ay (t), a, (¢)), then 


da _ (#2 day (t) saz) } 
dt dt ? dt ° dt 


fr =r (t) = (z(t), y (t),2 (t)), then the derivative a is a vector 


tangent to the hodograph of the vector function r (t) and going in 
the direction corresponding to the increase of the argument f. 


If ¢ is time, then = = v is the vector of the velocity of the ter- 


minus of the vector r. 
Rules differentiation of a vector function (a = a (t), 6 = 6b (t)). 
a db 


(1) ae “(at b= +a: 


d. e 

(2) = (aa) -=a@ z , Where @ is a constant scalar. 
de : 

(3) a where cis aconStant vector. 


(4) — “ (a) = SE a a--+P = a , where @-=(t) is a_ scalar func- 
tion of ‘ 
db 
(5) = = (a, b= (4 dt re) +(a, | 


0 ft mmo] +o. 2], 
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(7) a (@ (t)) ==——- —— , where p= q(t) is a scalar function 


of ¢. 


(8) (a, FH) 0, if |a| constant. 


0.11. Given: the equation of motion r = 3ti — 4tj. De- 
termine the path and velocity of motion. 

0.12. Given: the equation of motionr -= 3ti -- (4¢ — &*) j. 
Determine the path and velocity of motion. Construct the 
velocity vectors for the instants: ¢ -= 0, t= 1, t= 2,t= 3. 

9.13. Given: the equation of motionr - 2 (t —sint)i - 
-+-2 (1 — cos t) jf. Determine the path and velocity of mo- 
tion. Construct the velocity vectors for the instants: ¢ = 
= n/2 andt=n. 

0.14. Find the unit tangent vector of the hodograph of 
the vector function r = 2°4¢ — (¢ -|-8)48 j for t = 0. 

0.45. Find the unit tangent veclor of the hodograph of 
the vector function r == (#8 + t)i 4-7 for ¢ = —1. 

5.16. Find the derivatives of the following vector func- 
lions: 

(a) r = sin t-% + cos? ¢-j + sintcost-k; 

(b) r= tcost-i 4+-tsint-y + tk; 

(c) r = (¢ 4-cost)i + ¢t7 + sin t-k, 

9.17. Find the derivatives of the indicated vector functions: 

(a) r -= eit + cost-j + (t? | 1) k at the point (1, 1, 1); 

(b)r= Si +(t +127 + Ve + 1k for t = —2. 

5.18. Find — (a, 6) if 

G21 SP yp Ak, Oe Baap OP 

5.19. Find la, 6) fa —i+lj + tk, b= ti |i} 


4+. t2k. 
5.20. Find a ifa— ui + us + uek, where u -— sin t. 


3. Tangent to a Space Curve and a Normal Plane. The equation of 
the tangent to a space curve x = x (t), y = y (¢), 2 = 2 (¢) at point 
My (Zo. Yo. 29), to which there corresponds the value ¢t) of the param- 
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eter, has the form 


BA cs WEG oe. 
dz dy | dz 
dt t=to dt t—-ly at i=1y 


where «, 7, 2 are the moving coordinates of a point on the tangent. 
The equation of the normal plane at the same point is 


dx 
CO eG 


itl, 


| dy _ 
-- (Y— Yo) dt t =t; ; 


t1 t=t 


dz 
Pen (2 — 2) =| 


Example 2. Prove that the tangent to the helix r= (acost, 
asint, bt) forms a constant angle with the z-axis. 
Lel us find the vector tangent to the hodograph of the vector r: 


ar : 
FT =l(-4 sint, acost, b). 
ITence 
z’ (t) b 
C08 Y= eer > FS =", 
Y dr VY a+b? 
dt 


l.c. y =: constant. 

Example 3. Write the cyuations of the tangent line and the 
normal plane to the curve x= #—1,y=t4+1.2=86 at the 
point Af, (0, 2, 1). 

To the given point there corresponds the value of the parameter 
t= 1. We have 


dx dy dz 
—— ? —— SS — 2 
Apr a) gk ape 
Substituting the value ¢ = 4, we get 
dx : dy dz 


dt a * Gt Wieq dE We 
The desired cquation of the tangent line: 
ez y-2 2-1 


2 ‘ee 


The equation of the normal plane: 
2 (zc — 0) + 1-(y — 2) + 3 (2 — 1) = 0, 
or 
2x + y+ 32 —5= 0. 
In Problems 5.21 to 5.25 write the equations of the tangent 


line and the normal plane to the given curve at the indi- 
cated point, 
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9.21. f= 4 Sint t, y = 4sint cos f, z—?2ecos’t fort = 


‘ ee eee ee eee eat 
D.2o, L == 7B, ysg BP, z= 5t for t =: 2. 


9.20. 2 = acosht, y=asinht, z = at for t = 0. 

9.24. 2% + y? = 10, y®? +27 = 25 at the point M, (1, 3, 
4), 

5.20. 277 + 3y? +27 = 9, 322 4+ y? — 2? = Oat the point 
M, = (1, —1, 2). 


4. Second Derivative of a Vector Function. If 
r=r (t) = (z(t), y (@), z (@)), 
then 


d*r = (ae) 


( d@x d?y d?z \ 
di2 dt } 


dt?’ dt? ° dt? 


re d*r dv : : 
If é¢ is time, then ae. ay the acceleration veclor of tlie ter- 
minus of the vector r. 
Let a curve in the ry-plane be a hudograph of the vector function 
r—r(s) = (z (s), y (s)), where s is the arc length of the curve. 
The curvature of the curve at the 
point M, is defined as the number 


r(s) 
K=-| lim —], 
M>My “ ; 
where gis the angle of rotation of 
the tangent corresponding to the arc 
M,M (Fig. 55) of the given curve, Mg 
and As is the length of this arc. 
The quantity R = 1/K is referred to 
as the radius of curvature. 
The curvature K is defined by 
af Fig. 50. 
the relation K = |—+|. 
ds 


Given below are the formulas for computing the curvature ol 
a curve: 

(1) if a curve is defined by an equation in the explicit form y = 
= f(z), then 


? 


soa 
k=| a 
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(2) if a curve is given by an equation in the implicit form* 
I’ (z, y) = O, then 


Fi. Fy # 


xx 
n” ” f 
Prey Foy Fy, 
a / 
Fi, FL OO 


K=|— ae ae oe ee : 
@ ) if a curve is represented by the paramctric equations z = z (2), 
= y(t), then 

x! y’ 


4 ut 


xg” sy ; 
Ce eo ve 

(4) if a curve is given in polar coordinates by the equation r — 
— r(g), then 


r@ + Or’? — rr” 


“|G rae 


The osculating circle (or the circle of curvature) of a curve at its 
point ™M is defined as the limiting position of the circle drawn through 
the point M and two other points of the curve P and Q when P + A 
and Q—> M. 

The radius of the circle of curvature is equal to the radius of cur- 
vature, and the centre of the circle of curvature (the centre of cur- 
vature), corresponding to the point M, is found on the normal to 
the curve drawn at the point M in the direction of the concavity 
of the curve. 

The coordinates X and Y of the centre of curvature are 


, 9 
Kg ee rey tt 


The evolute of a curve is defined as a line described by the centre 
of curvature as a point moves in the curve. The formulas for the coor- 
dinates of the centre of curvature are determined by the parametric 
equations of the evolute. 

Example 4. Find the equation of the evolute of the parabola 


= 2 (x + 1). 


: 1 ; fan 
We have 2yy’ = 2, i.e. y’ ~ —. Afler repeated differentiation 
Y 
. ; - 1 
we obtain y’? + yy” = 0, whencey” = — a ~~ — at Now we 


* Here we make use of partial derivatives of a function of two 
variables; for thcir definition see Chapter 7, Sec. 7.1. subsection 3. 


Tf 
ee) 
= 
wt 
wt 
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find the coordinates of the centre of curvature: 


1 ( 1 
, ’ are 1+— } 
2 2 : 2 
ge OD sp y 3 


fs eee neti es eee eae 7 
y 2 — iy oe 
4 
eee 1+ 
Y -- yt —+3—- =y4+-——*,- = - 
we have thus found the parametric equations of the evolute: 
X Sy’, Y:-—y3 


Eliminating the parameter y, we find the equation of the evolute 
in the form 


8 
Brae 3 
y*> oF x*, 
9.26. Find the second derivatives of the given vector 
functions: 


(a) r= cost-i + eZ + (2 +1) k, 
(b) r= ti +tcost-J +tsint-k 


for an arbitrary ¢ and for ¢ = O. 

9.27. Given the equation of motion: r -: 2 (£ —sin t) i -- 
+2 (1 — cost) ys. Determine the acceleration of motion. 
Construct the acceleration vectors for the instants £ Ae 
t == I. 

5.28*. Given the equation of motion: r - 3ti + (4t — 
— 1?) 7. Determine the acccleralion w of motion and its 
tangential w, and normal w, components for an arbitrary 
instant ¢ and for t = 0. 

5.29. Given the equation of motion: r= */, t*t -- 
+4, (2t + 1)? 7. Determine the acceleration of motion 
and its tangential and normal components for an arbitrary 
instant @ and for ¢t = 0. 

In Problems 5.30 to 5.36 compute the curvature of the 
given curves. 

59.30. y -= x2? at the origin and at the point A/ (1 

5.31. x? + Gy? — 9 at the vertices of the ellipse A ( 
and B (0, 1). 

5.32. 227 —a2y +y? = 1 at the point A/ (1, 1). 

5.30.0 222 9 St Het tor t= 1, 


poh) 
3. 0) 
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5.34. 2= 4,0, y=, @ at the point M (1/2, 4/3). 

d.d0. r= a(1 —cos@) at an arbitrary point and for 
p= 1. 

5.36. r? = a® sin 29 for g = n/4. 


In Problems 5.37 to 5.43 find the radius of curvature 
(at any point) of the given curve. 

ica Va, ae ae A. 

5.39. 27/3 + yy? = a*/*, 5.40. x = acost, y = bsint. 

0.414. x= a(t —sint), y =a (i — cost). 

0.42, r? = a’? cos 2g. 9.43. r = ag. 

0.44*, The verter of a curve is its point at which 
curvalure has either a maximum or a minimum. Find the 
vertex of the curve y = e™. 

0.49. Find the vertex of the curve y = Ing. 

In Problems 0.46 lo 0.00 compute the coordinates of 
the centre of curvature and write the equation of the circle 
of curvature of the given curve al the indicated point. 


0.46. y= at the point M (0, a). 


5.47. y =e at the point .VW (0, 1). 

5.48. y = xe* at the point M(—1, —1/e). 

9.49. y = sin x at the point M (m/2, 1). 

9.00. «= a(t —sint), y= a(1—cost) at the point 


AT (ma, 2a). 
In Problems 5.51 to 5.05 find the evolutes of the given 


curves. 
9.015. =e". 0,02. 2? Say" 00.00 Cy Saas, 


9.04, © pipe Oa A) ae 
y 
Peo0e ee 2b ap Sa ee. 


3. Differential Characteristics of Space Curves. At any nonsingular 
point A7 (x, y, z) of a space curver F(t) it is possible to construct 
three mutually perpendicular vectors: 

ar 
(4) T= aF (direction vector of the tangent); 


“dr d*r~ 


y pha nets 
ae ate ae 


| (direction vector of the binormal); 
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(3) N =[B, T] (direction vector of the principal normal) or 
corresponding to them basic wnit vectors: 


T B N 
v= ——— 


; ) 2S =a 
|v | | B| N|° 


which can also be computed by the formulas: 
ar - at | dt 


t=—., ean Gee 
ds ds 


ds 


» B=[t, v]. 


A trihedron with vertex at a point J/, whose edyes are the tangent. 

principal normal, and binormal is called the natural trihedron of 

a space curve. Its faces are: the osculating plane (passes through the 

vectors T and .V), the normal plane (passes through the veelors NV and 

B), and the rectifying plane (passes through the vectors B and T). 
The equations of the principal normal have the form 


where -r. y. 2 are (he moving coordinates of a point of the principal 
normal, and N,, Ny, N, are the coordinates of the vector N. 
The equations of the binormal have the form 


PED ooo Ue Oe A 8 
ig By ie 


The equation of the osculating plane is 

By, ( — t) + By (y — Yo) + Bz (2 — 24) == 0. 
The equation of the rectifying plane is 

Ny (© — £9) + Ny (¥ — Yo) + Nz @ -- 2%) = 9. 


Example 5. Find the basic unit veclors t, v, and 6 ol the curve 
a= i1—sint, y= cost,z= t at the point M to which there 
corresponds the value of the parameter ¢ = 0. Write the equations 
of the tangent, principal normal, and binormal] at this point. 

We have 

r= (1 — sin t)i-++ cost-j -+ tk, 
r ae oa : 
—— —cos t-t—sint-j--k, 


2 
dt? 


—gsint-i—cost-J. 


For t=0 we obtain: 
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i 1&k 
"ar ar . 
Pegg aa aa 
0 —1i 0 
ij k 
NSRP S|) 4 ae ee yp 
—i1 0 1 
Consequently, 
eer tm a Base 


V2 2 


Since fort = 0 we have x=1, y=1,2z2=0, then 


—1 0 => are the equations of the tangent; 


x—i1 y—1 ; or 
gue Ee are the equations of the principal normal; 


0) 4 (0) 
z— 1 y—1 Z ; : 
fog pe the equations of the binormal. 


If a space curve is given as the intersection of two surfaces 
PAZ Y5-2) = 0; 
G (x, Y, z) — 0, 
dr d*r... 
(hen, instead of the vectors aT: anid Te it is more convenient to con- 
| at* 
sider the vectorsdr — (dx, dy, dz) and d*r = (d?x, d?y, dz), rewarding 
one of the variables z, y, z as an independent variable and its second 


differential to be equal to zero. 
Example 6. Write the equations of the osculating, normal, and 


rectifying planes of the curve 


(oe. 
xt— vit 2=4 


at its point M (1, 4, 2). 
Nilferentiating the given equations and regarding 7 as an inde- 


pendent variable, we obtain: 
zdx+ydy+2dz=0, 
xdx — ydy + z2dz = 0 
and 
dx* -|- dy? + y d*y + dz? + zd®z = 0, 
dx? — dy? — yd*y + dz? + 2d2z = 0. 
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For c=1, y=1,2:=2 we have: 


dy—0,  dz==—-> de, 
3 
d?y —0O, a2z = a dx?. 
Consequently, 
1 | 3 
ar = ( dz, 0), —=ar), ar =(0, 0, —— a). 


Replacing these vectors by the collinear vectors (2, 0, —1) and 
0, —1), respectively, we obtain 


? 


T2024), 
ij k ij k 
B—|2 0 —1{=27, N=|0 2 0 |=2(—i—2k). 
00 —1 20 —1 


Hence we find: 


y —1= 0 is the equation of the osculating plane; 
2x — z= 0 is the equation of the normal plane; 
x + 22 —5 = 0 is the equation of the rectifying plane. 


In Problems 5.56 to 5.09 find the basic unit vectors 
t, v, B and write the equations of the tangent, principal 
normal, and binormal of the given curves. 

5.56. 2 —e', y=e', z=t for t= 0. 


5.97. x— t —sint, y=1—cosf, z= 4sin > for t = 


== SU, 
D8. f= 2h. f=] Int, So = for 1 "1. 

9.09. y = x, 2 = 227 at the point z = 1. 

5.60. Write the equations of the planes forming the natural 
trihedron of the curve xz = t? +41, y = cost, z = e' at the 
point (1, 4, 1). 

5.61. Writethe equations of the planes forming the nat- 
ural trihedron of the curve x =t// 2, y = t/Y 2,2 =Insint 
for ¢ = m/2. 

5.62. Find the vectors t, v, B and write the equations 
of all the edges and planes forming the natural trihedron 
of the curve r= (¢ + 1)?, y= #8, 2 = V#® +1 at the point 
(1, 0, 1). 

5.63. Find the vectors t, v, B and write the equations 
of all the edges and planes forming the natural trihedron 


21—01176 
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eofy? +2 = 14, 
z+t2y—z=2 

The curvature of a space curve is defined analogously to that of 

a plane curve. Jf a curve is given by the equation r = r (s), then 

| eee ee (i 

ds? 


R 
If a curve is represenred parametrically, then we have 
dr d*r ~ 
la a || 
ar }3 
dt 
The torsion (second curvature) of a space curve at a point M is 
defined as the number , 


a aaa ' 
where 0 is the angle of rotation of the binormal corresponding to 
the arc MN. The quantity p is called the radius of torsion or the radius 


of second curvature. 
If r=r (s), then 


of the curve | at the point (1, 2, 3). 


te 


S=op = 


—————— @ — es 


__| Bl ds ds? ds 
mamma (RT hae d’r [2 ’ 
ds? 


ee ; d 
where the minus sign is takenif the vectors ap and v are in the same 
§ 
direction and the plus sign if otherwise. 
If r =r (t), where ¢ is an arbitrary paramcter, then 
dr @r_ dr 


een 9g eee 9 


dt dt? dt 
dr d*r {2 ° 
aa || 
Example 7. Find the curvature and torsion of the curve z = 


= el cost, y= etsin#t, z= et at an arbitrary point. 
We have 


Oo- 


r= (ef cost, ef sint, et), 


ar . . 

= (ef (cos t — sin #), et (sin t +- cos 2), et), 
a’r ; 

a (—2e!? sin t, 2e! cost, et), 

a'r 


= (—2el (sin ¢ + cos t), 2e? (cost — sin 2), e?). 


Sec. 5.5. Complex Functions of Real Variable 323 


Hence 
i J] k 
a a |= ef (cost—sint) ef (sint-+cost) ef 
—2et sint 2et cos t et 
=e! (sint—cost, —(sint-+ cost), 2) 
el (cost—sint) ef (sint+ cost) ef 
eae a= —2et sint 2e! cos t et | —2e3, 
—2e! (sint-+cost) 2e! (cost—sint) ef 
Consequently, 
___ et V(sint—cost)?+(sini+cost?+4 V2 _, 
Dest e-t 


eat ((sin ¢—cos t)?-+ (sin ¢+ cos t)? 4-4) 8 


In Problems 5.64 to 5.69 compute the curvature and 
torsion of the given curve. 


5.64. ¢ = et, y = et, z ~t//2 at an arbitrary point and 
for t = 0. 

9.65. 2 =t, y = t?, 2 = t? at an arbitrary point and for 
i= 0, 

5.66. « = 3t — 8, y = 3t?, 2 = 3t +2 at an arbitrary 
point and for ¢ = 1. 

5.67. x = 2t, y = Int, z = ¢#? at an arbitrary point and 
for t= 4, 

x? x8 
0.68. y=, 2=—z for es 
5.69. 2x = y?, 2 = x? at an arbitrary point and for y = 1. 


5.70*, Given an equation of motion: r= ti +2t?7 + < t?h. 


Determine the acceleration w of the given motion, tangential 
w,. and normal w, components of the acceleration at an 
arbitrary instant ¢ and for t = 1. 


6. Complex Functions of a Real Variable. If each value of the real 
variable ¢€ DCR is associated with a certain complex number 
z-- x-+- iy, then z (t) is called acomplez function of the real variable t 
with the domain of definition D: 


z= 2(t) = 2 (t) + iy (é). 


21* 


324 Differential Calculus: Functions of One Variable Ch. 5. 


To specify a complex function 2 = z (é) is the same as to define two 
real funclions 2 = a (t), y = y (t) or to give a vector function r (tf) — 
= (z (t), y (é)). 


The derivative of a complex function z (¢) is defined as the complex 


function z’ (t) = lim 2a, 
At +0 At 

tions of a real variable are differentiated with the aid of the ordinary 
differentiation rules (see Sec. 5.4, subsection 4). 

Example 8. Find the curve defined by the function z = ¢? -+ it, 
t€ (—oo, -++0o), and the derivative of this function. 

{z= 2-+ iy, then c= 1*, y = t. The required curve is a parab- 
ola y? = x. We fin the derivative of the given function z’ = 2¢ + i. 


= x’ (t)+iy’ (t). Complex func- 


In Problems 5.71 to 5.78 construct the curves given by 
the equations z = z(t), and find 2’ (f). 


. J 
5.71%. 2= 1 —i +te *,t€(—oo, +00). 
5.72. z= 2e?, ¢€ (0, a). 
0.73. 2 = det? + e-t, t € (—oo, -L00), 
0.74. 2= (2 + i)e?' + (2 —i)et, t€ (—c, +00). 
9.79. 2 = + itt, t € (—oo, +00). 
5.76. z=t +i — ie, t€ 10, 2a. 
5.77. z= ae? (1 — it), aE R, t € (—oo, +00). 
0.78. zZ = el@tiBt, g, BER, t€ (—ow, +00). 

0.79 *, As is known, z = z (t) defines the law of motion 
of a point in the plane. Find the components of velocity 
and acceleration in the direction of the tangent to the 
curve z = z(t) and in the direction perpendicular to the 
tangent. 

0.80*. A point z traverses the circle | z | = R witha con- 
stant angular velocity equal to unity. Find the velocity 


vector of point w moving togelher with z according to 
the law w = f (2). 


SEC, 5.6. 
NUMERICAL METIIODS OF FUNCTIONS OF ONE VARIABLE 


1. Numerical Solution of Equations. The root & € (a, b) of the equa- 
tion f (x) =: 0 is isolated on the closed interval |a, b] if this interval 
contains no other roots of the indicated equation. In this case the 
interval [a, b] is said to be a root isolating interval. 
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(1) Method of chords. Let on the interval [a, b] of isolation of 
ot pee of the equation f (r) — 0 the following conditions be ful- 
illec 

a) the eho f (2), f’ (xz), and f” (z) are continuous; 

(b) f (a)-f (0) <0 

(c) the functions f’ (x) and f” (x) do not change sign. 

Let us define the numbers x, (n — 1, 2, 3, ...) by the equalities 


: (tp_1— @) f (Zn_1) = . : 
ie aero en ac » ty=b, if f(a)-f (x) <9, 


(b-——2n-1) f (Xn-1) . 
Ln o> Ha, if fF (a)-f (2) SU. 
BaP FO Snes) et 

Then the sequence (2,),,¢q converges lo the root § as n> 
and for all natural n the following inequalities are fulfilled: 


If (tn)| 
In—&| a 
| 
[zn —§| <—— ltn—Zp_y], 
where m = min | f’ (x) | and M= max | f’ (x) |. 


axx<b 


an xm 
Example 1. Find the roots of the equation 
z-arc tanz —1=0 


with an accuracy to 0.0004, applying the method of chorils. 

On constructing the graphs of the functions y — arc lanz and 
y 7 1/z, we conclude by the points of intersection of these curves 
that the indicated equation has two rools § and E, equal by absolute 
value but having opposite signs. Let us find the positive root &, choos- 


ing the interval {1, 3] for its isolation. For the function f (x) -~ 
= x-arc tan z — 1 we have 


u = i 
f’ (x) = are tan ss aa ar Be = ’ f (x) = (1 22)2 
and 
Af 
a —-1) ( — —1) = — 0.2146019-0.8137992 <0, 
(V3) ee V3 


therefore the conditions (a), (b) and (c) are fulfilled. Since f” (x) >> 0 
for z € {14, Y 3], we have m < f’ (x) < M, where 


m =f’ (A) =F 45 =1.2853981, 


M =f’ (V3=>+ V3 1 802102, 
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M—m 


and = 0.1515577. To determine the sign of the product 


FUPG), let us find z,. Since 

AVS) I) 4 4597608 
f(V3)—f (4) 

the numbers z, should be computed by the formula 

_ (V3—2n-1) f (2n-1) 
f(V3)—f @n-1) 


We then tabulate the results of computation: 


tj=1 


In =In-} 


n sa f(x) _4) (xp - Xn—1) *n es ae (Xp ~ Xp) 
1 |2 —0.2146019 | —0.1527608 | 1.1527608 0.023152 

2 11.1527608) —0.0129601 | —-0.0090807 | 1.1618415 0.0013762 

3 {4.1618415} —0.0006758 | —0.000473 | 1.1623145 0.0000716 


The last column determines the limiting absolute error. Hence, &,; = 
= 1.1623 + 0.0001 and & = —1.1623 + 0.0001. 

(2) Method of tangents. Let on the interval [a, 6] for isolating 
the root — of the equation / (7) = 0 the above indicated conditions 
(a), (b), (c) be fulfilled and let the numbers z, (n — J, 2, 3, .. 
be determined by the equality 


et: f (@n-1) 


and 


a if f (a)-f (c) <0, 
Ty “| b if i (a) -f (c) = 0, 
c if P(e (, 


where 
_(b—a) f (a) 
f (b)—f (a) ° 
Then the sequence (x,),¢q converges to the root § as n-—» oo, and 
for all natural x the following inequalities are fulfilled: 


c—a 


M 
ltn -—EL< eee and |zn—§| <=+ (tn —Zn-4)?, 


2m 
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where 


m= min |f' (z)|, My= max | f" (z) |. 
b <x 


asus “SxS 


Example 2. Find the positive root of the equation z-arc tan x — 
—1= 0 to within 0.0001, using the method of tangents. 

As in the preceding example, we take [1, V3] for the root iso- 
lating interval. Since for the function f (x) = z-arctanz — 1 we 
(V3 —1) f (A) 
(V3) — f (4) 


computed by the formula 


Fee Pico Ly = V 3. 


f' (tn-1) ’ 


The functions /f’ (x), f” (z) and the value m = 1.2853981 are 
found in Example 1. Further, M,= f” (1) = U.25 because f”’ (x) = 
42x 


7 reese a nth aan ME 
— a+ 0 on the isolation interval. Finally, = 0.0972461. 


The results of computations are then tabulated: 


have c-- 1— = 1.1527608 > 0, the numbers z,, are 


j (0 
n vn-1 F(X, | Ph &p_ pt _ a4 Xn = (Xp —%p_,)? 
1 (4.7320508/0.8137992) 1 .480210210.5497862/1 . 1822646 0.0534645 
2 14.182264610.0270628/1 .3617976/0.0198728/1 . 1623918 0.0000384 


Consequently, the root of the given equation is § == 1.16239 + 0.00004. 


In Problems 6.1 to 6.5 make certain that the given equa- 
tion has no real roots. 


6.4. 2% —x —1/2 = 0. 6.2. 27 — are lang {+1 = 0. 
6.3, (2? +22 +2) = 0. 6.4. VY 2x —1 + log + — 0. 
6:92.-2 =a" 424 = 0; 

6.6*. The root — of the function f (x) = 0 is isolated 


on the interval la, b], the function f (x) is continuous, and 
f (a)-f (b) < 0. Dividing successively one indicated interval, 


find the root isolating interval reduced )y = as) compared 
with the original one, 
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6.7. Solve the equation z* + x? —3 = 0, using a com- 
bined method: applying the method of chords and the method 
of tangents, and comparing the results obtained. 


Constructing the graphs of the functions y = z* and y = 3 — 2’, 
we arrive at the conclusion that the given equation has one real root 


E on the interval [1, 2]. Let us reduce the isolation interval to + of 
its length, using the half-division method. For f (z) = z% ee —- 3 
we have f (1) = —1 < Oand f (2) = 9 > 0. We find f (1.5) = 3 > 0, 


therefore [1, 1.5] is a more narrow isolation interval. Finding 
f 1.25) = 0.515625 > 0, we obtain the interval [1, 1.25]. Since 


(4.25 -1) £4) 
f (1.25) —f (1) 
when applying the method of chords, it is necessary to use the formula 
ieee (1.25 —£n-1) f (Zn-1) 
ini, _ —..._... = 
f (4.25) —f (tn-1) 
and, when applying the method of tangents, the formula 


= 1.1649484 > 0, 


c=1 


tet 2 oe ees) 


fe i Faas Sol ay Fee RY ey 
f" (@n-1) 
The results of computations are then tabulated as follows: 
(a) for the methods of chords: 


-n Xn4 f (Xpy_1) | = (xp a Xi) | xy" 

va 1 —1 —0.1649484 1.1649484 
2 1.1649484 —-(0.0619384 —(.0091209 4 .1740693 
3 1.1740693 —().0031786 —Q.0004651 1.1745344 


(b) for the method of tangents: 


n ran Peas) f (%__1) |-@p—=p_p| ey 
4-| 1.25 0.515625 | 7.1875 0.0717391 | 41.1782609 
2] 1.1782609 | 0.0240767 | 6.5214179 | 0.0036919 | 4.1745690 


Re 
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When computing by the method of chords, we obtained an increas- 
ing sequence (rn) of approximations of the root &: 
1 < 1.1649484 < 1.1740693 < 1.1745344< ...<&, 
and when applying the method of tangents—a decreasing sequence (t,): 
E<...< 1.1745690 < 1.1782609 < 1.25. 


The coinciding digits of the terms in both sequences are correct digits 

for the root §. Given the limiting absolute error ¢, the value » for 

which the desired accuracy is obtained is found from the inequality 
| Zn —z,|< &, 


> (t, +-2,) +e. Thus, 


€ = 1.17455 + 0.00003. 


In Problems 6.8 to 6.37 compute to within 0.0001 the real 
roots of the given equations, applying one of the indicated 
methods: (a) method of chords, (b) method of tangents, 
(c) combined method. 

6.8. 2 4.27 —8 =0. 69. 2A +27 4+1= 0. 

6.10. 2* — 322 +47 —1=0. 6.11. 2? +27 —30=0. 

6.12. 26 — 322? +2 —1=0. 6.13. 22 — 2% —5 = 0. 

6.14. 22 —5¢ 4+1= 0. 6.15. 22° —d2* + 7x —2 = 0. 

6.16. (¢ + 1% —x=0. 6.17. ct — 2x —2 = 0. 

6.18. 279 —474 +1=0. 619. 2 +27 +1=0. 

6.20.2= /5—2. 621.2=-24 Yc. 

6.22. «2 + 602 —80=0. 6.23. 2° —a —2 = 0. 

6.24. 2=10logz. 6.25. « = 2 — log®g. 

6.26. 227 = —Inz. 6.27. x? = In (@ + 1). 

6:28.49 = 2"... 6:29... 2° =e" 22, 

6.30. «+ sinz —1=0. 6.31. x —cosx = 0. 

6.32. 22 =cosz. 6.33. 2 = arc tan j/ 2. 

6.34. Inz = arctanez. 6.35. 2? 4+-Inzg —4= 0. 

6.36. x?-arc tan —1=0. 6.37%. e*? — 2x = 0). 


where & = 


2. Interpolation of Functions. Let a function y = f(z) attain the 
values f (r,) 4, at the points of interpolation x, €fa, bl, k= 0,4,... 
n then the divided differences are defined by the equalities 


. 74 


YR YR 
Ay (Zp, Tho) = ear an ’ 
+ 
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Ay (2h, ®R41)— Ay (th41, Troe) 
Ay (®k, 2h41, Ch+2) =: A Mths thes) OY (Chery Pasa) , 
Lk—Zki9 


Ay (ZR, Thott, eee, Chel-is Tk 41) 
_ Ay (fk, Chay, +++) Lhat-1)— Ay (Lear, +++) Cred) 
tk Fky] 


and the interpolution polynomial of the function f (z) on the interval 
[a, b} has the form 


Pn @=wt) (t-—p) (C—2,) ... (C—Zp-y) Ay (Zo, T, «--, ZR); (A) 
k==1 


and if there exists a continuous derivative f ("+!) (z) on [a, 6] then 
the equality 


nN 
Mn —— D) 
If (2)— Pn @)1 <<  | [If ean) | (2) 
k—0 
is fulfilled, where 
Mn+1= max | f€"+2) (x) |. 
axxx 


Example 3. Find 1/2 to within 0.0001, by constructing an inter- 


polation polynomial for the function f (r) == Vz on the interval 
[1.69, 2.25]. 

Let us choose n = 2 and the interpolation points zx» = 4.69, 
vy 1.96, x) = 2.25. We estimate the accuracy by formula (2). 


Since fUMr ; —Pa ~7/2 < 0, the function f”’ (z) =o 3h is decreas- 
ing on the interval J = [1.69, 2.25]; therefore 
3 1 
M.=max f{” =f" (1.69 =—_—_ :) ——- — 0), 5 
3 ee f” (x)=f" ( ) Sey 13 0.1009984 


Then for the difference rp (x) = f (w) — p, (x) we shall obtain the 
inequality 


Ire (2)| < A |(@—1.69) (2—1.96) (2—2.25)1, 


whence it follows the fulfilment of the inequality 


0.1009984 
6 


and the preassigned accuracy is achieved, 


Irs (2) < 0.31-0.04-0.25 = 0.0000521 
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Let us find the coeflicients of the interpolation polynomial, comput- 
ing the divided dillerences and tabulating the computation results: 


Ay (Xp, hei? xh 49) 


1.31.4 0.3703703—0. 3448275 

0 | 1.69 | 1.3 = Re Vers 0ets 
(=e 1.69—2.95 

tant ae er = —0.0456124 

212.25] 1.5 | 1.96-2.25 


The polynomial has the form 
Do (x) = 1.3 + 0.3703703 (x — 1.69) — 0.0456121 (« — 1.69) 


xX (x — 1.96), 
pe (2) = 1.3 + 0.8703703-0.31 — 0.0456121-0.31-0.04 


= 1.3 + 0.1148147 — 0.0005655 = 1.4142492. 
Iience 


V2 = 1.4142 + 0.0001. 


The final differences Ahy; (k = 1, 2, 


a ee a0. AG Dy ta) ake 
defined by the equalities 


Aly, = Ayy = Yitt — Vis 
A?y; = Aygti — Ayis 
Aky; = Ak-ly; 41;—Ak-ty;. 


For equally spaced nodes x, = % + kh (k = 0, 1, ..., m) with an 
interpolation step h > 0 interpolation polynomial (1) takes the form 


Pn (2) =Yo+ > fee Akyg, (3) 


hk=0 


where t= = = “o and Akyy are finite differences of the Ath order, 


and inequality (2) takes the form 
Mnst 


lf (z)— pn (x) IS rea ynti 


7 
lI @—m], (4) 
k—=0) 

Example 4. The function y - / (z) is given by the table 


x | 1.0 1.4 1.2 1.3 


y | 2.7854 9.8330 2.8764 9 9154 
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Find the analytical expression by which the given function can be 
represented on the interval [1, 1.3] and compute f (1.45). 

The analytical expression enabling us to compute the values 
of the function f (xz) not given in the table will be sought for in the 
form of a polynomial whose values coincide with the given values 
of the function, i.e. in the form of the polynomial ps, (zx) satisfying 
the relations ps (z,) = f (tz) for k = 0, 1, 2, 3. The only poly- 
nomial with such properties is the interpolation polynomial pz (z) 
defined by equality (3). We find the finite differences, tabulating 
the results of the computations as follows: 


2e he ee 
0 4 2,.7854 

0.0476 
1 1.4 2.8330 — 0.0045 

0.0431 0.0004 
2 1.2 2.8761 —0.0041 

0.0390 
3 1.3 2.9151 


Applying formula (3) for kh = 0.1, n = 3, and zy — 1, we obtain 
Pa (x) = 2.7854 + 0.476 (« — 1) — 0.225 (x — 1) (a — 1.1) 

+ 0.0666 (2 — 1) (x — 1.1) (x — 14.2). 
Then 
Pp, (1.5) = 2.7854 + 0.476-0.15 — 0.225-0.15-0.05 


+ 0.0666-0.15-0.05 (—0.05) = 2.7854 + 0.0714 — 0.00417 
+. 0.0000 = 2.8554. 


To compute f (1.15), let us note that f (1.15) = p, (1.15), and, if 
the derivative {("+!) (z) is unknown, the modulus of the last of the 
terms entering into sum (3) is regarded as the limiting absolute error 
of the equality / (7) = p, (7). Therefore f (1.45) = 2.8551. 


6.38. Prove the equality 
R 
Ay; = 2 Ch (= 1)” Yrti-vs 
v= 
where 


ee, 


vi(k—v)y! ? 
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6.39*. Prove the equality 
Ai (ly co0g 0) =D, fut it 
1 


where 
R 


n= I] (@—2). 


6.40. For the function f (x) = cos as x construct the inter- 
polation polynomial, taking x = 0, 2, = 1, x, = 2, 43 = 
= 3 for interpolation points. Find cos wa and estimate 
the accuracy of the computation. 

6.41. For the function f (xz) = In x construct the inter- 
polation polynomial choosing the points z, = 9, x, = 10, 
XZ, = 12, x; = 15 and using the values In 2 = 0.693147, 
In 3 — 1.098613, and In 5 = 1.609438. Find In 11 and esti- 
mate the accuracy of the computation. 

In Problems 6.42 to 6.51 the function y = f (z) is repre- 
sented in a tabular form. Find the values of this function 
for the indicated values z, and x, of the argument x which 
are not found in the given table. 


6.42. 

ec] 10 44 412 13 14 15 416 4.7 

y | 4.042 4.061 1.087 1.119 1.160 1.212 1.274 1.350 
z, = 1.26, x, = 1.58. 

6.43. 

| 18 19 2.0 24 22 23 24 2.5 

y | 4.958 2.407 2.268 2.443 2.632 2.844 3.071 3.324 
z, = 1.89, 2) = 2.43. 

6.44. 

z { 0.75 0.80 0.85 0.90 0.95 1.00 1.05 1.10 

y | 0.742 0.789 0.835 0.880 0.924 0.967 1.008 1.046 


2, == 0.855 t= 0.97. 
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6.40. 
x | 1.70 1.75 1.80 1.85 1.90 1.95 2.00 2.05 
y | 1.2322 1.2097 1.1789 1.1389 1.0888 1.0281 0.9558 0.8713 
X1 = 1.74, Xo = 4.97. 
6.46. 


x | 2.70 2.75 2.80 2.85 2.909 2.95 3.00 3.05 


y | 1.5827 1.4865 1.3721 1.2383 1.0838 0.9071 0.7069 0.4817 


x, = 2.72, x, = 2.93. 
6.47. 


x | 10 15 20 25 30 30 40 45 


y | 0.985 0.966 0.940 0.906 0.866 0.819 0.766 0.707 


v1 — 23, Lo ca AA. 
6.48. 


x | 1.41 1.6 2.4 2.6 3.41 3.6 4.1 4.6 


y | 1.029 1.389 1.649 41.800 1.852 1.822 1.739 1.632 


x, = 1.3, x, = 4.0. 
6.49. 


z | 0.43 0.48 0.23 0.28 0.33 0.38 0.43 0.48 


y | 0.1296 0.1790 0.2280 0.2764 0.3242 0.3712 0.4473 0.4626 


x, = 0.20, x, = 0.41. 
6.50. 


z | 1.4 1.2 1.3 1.4 1.5 1.6 1.7 1.8 


0.1198 0.0897 0.0660 0.0477 0.0339 0.0236 0.0162 0.0109 


i Ne 2g AG eS Ne LO: 
6.51. 


x | 50 D0 60 65 70 79 80 85 


y 


y | 0.285 0.3419 0.223 0.042 —0.148 —0.273 —0.283 —0.178 
ES Dos 19. 
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6.52. Compute the values of the sine integral Si (x) = 
N 

= — dt for x = 0.26 and x -= U.45 using the table 
‘0 

of its values: 
x {0.47 0.22 0.27 0.32 0.87 0.42 0.47 0.52 


Si (x) | ().16973 0.21941 0.26891 0.31819 0.36720 0.41591 0.46427 0.51225 


6.53. Compute the values of the probability integral 


® (x) = 7 Ver dt for x= 0.27 and x=0.58 
0 


using the table of its values: 
x | 0.05 0.45 0.25 0.35 0.45 0.55 40.65 0.75 


@ (x) | 0.05637 0.16800 0.27633 0.37938 0.47548 0.56332 0.64203 0 74416 
6.54. Making use of interpolation, solve the equation 
zx-Ing—1= 0. 
On the root isolating interval 7 - {41.6, 1.9] we have for the func- 
tion y= zine —1: 
x | 1.6 1.7 1.8 1.9 


y | —0.2479952 —0.0979324 0 .0580148 0. 2195226 


On the interval / the function y - «ln z—1 is increasing, 
since y’ =~ Inz+12>0 for x€J. Consequently, there exists an 
inverse function z = @ (y) for which we shall construct the inter- 
polation polynomial z, (y), regarding now y as the argument and 
x as the value of the function. This technique is known as inverse inter- 
polation. The results of computation are then tabulated: 


Ax (Yp, Upiys | AX (Ups Una 
‘ 8% ns Vise? : Veep ees vine 
QO | —0.2479952 | 1.6 
1 | —0.0979324 | 1.7 | 0.6663876 | _0,0821705 | o.n270049 
2 0.0580148 | 1.8 | 0.6412426 | _(¢.0695452 
3 0.2195226 | 1.9 | 9.619165! 


ad 
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Hence, the desired polynomial has the form 
xy (y) = 1.6 + 0.6663876 (y + 0.2479952) 

— 0.0821705 (y + 0.2479952) (y + 0.0979324) 

+ 0.0270049 (y + 0.2479952) (y + 0.0979324) 

xX (y — 9.05801 48). 
Setting y = 0, we obtain the root 
r3 (0) = 1.6 -+ 0.1652609 -- 0.0019956 — 0.000038 — 1.7632273. 

Consequently, the root is equal to 1.76323 + 0.00004, where the 


limiting absolute error is set to be equal to the absolute value of the 
Jast term in the expression for zz; (0). 


6.55. Using the table of values of the function y = f (2), 
find the value z, for which f (x,) = 0.569: 


x | 1.50 1.55 1.60 1.65 1.70 1.75 1.80 1.85 
y | —1.4125 —0.926 —0.704 —0.458 —0.187 0.109 0.432 0.782 


6.56. Using the table of values of the function y = f (2), 
find the value x, for which f (z,) = 4.498: 


z | 44 1.2 1.3 1.4 1.5 1.6 
y | 2.431 2.928 3.497 4.444 4.875 5.696 


6.57. Using the given table, solve the equation sinh x = 
= 4.9370, applying the method of inverse interpolation: 


x | 2 212 2.4 2.6 


y | 3.6269 4.4574 5. 4662 6.6947 


6.58. Using the given table, solve the equation tan x = 
= 1.767, applying the method of inverse interpolation: 


x | 60° 61° 62° 


y | 4.732 4.804 1.884 


3. Numerical Differentiation. The formulas for numerical differ- 
ential are obtained as a result of differentiation of the interpolation 
formulas: 

f’ (x) © pp (2) = Ay (Zo, 21) + ((z — 2) + (z — 24)) 
X Ay (29, 2, L_) + ((2 — Zo) (e — 2) 
+ (@ — Zo) (c — xq) + (@ — 24) ( — 2,)) 
XK AY (eps. 214 Soy Fo) A ws 
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the error of the approximate equality f’ (x) = p;, (x) being equal to 
the derivative of the error r, (z) = f (x) — Pp» (2). 
In the case of the equally spaced interpolation points z, = z,_-) +h 


(k= 1, ..., n), z, € [a, 6] and f (z,) = y, the following relations 
hold true: 


; 1 2t—1 3t2 — 6t-+-2 

(F' (2) % (Avot 5 Ato += Ay, 
228 — 9224+ 1414¢—3 

SE atte), ©) 


2— 18¢-+ 14 
i" (2) a (MP0 +E 1) APyyt— ty te), 


1 
where ¢ = z (z — x9)» Formulas (5) and (6) contain n and n— 1 


terms, respectively. 


Example 5. A material point M performs rectilinear motion. The 
law of this motion s=f(t) is given with the aid of the below table 
(t—time in seconds, s—path in metres): 


s | 0 2 10 30 68 130 229 


Find the velocity v and acceleration w of the point M at the instant 
of time t = 3.5. 


We first compile the table of finite differences of the function 


s = f (t): 


0 0 
Z 
1 Z 6 
8 6 
2 10 {2 0 
20) 6 
3 30 48 0) 
38 6 
A, 68 24 0 
62 6 
4) 130 30 
92 
6 222 


22—01176 
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Taking t = 3 (the nearest to t = 3.5) for the starting instant, 


we have ¢ = sow ae 0.5. Applying formulas (5) and (6), we obtain: 


v= f’ (3.5) = —— 24 


+ fOer ere 6 ) — 37.75 m/s, 


w=" (3.5) =49 (24+-0.5—-1)-6 
+ 8:00.58 18-0.5-444 J 24 mit 


In Problems 6.59 to 6.63 the function / (z) is given in 
a tabular form. Evaluate the derivative f’ (z) at the two 
indicated points z, and z.: 

6.59. 


z | 1.8 1.9 2.0 2.4 PA 2.3 2.4 2.9 


(f) x | 1.44013 1.54722 1.67302 1.81973 1.98970 2.18547 2.40978 2.66557 


Ly = 2.03, Lo — 2622s 


6.60. 
z | 1.0 4.4 4.2 4.30 1.4 4.5 1.6 1.7 


(f)c | 1.0083 41.1134 1.2208 1.3310 1.4449 1.5634 1.6876 1.8186 


WS 1.14, Lo == 4.42. 


6.61. 

is | 2.8 2.9 3.0 364 3.2 3.3 3.4 3.5 
(f) x | 3.92847 4.41016 4.93838 5.51744 6.15213 6.84782 7.61045 8.44674 
oa a 3.02, Lo = Sol. 

6.62. 


x ae, 0.80 0.85 0.90 0.95 1.00 1.05 1.10 


(f) 2 | 0.2803 0.3186 0.3592 0.4021 0.4472 0.4945 0.5438 0.5952 


aT — 0.82, Lo = 1.03. 
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6.63. 
x | : 1.2 1.3 1.4 1.5 1.6 1.7 1.8 


(f) 2 | 0.8802 0.9103 0.9340 0.9523 0.9661 0.9764 0.9838 0.9894 


= ay Bai 1G; 
In Problems 6.64 and 6.65 evaluate f’ (x) and f” (x) at 
the indicated point: 
6.64. 


2x | 4 2 3 4 +) 6 


(f) 2 | 4 5 oA 55 143 204 


x = 2. 
6.65. 


z | 0 1 2 3 4 5 
(f) x | 4 3 49 85 261 631 
fae 


Answers 


1.1, 0.331. 1.2. 0.5. 1.3. —4. 1.5. (Az)? — 2Azr. 1.6. e (e4* — 1). 


2 1 
1.7. lo | as A pe 1.9. To eg 1.10. — =. © 1.11. 2* In 24 
£o ( = z 73 2x 


1.12. 4 log, e. 1.14. Hint. Take advantage of the identity: a (29) — 
— Xof (x) = CA (to) — 20 f ye (of (x) — A (zp)). 1.15. #2 (—1) = 


= 2, fA) = 1) = 0, = 2. tA Po = fh (0) = 0, 
8. (0) = —1, 7, 0) = 1. 1-49. (0) = 4, 7 (0) = 0. 
1.20. Hint. The function y = sin = has no limit as x— 0. 
8 oy 2524 1 3 
1.21. —2-+ z zr. 1.22. — a < 1.23. — ae -+ aa +- “a 
2 { —42x?2— x! ‘ i ‘ 
1.24. (2+ 1? ; 1.25. (73 —z)2 ‘ 1.26. 2z (3x + 122 3f). 
6 3 (z?+-1) 3 1 2 
1.27. — iz. 1.28,———__——.,,, 1.29. ——a—-———+-—-—.. 
V 2x - (x3 + 32 — 1)? a y «8 oF 3by/ x 
be— ad 1{—4zr Zz 
1.30. ———~ , 1.34. ———~ . 1.32. ———————_ .. 
(c-+ dz)? x® (22 — 1)? Vz (2— V2)? 
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z-+4 1 3/7} 193 
1.33. =, 1.34. ——-———, 1.35. 2y 2? (3y +5). 

22V x y x 2 =z eee) 

2(3 33 = 

1.36. =(s5-zs). (67 Sehies 2 = Cie) 

tX\Yn Vx sin? x 2 Sin? x 

1 2tanz z—sin 27 1 

1.38. ————_ — -———__ = pa 1.39. — 3S 

y x2 cos? x Vx ai/ x? cos? x 1+-sin z 
1.40, —! sinz+ Yz cos z. 


2V=z 
1.41. 2 2/3 (2 Inz— 3%) a (=—3 In 3) 
22— x? 2 cos? z— 3 


1.42, 2 (3 logs 2 +55) + S13, SRE EOS 


COS? x 


4 pe V x (4925 + 9a) 


sin? (e+) oe 6Y (2° Fa)? 


1.44. 


ee 4 3 ot Bn wee 
(1-+22)Vi—at 2 2° ; 3° 


1.49. 242 (1-4-42*)?. 1.50. er 1.51. 5 Sin x 


V1 322 
2cos! x eT ee se 
[.52. Jeos 4 z| (VY 1—sin x-t Vi-+sin 42). 
1 
1.53. arc sin ln x + ——_——__——- , 
V 1—(inz)? 
3 Sin 2x 


155. —————., 1.56. 2ze~ 2 ({—2z). 
41+ sin? 


1.46. 


1.54. = COS Zz. 


x 
(57) 2653 (cost S— sin), 1.58. V22-a. 1.59. 


a6 3 3 cosz 


(60s. 222 4G iy a nk 
(x? + 4) Vv arc cot — 


1—z* ° 
Z 
z*— 4 . 
322 cos? (« +=) )/ (1-+-tan E +=) )" 
( 


x). 1:64 a ee. 
4V x sin Vz 


Answers 341 


4 V a®@—b 
1.65. aie 1.66. ~a+tbcosa. 
ex? 4+ 222 
22 


sgn (Sin z). 


1.67. 


(1+). 1.68. — 


v3 
1.69, 910 , B2=t ine. 1.70. 2¥ sin? = 


In 2-cos z-sgn (Sin 2). 


4 


hy D-In®x 
yin 2-In 2x 


ze 


1.71. 32%.2% In 3-In2. 4.72. = log (4% 


). 1.73. 


2Vin (ax2-+bete)(oga 1 b) 


"9 In (az?-F bre) (az?-+bx-+c) * 


1.75. Seen gree eee ee ce 1.76. ————— so, 
(2+27) Y1-+2% arc tan V1-+2? V a+ 2 
1 { 
4 j erence see ia ese eee eee 
1.77. cosh z. 1.78. sinhz. 1.79. ms ee 1.80. sinh? a 
1.81. (x — 3) ow 41.82. : 10 — 2x — 2x? 
(z+ 1) | 3227/2? (x + 2)? (x —1) 
227 +-9r+- 4 
1.83. Ce oe eee ee ge ee ————=_ 3 5 TOO 8 
2Vr+2Y (c—1)° (22+ 1)! 
5 Tad 
(eke a ee ee, 


AVa—1 V(e+2)8 ¥(e—5)° 

4 375 3+Inz 
1.86. 1°%.2* — zeln 2). 1.87. (V2 ares : 
a ae ee ln lnz 


1.88. (In z)* ine 


In sin z 
Vi—2? 
1.90. 2°™.2%-1 (1-4-2 1n2z(lnr—1)). 


ores (1n oe 4  2inz 
zx 


1.89. (sin x)9°° sin x ( +-are sin z-cot x] 5 


4.91. 


Inz x 
1.92. 2x71 (4-L In 2) 4 02%.28( In 2Inz 1.9%" In 2-2* (In 2+ 1), 


xz>0. Hint. Find the derivative of each term. 
14+2V1+2cos? x 
2V 1-+cos? z (cos? z+ V1 +cos?z) ° 


1.93. —sin 2z 
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Hint. Take u = cos? z for an intermediate variable and then take 
advantage of the rule for differentiating a composite function. 


__ are cos x 
1.94. ————_ (2 ]n arccosz+1 
V 1—2? ) 
Be, te im ~ 2x2\1/2 
1.95. —2re-™* arc sin e ne (ime ae al 
(1—e 2x ye 
*Ina Xx xX —2x 
1.96. ae Tp ante (4a-* arc tan a~-* +a 1). 
1.97. a=2, b = 0. Hint. The conditions of continuity lim f(z) = 
x>—0 
= lim f(z) and differentiability 2 (0) = f, (0) form a system 
x++0 
of two equations with respect to a and b. 1.98. a=—s, b = S, 
2 
1.99. pian 
(4— 2®)2 (1— 23)? 
1100. _2+2 Ve+4 VeVict+ Vo 
8V2Vat+ Va 2+Vttyz 
LL tee 
4—ax2\mt+n 4+2\mtn 
1.101, —-— — (n (5) —m (7*=) Ms 
‘ msinmz mtanmz 
1.102. —sin 2z cos (cos 22). 1.103. cost l a cost nn 
a\*/b\@ b—a 
1.104. (=) (=) (2) (= +Int), 2>0.1405. 5". 
1 2 qt 
1.106. 338 Le p< a 2, 1.107. 2x log, e cot ( 202-1 +) . 
2 tan x (4-++ tan? z) 4 
poe oS aiegagag oo 1.109. cin?’ 


1.110. (sin x)°°* * (cot z cos x— sin x In Sin 2). 


~,Sin2 2 
1401. 5 (Vz) * (sin 2 Ine + # =} ; 


1.112. — sin 2 _ Vcos x, — 
2 V cos x a (4+ Ycoszlna). 


1 
3 ee 
1.413. tanh? 2 (445-5 — ). 1.114. —_. 
(A152 (ecoshar—snhea ale. ee ie 
cosh z zt Vx?—1 


1.419. (cosz—ak) if e€ (mk, n(k+1)), andifw—=ank then yZ (mk) = 
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4 4 
nee : = le ° . Se _-eoo ys 
1, yz (mk) =1, KE TZ. 1.120 Tha’ z>0, That? Bez | 

y_ (0) = —1, yi (0) = +1. 1.122. —1, r< 0; —e-*, x > 0. 1.123. 
1 Ge Ot, GEG ADK, 10. PEN eae Dee Ua a Sk 

{+z 
1.125 22+ 473 — 3622+ 54 3—2 
amas aera (9— x?) (3-+2)?° 

za-1. qg\na. 
int 
1 
1.128. (logy a)* (to loga = | F 
1 
1.129. cos x cos (Sin z) cos (sin (Sin z)). 1.130. (4)* 24 
1.131, 2" (1-+1n23). 
Sin ax 

1.132 acosS ax cos bx+ b Sin az sin bz 3008 OX yy agony. 
eee cos? bz ( cos? bx 


1.135. @(x,)). Hint. Take advantage of the definition of the deriva- 
1.136, POP B+EV@ VP) 4 497 2 ee 


tive. ———————— F 
V & (a) + YP? (2) Ce a 
fp) 0(%) eNO f (nz) 
1.138. w (2) ( o' (2) In wp (=) +S). 1.140. —- 
1.144. : oe 1.143. f’ (f (x)) f’ (x). 1.444. 2. 1.145. —=. 
os at z (y?— 22?) y pes 
1146. —7 1.147. 5 a8 1.148. ot Saas 
exsiny+e¥ sine Beeld)" ce. segs 
1.150. ae ® 1.151.  - e 1.152. 2Y (1 — 2) = oe. x 
{—y? 1— Vi-2? z-+-y y 1-2 y? 
{.153. i) =e. rae ae ey 1155. 2 4. 
(156.2 3= a eat 1.157. 2 1.160. + . Hint. The function 


z° yine— 75 = 


y = cosh z, x € (—oo, +00), has no inverse, a one should 
consider two intervals (—oo, 0) (0, +0), on each of which the 
given function is monotone and, hence, has an inverse. 


1 


1 
1.161. lo 9 €-cot z. 1.162. ——— 1.164. ————_. F 
V 1482 1+) 
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1.165. ——" 1.166, ——“ (7) __ 1.167, —_—____ 
"4+ 6a? (x) ° "a (2) + log, e’  " 4-+In @ (2)° 
2 41 __ at __93t+1 
1.168. 3¢ a 1.169. 3p 1.170. rae 1.171. 2 ; 
1.172. — cot g. 1.173. 2 cos? ¢ (cos 2t—2 Sin 22). 1.474. 1. 
V __ #2 
1.175. — i 1.176. SO eet 2t. 1.177. ee Sree 
3 V1—4e 
1.178. \/ ae a 1.179. 2tanht. 1.180. 4. 1.481. —1. 
t+ (4— a 
4 2— 6x4 
1.182, 2173. 1.183. as 1.184. —2cos 22. 1.185. 7a 
2 z2-+-4 — x2 32 
jo Se ee. AST: 222— 1). 1.188. ——~ 
1.186. 3755 xprppe 1187. 267% (2n®—1). 1.188 a Ht 
oe are sin x Vx (+ A>. 
qo A189. et Inz _ 
ar — as (2+ Inz) +5 ala 


ig 


5 Vz (2+In2) ° 
4.190. y’ (0) =3, y” (0) = 12, y” (O) =O. 1.191. 2. 1.192. 6. 1.193. y (0) = 


Hint. Use j;the logarithmic derivative. 


; a of. 4 
—1, y' (0)=In2, y" (0) = In? 2—1. 1194. y’=——5 f (=) 
» 6, {14 4,1 ert’ (eX) 
Vaal (ar)tart (Ge). 1195. waa = 
f’ (e*) , fi (e*)_—_ f’? (e*) wu! + vp! 
— 2x Se Sa! pee cg mae 1.197. -_ 
' & © f(e*) f (e*) f? (e*) - V u2-+v? 
21 772 foe 2 , , 
ne (u2+- v2) (uu” + vv" als v— uv’) 1.198. ies eae ; 
anal ae ¢ 
» — wu" —u'? yy" — m! eee secs 
ae aa = 1.199, Samm ifin <i 0 it n> m. 


1.200. (kIna)"ak®, 4.204. sin (stn), Hint. y' =cosa— 


= Sin (2++) ; "= (sin (2+2)) =c0s (2+ $)=sin (c+ xm) 


and so on. 1.202. (—1)""} ees 1.203. 2"-1 cos (224+) : 


1-+-cos 2z 2nI\ 
=o =p ee yee 
— 0. __ 50 mae a == 

1,206. 2 1) — (2— 2)" 4 on, 1:3:5-- 379-2) ay, Take 


(x2?— 342/81 ° "220 (4—x)20 4a" 


Hint. Make use of the formula: cos? x 
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advantage of the equality 1+ «= 2 — (1—7). 1.208. cos x (209 — 
x —x*)—15 sin x (2x + 1). 1.209. ex (x2 + 392 + 360). 
1,210.4 Y2sin («- =] ee, 1.011, & a 4.242. «sinh x +100 


coshz., 1.213. Hint. Carry out the proof using the method of 
mathematical induction. 


24c3 (ad — bc) ; p2 2 — rev 
1.216. — ——_—_.—__,, 1.217. — 48. 1. we Ty ela 
216 75 , 1.217 48. 1.223 73 , 1.224, e? (i—aeuie 
2 (1+ y?) y (A+ ¥)?-+ («—1)?) Piex 
1.225. — ———_,, 1.226. ——-__.—____—. 1.227, — —— 
7 a (ipys pe 
4 ys 
1.230. —cot*¢ or (a2 18/2 ‘ rE (1, + oo). 1.231. ae Ts or 
—2sec2z, xr€ (—+> : =) . 4.232. 2(1-+2t7) or 2sec? x 
mu 4 a?/* 
oe Gare 2) ; Mae 3acositsint © 34/3 V a2 wi’ 
x€(0, a). 1.2385. 77 + y--3=0, e—7y-|- 71 = 0. 1.236. y — 
= f= 0, 2 2.0). 1.237. Be Gp ced es 0, ep, — 162 oe 1); 
1.238. y — 2x = 0, 2y+2=0. 1.239. 2r—y--1=0, r+ y— 
—1=0. 1.240. 2x —y+3=0, e+ 2y7—1=0. 1.244. 7x — 
—10y+6=0, 107+ 7y — 34=0. 1.242. y=0, (n+ 4) 24+ 


+ (mn — 4y — w? V2/4=0. 1.243. 52+ by —13=0, br — 
—5y +2=0. 1.244 2+ y—2=0, 1.245. are tan = 


1.246. Mo (1/8, —4/16). 1.247. y= 2? —2x-+1. 1.249. 22 —y — 

—1= 0. 1.250. 42-— 4y — 24 -= 0. 4.254. 3.75. 1.254. At the point 
M, (0, 0) he angle is equal to 0 (the parabolas touch each other) and 
at the point M, (1, 1) the angle is arc tan — 1.255. arc tan = ‘ 


1.256. arc tan2 V2. 1.257. 1/4 and n/2. 1.260. 2/W5. 1.262. If a 
curve is given by the equation r = r (9), then the Cartesian coordi- 
nates of points M of this curve, as functions of the angle @, are 
given by the expressions 


z=r()cosg, y= r(g) sing. 


Hence OM =r (¢) Cos Qtr (~) sin @-j, i.e. the vector p (1, tan @) 
is collinear with OM; the vector t (1, y%,) is the direction vector of 
the tangent 77’, and since 


y! Yo r'sing+rcos@  r+r’ tang 
7X gt a oe pe ee ee ep gee 
x r cos @—rsin r’—rtan 
© r’ cos & P| Y 
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the vector e(r’ —rtang, r-+r’ tang) is collinear with +. Con- 
sequently, 


(Q,e) 
lel-tel yYr+e)p’ 


14—cos? 6 r _ Pe 
aan Ree a 1.263. O=arc tan as 


cos § = 


whence tan 0= 
1.264. O=—- +29. 

4 
1.265. (a) t, = 0, te = 8 (b) £€ (0, 4) UB, +); () == Bt 


+ 3), t= * (3 — Y3). 1.266. —aw sin wt. 1.267. 242. 1.268. 


1 nm. 1.269. awe®®. 1.270. v, = —2aw sin 29, Vy = —2aw COs 29. 


1 
1.271. At points (3, 16/3) and (—3, —16/3). 1.272. 4mr?v and 8mrv. 
1.273. 20 rad/s. 

2.2. (Ay), = 1.261, (dy), = 1.2, (Ay), = 0.120601, (dy), = 0.12. 
2.3. As = 2xAzx -+ Az®, ds = 2x2 Ax. 2.4. ds = f’ (t,) At is the path 
which would be covered by the point M during the time interval 
At if it performs uniform motion with velocity f’ (¢,). 2.5. ds = 0.1, 


As = 0.08. 2.6. (a) 0: (b) = + kn. 2.7. Equalities (a) and (c) are 
impossible; equality (b) is possible in case of a linear function 


(see Problem 2.1). 2.8. 2 cm. 2.9. 3 cm. 2.10. 2 Ya? — x? dz. 
2.41. z sin x dz. 2.12. arc tan x dz. 2.13. In x dx. 2.14. arc sin x dz. 


2x dz x y dx 3 
15. ———... 2.16. . 217, ———. 2.18. Oo; : : 
2.15 (457 2.16 ems yor 2.17 ae 2.18. (a) 0.05; (b) 0.805; 
(c) 0.2. 2.19. 2.93. 2.20. 4.2. 2.21. AV = 2arh Ar. Since h is constant, 
visa function of only one argument r: v = mhr?. 2.22. AV ~ — —> Ap. 
Since 7 is constant, the volume V isa function of only one argument p; 
V= RT — : 2.23. —ab* sin (bx + c) dx? = —b*y dz?. 
a+ 52) 6j ae 
2.24.3 ~*"In 9 (222 In 3—4) dz?. 2.25. Ga a) sin 5 Ae COs dx®. 
2dzx2 R? dz? 
2.26. 2a dx*. 2.27. ——. , 2.28, —-——- . 
(x+ 2y)8 (y—b)® 
x (1+-3y?) dx? (c— y) dz? 
2.29. 6 (i—3y3 2.30. (acest 


3.1. f(z) is discontinuous at zx = 0O¢€[—14, 4]. 3.2. 9. 
3.4. Hint. Carry out the proof by contradiction after having determined 
that the derivative of the left-hand member of the equation has only 
one real root z= 1. 3.5. Hint. Carry out the proof by contradiction on 
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having determined that the derivative of the left-hand member of 
the equation has no real roots. 3.6. Hint. F (b) = F (a). 3.7. § = 


= 1/3. 3.11. Hint. Take advantage of the result obtained a Prob- 
lem 3.8. 3.13. & = 1/2, & = 5/3. 3.14. 0. 3.45. 1/3. 3.16. = am-®, 


Ina~Inb gig 4. 3.49. 2/3. 3.20. —.. 3.24. 2/22. 
Inc—Ind 375 

3.22. 2. 3.23. 2/3. 3.24. —41/2. 3.25. 2. 3.26. 9/50. 3.27. 1/2« 
3.28. 1/2. 3.29. 0. 3.30. 1/2. 3.314. —o. 3.32. cos 3. 3.33. —2: 
3.34. 1. 3.35. 0. 3.36. 0. 3.37. 0. 3.38. 2. 3.39. 0. 3.40. +o: 
3.41. 1i/m. 3.42. a. 3.43. 0. 3.44. --1. 3.45. 0. 3.46. 1/412. 
7. —1. 3.48. 2/3. 3.49. 1. 3.50. 1. 3.514. 4. 3.52. e. 3.53. 1. 
4. 2. 3.55. 1/e. 3.56. 1. 3.57. 1/e. 3.58. 1. 3.59. e-S. ane e?, 
1. —9 +17 («# + ean arr 1)?+ 2(2+ 1). 3.62. 7+ 
44 (c — 1) + 10 (x — 1)? + 4 (1 -++ O (x — 1)) (x — 198; (a) 9 = 
1/4; (b) 8@—any real number; (c) 8 = 1/4. 3.63. P (—1) = 143, 


Woe a 98 ze gn 
P’ (0) = -- 60, P” (1) = 26. 3.64 1+ F+at-.- +34 


3.17. 


n! 
ex es x x ox = “> gn 
+ mrp) gti, =. 3.65. qr ay er -- «+(— 1) Pal ae 
TU 
sin (02+-(n+4) =) 3 5 
2 : ie x x 
Slama | aE n is odd; “a aro ee 
; “nt sin (62-+(n+4) =} er . 
soca) = = , nm iS even. 


n—1 


Zz 
3.66. 1-2 42 — eH et 


ert (n+1) > | 
(n+ 1)! 
cos (02-+(n +4) >| 


-++ cos z™1, n is odd; ascii — ss. 
2! A! 


z+l n is even. 3.67. r— 


(= ay? Sp 


(n+ 1)! 
x2 a ntl - 
ee aie a (— 1) : i (n+1) (44 Oz)"*1 ’ t>—4. 
n—1 
3.68. oF a(t)? : a +Rnss (2); n is odd; 4 


n 
+= — ...+(—1) é a + Rns (2), n is even. Hint. Write the 


348 Differential Calculus: Functions of One Variable Ch. 5. 


a (a— 1) 7 


remainder in the general form. 3.69. 1+ e+ 7] See 
ae ee an 

+2eo). ea tte x41, x>—1. 3.70. os 

ae ence aa. Hint. Set je in the 


expansion of e¥% by Maclaurin’s formula (see Problem 3.64). 


1 f (2x)? = (2z)3 faq (ZENE 
3.71. =| A teat) yi |- Hint. | Write 


sin? ray cost 2 and take advantage of the result obtained 


2 
5r—(52)8 (52)2041 
in Problem 3.66. 3.72. oT 93.3 | + aoe + (—1)” “D2m4+1 (QnA) tb é 
x? xt hg aie 
3.73. 2 In 24-7 Gag tay + ses + ( 1) Zr-n° Hint. 


2 
Write In(4 + 2)? in the form’ In(4+22) = 21n2 + In (1+) 


and use the result obtained in Problem 3.67. 3.74. 2 [its x 


x 4 <x 4-3 ~ 1-3...(2n—3) 
XB peat gs Teeth ge Te Noma 
{x— 2)} 


pen 

OF seers — (7 — — 9\2 __ — ‘)\3 cee 

x ii 3.75. 2—(e—2) + (e— 2? — (2 — 8 + VE, 
x 41-+2 sin? Oz zs gt 90z + 66323 

aes cos! 0x gy ale ar, aa Al (1 —0222)7/2 : 


(x—1) 3 _ 8 35 (e—1)4 
3.48. eerie be (z—1)°— 76 (x — 1)3+- 128 (14-0 (¢—1))/2 ° 


3.79. (a) 0.842; (b) 1.648; (c) 0.049; (d) 2.012. 3.80. Error: (a) 

‘ x 5 ay 

— es —SCO(D) SSC -. 9.82. (a) 13 (b) 1/23 (Cc) 1/2. 
4.1. Hint. Take advantage of the expansion of the funetion by 

Taylor's formula in the neighbourhood of the point z) up to the term 

of order k& inclusively. 4.2. f (77) = 0 is a minimum if @ (z,) > 0 and 


n is even; f (xy) = 0 is a maximum if 9 (z)) < 0 and n is even; there 
is no extremum if n is odd. 4.3. Hint. Make use of the first sufficient 


condition for an extremum. 4.4. On (—1, ee) (4/ V2, 4) de- 
creases, on (—1/ V2, 1/2) increases; ymin = y (—1/ V2) = —1/V 2, 
Ymax — y (1/)°2) -- 1/2. 4.5. On (—oo, —1) Y (0, 1) increases, on 
(—1, 0) U (4, +00) decreases; ymax = y (—1) = y (1) = 1. 4.6, On 
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(0, 1) U(4, e) decreases, on (e, -+co) increases: Ymin = y (e) =e. 
47. On (= (6k--1), (6k + t) | decteases. on ( 7 _ 6k + 4), 


9 
uv 


1 . = 
> (6k+5) } increases; Ymin = Y ( 2+ z) =D +(5- V3) ~~ 


~2(k-+1) 140.685, k7Z. 4.8. On (0, 2) decreases, on (2, +00) increases; 
Ymin= y(2) = 2 (4 — In 2) & 0.61. 4.9. Increases in the entire domain of 


definition. 4.10. On ( > (8k—3), (84+ 1)) increases, on ( (8k-+4), 


It —_ 
a (8k + 5) decreases; ymax =Y (2hx+ F) oP Coe a 


zg it V3 
mw AS5e™ yi my (2kn +} = =e? e! Te) we — 1.5524 . 
kéZ. 4.41. On (0, 1/e) decreases, on (1/e, +-0o) increases; yin=y (4/e)= 
1 


(1/e)e =~ 0.69. 4.12. On (—oo, 0) decreases, on (0, +00) increases; 
) 14. M 


Ymin = y (0) = 2. 413. M=3, m= —24. 44 =e Ge 
4.15. y = 0.6, m= —1. 4.16. M=1, m= 0.6.417. M=2,m= 
—= Y/2~ 1.26. 4.18. M=n/4, m=0. 419. M=1, m= —1. 


4.20. M—1/Ve x 0.61, m= —1/Ve + —0.61. 4.21. Hint. Consider 
the function y—e*—(1-+2z) and show that it has only one minimum: 


Ymin = (0) =0. 4.25. a s. 4.26. |AP|= (500 ret km ~ 

ww 442.3 km. 4.27. ot oP y=> (p—z _=) 4.28. ane 4.29, 

Gh 439. ma?, 4.31. 4 mrth. 4.32. © mr3. 4.33, 7 68, 4.34. 272, 

4 ° 21 3 9 V3 

4.35. N(41, 1). 4.36.2=RYV2, y=R/V2. 4.37. Divide the line 
RH Y R?+- H? 


segment into two. 4.38. .== ————————————— —  _ —... 
: (V Fe HR) (V R24 A+ 2R) 
4.39. h = (e2/3 — d?/)8/2, 4.40. On (—oco, 0) the graph is convex up- 
ward, on (0, -+oo) it is convex downward, M (0, 1) is a point of in- 
flection, k = 7. 4.41. The graph is convex downward everywhere. 
4,42. On (—oo, 2)— convex upward, on (2, -+-co)—convex downward, 
M (2, 0) — point of inflection, k=0. 4.43. On (—oo, —1) U (L400) — 
convex downward, on (—1, 1)—convex upward, M, (—1, y/ 2) and 
M, (4, y 2)—points of inflection, k, = ky = oo. 4.44. The graph is 
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convex upward everywhere. 4.45. On (—co, —1)—convex upward, on 
(—1, --oo)—convex downward, M (—1, 1—e-?)—a point of inflection, 
k =— e-? » —0.14. 4.46. On (— oo, 0)— convex upward, on (0, -+oc)— 
convex downward, M (0, 0)—a point of inflection, k = oo. 4,47. 
On (0, e-°/6) — convex upward, on (e-°/6, +-co) —convex downward, 


M (2%, 12 e~ °/° ) —point of inflection, k=—5 eR xw 
—().28. 4.48. a= ee , se, A) ee 4.51. Hint. If zo 
2 2 oO V2 


is the abscissa of the point of inflection, then z, tan x»—2. Then 


4x? 4 
ipa . 4.52. z=2, y= 1. 4.53. y= — a 


4.94, x=), y=1 (right), y-= —1 (left). 4.55. y = 32+ (right), 


Yo = Y? (Xo) = ZG Sin? Zp = 


y <3 — > (let). 4.56. 2-0, y=:22, 2 -—1 (right). 4.57. y=0. 
4,58 jo pee 4.59 y= a1 4.61. 1 == y (0) = 
58. = = 459. yt. 4.61. ymin=y (0) = 


= 4: (+4 — a) and (+ V5, 0) — points of inflection. 


4.62. ymax =y (+1)=1, ymin=y (+ V3) =y (0)=0; (4V V 24 
6-— VY 21 /6— Y21 2 
—t= | —3) aaa (+f eve V/ s+ V4, 


20) 5) 20 
Sf (Sot 5)" — points of inflection. 4.63. ymax =y (= V3)= 
= V3, ymin=y(V3)=— V3; (0; 0) and (ele iv 8) 
points of inflection. 4.64. ymin=y (3) = ae (O, O}— point of inflec- 


tion; z=1 and y= =+* _ asymptotes. 4.695. ymax = y (0) =0, ymin = 


= 4 2 3/7 
= Y (i/4) = a V4 (—73, aac V2) —point of inflection; x=1 
and y=-- x—asymptotes. 4.66. (0, 0)— point of inflection; z=-+ 1 and 


_ 43 
y = «—asymptotes. 4.67. Ymax =y (/4)=— 3 } lh, Ymin = y (0) =0; 


a. se . ; 
(2 > V2 sor of inflection; x= —4and y = x— asymptotes. 


4.68. ymax = y (Kya, (V4, 2 V4) — point of inflection; z= 
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arr —72 and y == 0—asymptotes. 4.69. (0, 0) — point of inflection; 


z=+1 and y=()—asymptotes. 4.70. ymax=y(0)=0, ymin= 
oe —————— fl 
(3). V4. i/ 14+ V6 V2(14+ 75) 
=y(—yY2)= ae ae (~-y +, ~~ |) 
2 gt VY 45 


3 JS. wt 3718 
om (— V8, Va yep 


tion; z -- 4 and y = 0—asymptotes. 4.71. (0, 0)—points of inflec- 


) — points of inflec- 


tion; x = —2, x = 2, y = 0—asymptotes. 4.72. ymax = y (—3) = 
= — 4.9, Ymin = y (3) = 4.5; (0, 0)—points of inflection; 
ee 1/8, o = V 3, y = z—asymptotes. 4.73. ymin = y (—1) = 
= -1/3; (—y 4, —}/4/6)—point of inflection; x = y 2 andy = 
=: O—asymptotes. 4.74. ymin = y (0) = —1, (+ V 3/3, —1/2)—points 
o! inflection; y = 1—asymptote. 4.75. (0, 0) and (7/4/2, 1/3)— points 
of inflection; z = —1 and y = 1—asymptotes. 4.76. ynax = y (0) = 


= 2, (+1, 1/ 2)—points of inflection; y = 0—asymptote. 4.77. ymin = 
=y (1)=—1; (0, 0) and (2, 0)—points of inflection. 4.78 ynax = 
= y (0) = 2, ymin = y (41) = V4. 4.79. (0,0)—point of inflec- 
tion; z = —1, r= 1, y = 0—asymptotes. 4.80. (0, 1) and (4, OS 
points of inflection; y = —xz—asymptote. 4.81. (0, 0) (+1, ey) 2) 
points of inflection. 4.82. (0, 0), (+1, +y 2)—points of inflection; 
y = 2x—asymptote. 4.83. (0, 0), (+1, +} 2)—points of inflection; 


y = x—asymptote. 4.84. (0, 0)--point of inflection; y = —1—left- 
hand asymptote, y= 1—right-hand asymptote. 4.85. ymin = 
= y (—y 3) = 1; (0, 0)—point of inflection; z = —7 2—asymptote. 


4.86. Ymax = ¥ (0) = 0, Ymin = y (2) = 16; (—y 4, —Y 2)—point 
of inflection; x = }4 and y = x—asymptotes. 4.87. ymax == 
= y (-y6) = —3/)Y 2: (0, 0) and (7/3, 3/)/25)—point of inflection; 
a 52 and y = x—asymptotes. 4.88. ynin = y (0) = 0, (+ y 2, 
2/ V 3)—points of inflection; y = z—right-hand asymptote, y = 
= —z--left-hand asymptote. 4.89. (—y 2, 0) and (—1, —1)—points 
of inflection; x = 0 and y = 1—asymptotes. 4.90. ymax = y (1) = 
= 1/7/4, (4, Y —0.16 point of inflection; z = —1, y = 0—asymp- 
totes. 4.91. ymax = y (— V3) = 0, Yin = y (V3) = 0; (V2, 1/2), 
(— V2, --1/Y2)—points of inflection; z= 0—asymptote, y = 1— 
right-hand asymptote, y = —1—left-hand asymptote. 4.92. ymin = 
=y (0=—0), ymin = y (+ Y 2) =2; r= +1—asymptotes, y =21—right- 
hand asymptote, y= —zx—left-hand asymptote. 4.93. ymax =y (0) = 
= 1, ymin = y (e1) = 0. 4.94. ymax = y (0) = 2V2, Ymin = 


= y (+V2) = 0; (+1, 1)—points of inflection. 4.95. ymin = 
: =~ Tt = 3m 
“Y (=F +200) =-—y2 » Ymax =~ Y (+240 ) — V2 ’ (= + 
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+k, 0) —poiats of inflection, KE. 4.96. ymin=y (3 +2K0) = 


2 3n 2 30 
oN jes (—f +2kx) = Ve gs kn —asymp- 
z wr 
totes, K€ %. 4.97. ymin=y (0) =0, y= ——~g- a1 —left-hand asym p- 


tote, y= = 1—right-hand asymptote. 4.98. ymin=y (1) => + 


qt _ 1, 3a a i 
aaa, ymax =Y¥(—1)=—> +7 (0, +) —points of inilec 


tion; y= <4 — left-hand asymptote, y= —right-hand asymp- 


tote. 4.99. ymax =y (1) =e, (2 Ve | e1/2) — points of \inflection; 


| 
y=(—asymptote. 4.100. pe Cas Ymin = 2(—1)= 


; - ‘ 

= ——— ; (0, 9), (+ V3, VA) _ points of inflection; y= 
Ve e Ve 

_ 1 V2 : 

—()—asymptote. 4.101. Ymax=y ()=— , (1 is (2 V2) x 


xe (2FV2)\_ 1: Pe er ee = 
points of inflection; r=0—left-hand asymptote, y= 0— 


asymptote. 4.102. Ymax=9 (== »¥min=Y (0)=0; (48 : 3e* | 


and ( + V2, - e1/2) —points of inflection; y=-=0—asymptote. 


4.103. ymin=y (1) =¢; y= 2z+1—asymptote, z=0—right-hand asymp- 


= 4 ~ 4 

tote. 4.104. = 2) = — — SS 
Ymax=Y (VY ) de » Ymin y ( V2) V de 

——— 4 — 

5— V17 4 po 5 V7) 
fa See; +a V 5+ Vite : and 

eee V 17 fi a fe LAY TT) 

(V ar a ay V5—YVite 7 ) —points 
of inflection, y == 0—-asymptote. 4.105. ymax = y (2) = 
= —4Ve, min = y (t) = —1/e; (0, 4, —1.6e-5/2)—point of inflec- 
tion; x = O—left-hand asymptote, y = z — 3—asymptote. 4.106. 


(1, ¢#)—-point of inflection, z = 0—right-hand asymptote, y = 22 + 
-+ V3—asymptote. 4.107. ymax== y (£1) = 2/Ver ymin = y (0) = 1; 
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peers: _2-V3 ree _24V°3 
(2V2—V3e-Voe * Jand(+V24V3,@+V5e 7 | 
— points of inflection, y = 0—asymptote. 4.108. ymin = y (1) = e?, 
x== Q—right-hand asymptote. 4.109. ymax = y (V3) = 3 /3e-32, 
Ymin = y (-- V3) = —3Y3e3?, (0, 0), (4, te2?), (4 V8, + 
+ \’ 6e-3)— points of inflection; y -= 0—asymptote. 4.110. (0,0)— point 

: 1 3 : 
of inflection. 4.441. ymax -y¥(=—, (e Ve, eye) 7 Point 


of inflection; z=0 and y=0—right-hand asymptotes. 4.112. ymax= 


= (—) —=—; a--1—asymptote, z=—0, and y=—0—right-hand 
4 4 1 3 
asymptotes. 4.113. ymin=y (=) Saree (ae —=} = 


; . ~ 1. fer ) 
point of inflection. 4.114. ymax =y ( Vel=z> (ve, saH)- 
point of inflection, z=0O and y = 0—right-hand asymptotes. 


4.115. Ymax = Y (1/e) = M/e?,  Ymin=y (1) = 9; Cee 


EEA -3-V5) aa (en S477, fae Me en 4V5 ) 
points of inflection. 4.116. ymax = y (0) = 0, Ymin = y (EV) = 
= 2e; x = +1—asymptotes. 4.117. ymax = y (A/e*) = 4/e*, ymax = 
= y (—1) = 0, ymin= y (—1/e*) = —Ale?; (0,0), (4:4/ Ve, +:4/ Ve)— 
points of inflection. 4.118. yay = y (0) = 0; « = +1—asymptotes. 

5-V 13 
4AA19, ymax y(t e)=1tle?, Ymin=y (+ 1)=9; : € ’ 


= 5-V 13 5 13 — 5+V 13 
s— yy 52 SVB vig - te 
a) nex a). = 


points of inflection; z= 0 and y = 0—asymptotes. 4.120. ymin = 
— y (4/e) = (41/e)}/¢ = 0.69, convex downward, y—>1 as x -» +0, 
ie. M(+0, 1)—end point. 4.4121. ymax = y (e) = elle & 1.44; 
(0.58, 0.42) and (4.35, 1.4)—points of inflection; M (+0, 0)—end 
point; y = 1—asymptote. Hint. The points of inflection may be not 
found, it suffices to show that they are found from the equation 


In? — + 2z In = — x= 0. 4.122. x = 0—point of removable discon- 
é 


tinuity (y. (0) = y, (0) == e), the function is decreasing, convex down- 
ward, x= ---1—vertical asymptote, y=1—asymptote. 4.123. < = 0— 
point of removable discontinuity, y = 0—asymptote. The points of 
extrema satisfy the equation tan x = zx. The points of inflection sat- 


23—01176 
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Hint. It is not necessary to find 


isly the equation tanz = 538" 
the points of extrema and inflections. 4.125. tin = —1 for ¢ = 

(y (1) = 3), Ymin = —1 for t= —14 @ (1) = 3): a parabola with 
vertex at the origin, whose 2 axis is a straight line y = z (x > 0, y> 
> 0). 4.126. tain = Ymin = 1 for t= 0 (a cusp); y = 2x—asymp- 
tote for t + +0. hl ST. eee (see Chapter 2, ges 2.3, Fig. 27). 
4.128. (—1—3n, —-1-+ ot) maximum, (4 — 3n,1 — =) —a 
minimum, (—3n, 0)—point of inflection, y= x and y= 2z-+ 6n— 
asymptotes. 4.129. Three-leafed rose; D = [0, 1/3] U [21/3, x] U[41/8, 
5/3]; extrema for 9 = n/6, » = 5n/6, p — 3n/2. 4.130. Cardioid, 
the pole is a CUSP, Tmax = 7 (0) = 2¢, ryhin = 7 (m1) = 0. 4.131. D = 
(0, --oo); the curve represents a spiral twining about the pole 
approaching it asymptotically; (VY 2x, 1/2)—point of inflection; the 
polar axis (g = 0) is a horizontal asymptote. 4.132. Bernouli’s lemnis- 
cate (see Chapter 2, Sec. 2.3, Fig. 21). 


5.1. Straight line —— 5 se nyse = =. 5.2. In the xy-plane the arc of 


the circle x? -+ y? = 2 between the points (1, 1) and (0, v2) traversed 


anticlockwise. 5.3. The right-hand branch of the hyperbola — co 7 = 
= 1, y = —1, traversed from below upward when observed from the 


origin. 5.4. In the zy-plane the parabola y _ (6x — x*), traversed 


from left to right. 5.5. Helical line z = cost, y = sin?, z = ¢t. 5.6. 
Astroid 22+ y ?A = 22/3, z = 0. 5.7. The line of intersection of the 
cylinders y = z?, and z = x* traversed from below upward. 5.8. Vi- 
viani’s curve—the line of intersection of a sphere and a circular cylin- 


x2 
der: 22+ y2+ 22 = 41,224 y? = 2. 5.9. Ellipse 55 +75 = {,2=: 2. 


5.10. Twice traversed parabola, y = z?-+ z,z2 = 3.5.11. Straight line 
4n-+ 3y = 0, 2 = 0, v = 32 — 4j. 5.12. Parabola (in the zy-plane) 


y =A (tos — 2) v = 31+ (4 — 2?) J, O limo = S8t4+ 4), 0 jtay = 


230: 27, D [tng = 32, DV [tag = 34 — 27. 5.13. Cycloid (in the zy- 
plane) ra eae y=2(1—cost)) v= 2 (1 — cost) t+ 


+. 2 sin t-7; oak ilies. fort =m v= Atl. 5.14. 0.6% — 


— 0.87. 5.15. (2i — jf). 5.16. (a) cost-t — sin 2t-j + cos 2t-k; 


Re 
(b) ence exe ea en Oe Geen (c) (4 —sin?t) i+ 


+ j-+ cos t-k. 5.17. (a) i; (b) 42% — 27 — 7 k. 5.18. 1 + 322 + 50. 


5.19. (312 — 2t) i 4+ (3t? — 2t) J — 2tk. 5.20. cost (t+ 2uz + 3u2k). 
0.21. 2-+22-4, y-.-2 (tangent); 2x—z—3 (normal plane). 5.22. 
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xr —2 


a 4 (tangent); 32+6y + 12z—70= 0 

(normal plane). 5.23. y=-z, r=a (tangent); yz=0 (normal plane). 

0.24, tot t= = (tangent); 122—4y+3z= 12 (normal 
= ») 

plane). 5.25. — ass ut = <4 (tangent); 82-+40y+ 7z = 12 


dr d2r 
pore ne te l = 
rae cos t-i+es-|-2k, ae |) 0 


= —i+ f-;-2k;  (b) ae =- -(2Sin t+ ¢ cos t) j-|-(2cos t—tsin 1) k; 


a’r 


(normal plane). 5.26. (a) 


=2k. 5.27. w=—2sint-i42coSt-J; Wlransg=25 Wiltan = 
4 (t— 2) 
V 4t2— 16t-++ 25 
== —_————— ;; for t-=0, wp —1.6, wn = 1.2. Mint. wyp= 
V 40? — 16t-+ 25 
= ous. wn = Vw — wy. 2.29. w= it + ————— a 
. V 2t-+4 


dt 
We=1, Wn=———— ; for t=0 w=it+), vn=—1. 5.30. A |.) = 2, 


Ta 


2 nee 
_,=—.. 5.31. Kg = 3, Kp=1/9. 5.32. 3/V 2. 5.33. 1/2. 
x= 1 5 V5 A B 

4 3 


5.35. K=——, K|p,=7 . 5.36. —. 


22 4a sin 2 4a 


Gore. ban, ee 

62/3 e es e ab} : 
Sig, AC ue since coe OE 
re 7 Cis a 


a (a? +. r2)3/2 aT. (22 1 
9.42. = 5.43. “ogre 0.44, V3 , V3 . Hint. 


Write the ee for curvature & and find its point of extremum. 
ne Soah a\2 @ 
5.45. (= Ti+ ). 546. (0,5); a+ (y—-F) =<. 
1 1 { 

h — 5.48. = een ee 
5.47. Fe Ei cate fan s) = 7 548 ( le ~) 3 
4 \2 2 1 
(e-+4)?+(y—e+—] =e". 5.49. (+ : 0 | ; («— 


23* 


’ Wn = 


= — 2]. 5.28. w = — 2], wy = 


J; 


5.39. a | axy |. 


5.414. 4a] sin 


pals 


SE 
Se” 
Le] 
pa 
i} 
S 
ew 
— 
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9x5 
5.50. (na, —2a); (x—ma)?+(y+2a)?—16a2. 5.54. x= 
| 
yo tert 5.02, X2/3—- Y2/3_- (2a)2/8, 5.53. (X + Y)2/84-(X — 
X . 4 
—Y)?/3 —2a2/8, 5.54. Y -acosh —. 5.55. X?% -— — Y?3. 
a 27 
1 4 
5.56. —= k : 2k); 
a ye fae eet — T+ B= TRC it j+ 2k) 
zx—1 :—(y—1)— z (tangent); z — y,z= 0 ati normal); 
a __ j 
— 7 5) (binormal). 5.57. v= lt, v= a5 U+ k), Bp = 
=T3li— y= 2, 2 ~ 4 (tangent); y— z+ 2= 0,7 = & (prin- 
“V3 
cipal normal); y + z = 6, « = x (binormal). 5.58. t = zs (2i+ y+ 
+ 2k), v= (-i— 34+ 2k), B= + (2i — 27 — k); tat 
ee pe Ys. a4 eck » we... 
5 (tangent); ge aa ree normal); Poe 
y Zz 


eee! (binormal). 5.59. += 


(i+ 7+ 4k), v= 


—2 —1 Tis 
4 : : \, eee z—2 . 
a (2i +27 —k), eo yo 24 y—i= I (tan 
any a z—2 z—i1 y—1 z—2 


gent); 3 (principal normal); —— © ———= 


2 2 —4 1 —1 0 
(binormal). 5.60. «-+ 2y = 3 (osculating plane); z= 1 (normal 
plane); 22 — y =14 (reclifying plane). 5.64. y =z (osculating 


plane); z+ y ~ 75 (normal plane); z= 0 (rectifying plane). 
0.62, t-— i, v=k, BP- J, y OO, 2=1 (tangent); z= 14, 


Js! 
y = 0 (principal normal): z= 1, z2-= 1 (binormal); y = 0 (oscu- 
lating plane); x -— 1 (normal plane); z - 1 ee plane). 


1 4 
603; eS iF), We ey. SS 
Vi V30 | ) P= 
, 2-1 y-2 2-3 » Sed Ye . 2s 
k); eer 7 (tangent); age ye oe = 
(principal normal); z—* = y—* = — (binormal); «+ 2y —z— 


—2—) (oseulating plane); 2x—y= (normal plane); x+2y-+5z— 


ee . V2 _V2_ - f 
poms = Le T y t a 5. ¥ — 9 =_— 9 or 
20 =0 (rectifying plane). 5.64. A ye O eee 
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5 5 ayo ae 
1=0 cate, gee 5.65. K=2 AEF 
TSHR TORE for t—0 K=2, o=3. 5.66. Ko0= yaaa ' 
for t=1 Koo=35. 5.67. K— aoa 6 ae for 
<1 Kai, o=—4. 5.68.K= oe om 5. 

9.69. Kay Wea ,o= ~aeey i tor y=1 K= 
1 , ——e 9.70, wW=2) 4th, wy==4t, wy=2; wy|, 2, =4- 
_daV v2 


Hint. i Soe le ON ay 


eee 
9.71. Straight line z—y—2; 2’ (t) =e 4“ Hint. Use Euler’s formula 
ee? - cos isin gy. 5.72. Upper semi-circle y == V4 — x2; 2’ (t) = 
= Qieit. 5.73. Ellipse z= 4 cost, y= 2 sin ?; 2’ (t) = i (8ett— eit) 

2 2 
5.74. Wight-hand branch of the hyperbola a - - S45 25 (1) 
= (2+ i) et — (2 -- i) e~t. 5.75. Twice traversed “right-hand” branch 
of the parabola y == 2%; 2’ (4) = 2t-+ 4it8. 5.76. Arch of the cycloid 
z == t—sint, y = 1 — cos?; 2’ (t) = 1 — e-!#. 5.77. Involute of the 
circle z—=a(cost+tsint), y= a(sint —tcost); 2’ (t) = atett, 
ZL 


a? 
5.78. Logarithmic spiral r — oP, aB = 0; if a=0, then the func- 
tion r= 4; if B = 0, then the ray o = 0; 2’ (¢) = (a + if) e(@*#B)E, 
5.79. r’, rp’; r” — rg’, 2r’g’ + rg”. Hint. Represent the law of mo- 
tion in the exponential form z=re?® and find the derivatives 2° and 2”. 
The sought-for quantities are the coefficients of e*” and ie”. 5.80. 
Velocity v — izf’ (z). Hint. Take advantage of the exponential form of 
: ee 
complex number: z = Ref and find the derivative <= == “ . e 
6.6. By hypothesis f (a)-/ (b) < 0. Let us determine the numbers 
z, (n= 0,1, ...) by the equality 
In = (a, + b,)/2, 
where a) = a, bo = 0, Pp =f (Qn-a)‘f (Zn), n—1, 2, ..., and 
an-1) if Pr 0, Tn—15 if Pn < 0, 
an={ : bn = ‘ 
Zn_1, if pn > O. bn_;, if pn>O. 
We oblain [a,, >,)] < fa,-1, bn-1], 2 = 1, 2, ..., where [a,, b,] is the 
root isolating interval whose length is 5; the length of the original in- 


terval. In particular, a4, = by, = t,-. WU f (t,-41) = U. 6.8. 1.6702. 


~- 
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6.9. —-0.6823. 6.10. —2.2340, 0.3276. 6.11. 2.89341. 6.12. —-1.4305, 
1.2963. 6.13. 2.0946. 6.14. —2.3300, 0.2016, 2.1284. 6.15. 0.3684. 
6.16. —2.3247. 6.17. —0.7976, 1.4945. 6.18. 0.2510, 1.4934. 
6.19. —0.7549. 6.20. 1.5160. 6.21. 3.3532. 6.22. 1.2970. 6.23. 1.2672. 
6.24. 1.3713. 6.25. 1.7556. 6.26. 0.6529. 6.27. 0, 0.7469. 6.28. 4, 
0.3099. 6.29. —1.4916. 6.30. 0.54110. 6.34. 0.7391. 6.32. +0.8241. 
6.33. +0.7339, 0. 6.34. 3.6926. 6.35. 1.8411. 6.36. 1.0967. 6.37. 0.1586, 
3.1462. Hint. Analysing the behaviour of the function f (x) = e*-? — 
—- x and its derivative f’ (x) = e*-2 — 1, we conclude that the equa- 
tion e~-2 — x = 0 has two roots: one on the interval [0, 0.3], the 
other on [3, 3.2]. Since f” (xz) = e*-? > 0, the first derivative f’ (x) 
increases and the following inequalities are fulfilled: —0.864665 = 
=e? —1 <f' (r) <e3:7? — 1 = —0.817316 for 2z€E[0, 0.3], 
1.718281 =e —1 < f’ (r4) < e!-*? —1 = 2.320116 for 2 €[3, 3.2]. 
Therefore, | f’ (z) | > 0.8173 in the first interval and | f’ (x) | > 
> 1.7182 in the second which enables us to carry out the estima- 
tion of accuracy. 6.38 and 6.39. Hint. Make ee of the method of 


mathematical induction. 6.40. f (73 = )= cos 7 = 0.9511 -- 0.0001. 


6.44. In 114 = 2.3979 + 0.0003. Hint. To find the values of the fun- 
ction at the eine of interpolation, use the equalities In 9 = 2 In 3, 
In 10 = Ind+4+ 1n2, In 12 = 2In2+ In38, In 15 = In5-+ In3. 
6.42. f (1.26) = 1.105, f (1.58) = 1.261. 6.43. 7 (1.89) = 2.092. 
f (2.43) = 3.144. 6.44. f (0.83) = 0.817, f (0.97) = 0.942. 6.45. 
f (1.74) = 1.2148, f (1.97 ee = 1.0007. 6.46. f (2.72) = 1.5463, 

(2.93) = 0.9805. 6.47. f (23) 0.924, f (41) = 0.755. 6.48. f (1.3) = 
= 1.184, f (4.0) = 1.758. 6.49. f (0. 20) = = 0.1987, f (0.41) = 0.3990. 
6.50. f (1.25) == 0.0771, : (1.76) = 0.0128. 6.54. f (58) = 0.275, 
f (79) = —0.291. 6.52. Si (0.26) = 0.25903, Si (0. is) 0.44497, 
6.53. D (0.27) = 0.29742, @D (0.58) = 0.58792. 6.55. 1.82. 6, 56. 1.45, 
6.57. 2.3. 6.58. 60°30’. 6.59. f (2.03) = 1.42249, f’ (2.22) = 
= 1.87640. 6.60. /’ (1.14) =1.0704, /’ (1.42) — 1.1698. 6. 61. fo (3.02) = 
—5.63133, /’ (3 alae = 7.34833. . 62. /’ (0. 82) ‘0.8077, f’ (1.03) =0. 9914. 
6.63.’ (1.34) = 0.4873, f (1.65) = 0.0741. 6.64. /’ (2) = 9, 
f° (2) = 12. 6.65. i (2.5)'= 63.5, f” (2.5) = 75. 


Chapter 6 


INTEGRAL CALCULUS: 
FUNCTIONS OF ONE VARIABLE 


SEC. 6.1. BASIC METHODS OF COMPUTING 
THE INDEFINITE INTEGRAL 


1. Antiderivative (Primitive) and Indefinite Integral. A function 
F (x) is called an antiderivative (a primitive) of the function f (z) de- 
fined on some set X if F’ (x) = f (x) for all x € X. If M (z) and F (zx) 
are two antiderivatives (two primitive functions) of one and the same 
function f (x), then 


® (x) = F (z) + C, 
where C is a constant. Conversely, if F (z) is an antiderivative of the 
function f(x), the {F (xz) + C|C €K} is the totality of all of its 
primitive functions called the indefinite integral of the function f (z) 


and denoted by the symbol y (x) dx. Thus, by definition, 


(7 (x) de = {F (2) + C}, (1) 


where F' (x) is one of the antiderivatives of the function f (x), and the 
constant. C takes on real values. 

By virtue of the established tradition, equality (1) is written with- 
out denoting explicitly the set on the right, i.e. in the form 


| f@)de=F@)+C, 


where C is called an arbitrary constant. 
Properties of the indefinite integral: 


1. ( | j (2) de) =f (2). 
me iz (2) dx=f (2) +C. 

3. \ af (x) dx=a \ f(t)de, a0. 
a 


(fi (@)-+Fe(o) de= | fy) art | fy (@) ae. 
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The table of basic indefinite integrals: 


i. grt C 


x 
aXdx-—-—-—-1+C (a>0, as& 1); | e*dr=e*+C, 


sin x dzx= —cosz+C. 


re 


2 


J 
3. \ cos rdzr—sinz+C., 
| 


dx 1 x 

10 \ pea a arc tan— +e (a =& 0). 
dx 1 zt+a 

“ Pyaar iY r—a ee 


z 
= ar>e sin: j|z|<]a|. 


V a2— x? 


J 

\ yaaa 

14. \ iy (2 Vat pat) 10. 
J 


=In|z+ V2?—a?|+C, |x|> |e}. 


cosh zdz=sinhz+C. 


= =tanhz+C. 


17. cosh? z 


18. = — cothz+C. 
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In Problems 1.4 to 1.16 find the antiderivatives of the 
given functions. 


14. 207 1.2. 4/2. 13, 242. 


a3 + 5a2—1 (vx+4)? 
ee £0; =—— = yee. 
= tVcr 


ase oe oe ee o-3x 4Qq _1_ 
1.6. 1—2sin?=- 1.7. Tea 1.8. e2°3*, 1.9, ie 


1.4. 


1.10, —! 1.44. — 1.12. 1—8sin? 22x cos? 22. 


* cos? 4z° 
1.13. (cos? + 2 sin + cos = — sin’). 
1.14. cos (a+ x) cos (a— x) + sin (a 4- x) sin (a— 2). 
1.15. | (302+ 20-+—) de. 1.16. | =" de, 


The finding of an indefinite integral with the aid of the table of 
integrals and identical transformations is called direct integration. 


Example 1. Compute \ — 


z 
j dx dx =) {—a?por 
aoar= | x2 (1 —22) xz? (1— 2?) a 


dx kn 4 pte : 
=f Bf eed 


xr 
In Problems 1.17 to 1.43 find the indicated integrals, 
making use of the table of basic integrals. 
—— dx 
1.17. | VYmade. 1.18. | ee 
1 «+1 
(va Vs ax. 
(Yat V2)* 4 
~ Yar 


a) 
| 

1.24. | ==" az. 1.22. — 
\2 * (44 3x22-*) da. 
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> 9 gi 
1.24. \ (22+-3cosx)dzx. 1.25. a a: 
1.26. {od 

‘ Cos 2x ‘ x 
i eer \ oer; dx. 1.28. | sin* = ax. 


1.29*. (a) \ tan? zxdz; (b) { tanh? z dz. 


1.30. 


cos 5 + Spray 


arc sin z+ arc cos x) dz. 


| eae 
ai 

1.32. \ at dz. 
ea 


spe dx ; dx 

Lass = 1.34. |=". 1.35, oe 
ieee V2+3 (1a). 4, 

1.36. jae dx. 4.37. \ DohSe de. 


1.38. \ (e-+a) (x-+b)dx. 4.39. \ (at? + ')3 dx. 
1.40. \ Cost z+3cosz—~2 4, 


cos? x 
1.41. (a) | cot? « da; (b) \ coth? x dz. 
dx x%—J 


\ vag (148. \a5 


2. Integration by Change of Variable. There are two variants of 
the technique: 
(a) The method of placing under the differential sign. Let it be required 


1.42. dx. 


to compute the integral |\ f (z) dz. Let us assume that there exist 


a dilferentiable function u = 9 (z) and a function g (uw) such that the 
integrand f (x) dx can be written in the form 

f (c) de = g (g (z)) @’ (x) dx = g (u) du 
(this transformation is known as placing wu - y (x) under the dif- 
ferential sign). Note that the following relation is fulfilled: 


\ 1@)ae= | eG) 9 @ ae= \ g (u) du | 


u=p(x) | 


9 


Sec. 6.4. Methods of Computing Indefinite Integral 363 


Therefore the computation of the integral \/ @) dx is reduced to 
computing the integral \g (uw) du (which may turn out to be simpler 
than the original one) followed by the substitution vu = @ (2). 


Example 2. Compute the tntegral sin? x cos x dz. 


We have: 


{ sin? x cos x dx = \ sin? x d (sin 2) 


u==Sin x 4 


cxample 3. Compute the integral ae, 


We have: 
\ 22 +-1 fie ( d (x?-+-%—3) _ ( due 


. m4 
ae | us du == —— 


yete--3 7 e et@pa—Z ae) 
= In | Uu | lu—x34x%-37C=In | z?tx—3 [+C. 
The operation of placing the function @ (z) under differential! sign 
is equivalent to replacing the variable x by a new variable u — @ (z). 
r dx 
Example 4. Com pute the integral \ oS 
: V @e+1)2 
Let us change variable by the formulas 
u—-dxe-|-1. 


Then du= 3dz, i.e. ee and 


3 
dx 1 | du ‘ Shana 
RE SL +C=YRTILC, 
\ 1 (82-4 1)2 3) u/s U=Bx+4 


The transformation performed is equivalent to placing the function 
u =: 3x-+ 1 under the differential sign. . 
In Problems 1.44 to 1.80 compute the given integral 


with the aid of a suitable substitution. 
1.44, | V3Fadz. 1.45. | (3—4sinz)* cosa dz. 


sec? x d 
tan’ zx 


ax 


1.48. ae 


1.46. Pa a! 1.47. \ 
\ si 


1.49. \ 
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a cos —— 
1.50. \ - — dz. 1.51. | ae ee 
oon ?—3 sin —— 
Z 
1.52. | cot 2 dz. 1.53. | 3 de. 
1.54. | cos (ax +b) dx. 1.55. \ sin (In x) = 
1.56. \ sin Va. 1.97. {| —_“-. 
Vi may PRA 
1.58. — 35° 1.59. lw dx. 1.60. | x-5 “ dz. 
62. is 2. 6s 
1.64. \ — 1.62. | ae dr. 1.63. | ee: 
; sin zdzx x? dx 

1.64. mS Faz: 188. * eset 1.66. | 2. 

xZdx dx > sin ax 
1.70. : cosh?zsinhadz. 1.71. | aa ax. 

a . 1/x 
1.72. | tanede. 1.73. | coth4edz. 1.74. | S de. 
x ax : dx 
1.79. \ eosheg2 ed) (x? - 1)’ 1.76. | Gone ue 
xdx 

1.77. \ arcy 1.78. \ aa 

au dx i ax 
: » 4.80;. \ ————= dx. 
1.79. \ Vr+i | V ax — 4 a 


In Problems 1.81 to 1.113 find the indicated indefinite 
integrals using various techniques. 


ae oe | 
1.81%. * Vee 1.82. \ <3 nee 


eee dx. 1.84. \ cee 


azy!— p2 ~ 


— 
CO 
on 
CL Cy 


‘ z't14 


=a 
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1.89 


a? + 4 VaR 
a2 b2z2 
=. 1.92. | oe VOTE ae. 


y ax 


dx. 


e He 


V 1—2? 


da. 


re 


V 2— 


1.98. 1.99. = 


Woe zV¥1—4lIn?x 


ie 
i 
Ve 
1.93. | eee dt 1.90". | ae 
| 
Bee 


1.100*. \ sin? xz dz. 


1.101*. | cos? x da. 1.102. { —* 


1.103. \ 4 ax -+cosax)* dz, 


1.104. \ — “ai ay de. 1.105. | eee de. 


COS 22 


1.106. \ ee A |, (|| 
V 3—cos? x \/ cos! x3 


1.108". \ ase 1.109. { —= 


SID Z COS zr ! cot V/ 3x 


1.110. \ tanhazdz. 1.111. | tan? (az +) de, 


1.112. { x? cot? (23 — 3) dz. 


1.113. \ eseC x tan xsecxdz. 


1.87. | 23 f5a*—3de. 1.88. | (3-—2_)_—2 


dz. 1.97. | V3 —cosh «sinh x dz. 
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(b) The method of substitution. Let it be required to compute the 
integral ¥ (x) dx, where the function f (x) is defined on a set X. 
We introduce a new variable wu by the formula 


z=qg(u): Ux, 


where the function « (u) is dillerentiable on some set U and maps U 
one-to-one onto X, i.e. has the inverse 


u= pi(z): X > U. 
Substituting z ~ @ (uv) into the original integrand, we obtain 
f (w) dx = f (@ (u)) @! (uw) du = g (u) du. 
The following equality holds true 


| f@ac= | Fomor’ (Wau 


=\ eau 


u= Q~1(x) = u—7- (x)? 


i.e. the computation of the integral \1 (z) dx is reduced to finding the 


integral \ (wz) du (which may turn out to be simpler than the ini- 


tial one) followed by the substitution u = 7 (z). 
i+<z 
{i+V2a 


In the present case the domain of definition of the integrand X — 
= [0, ++0oo). Let us make the substitution 


z= @ (u) = u*, w€[0, +00). 
Then dr=2udu, u=q-1(z)= Y x, whence 


4-2 2 | ue + u 
Se ee ee eg 
\ eg a ed 


—?2 \ (u2—u-+ 2) du—4 \ 


Example 5. Compute the integral \ az: 


du 
u-+ 14 


= 2 (5-ut— 2 u2+-j2u)—4 In(u+4)+C 


wove 
‘ 4 3/2 1 2 Gee 
=? (52 p24 ree) —4 In (Vz Lt+e. 


In Problems 1.114 to 1.427 find the indefinite integrals 
making the indicated substitutions. 


1.114. \ gee “Ao, \ . 


4-+-cos? z z(4—I1n? 2)’ 


1.116. | =~ de. 1.417. | ate de, 
Va : 
1.418. | £— adr. 1.419. \ 2% 
18 en dx. 1.449 '. 


1.120. 


1.121. \ V 4x—1 dz. 


dz 
z V1—2x3 


1425, |__S.-, aet, 
‘ £ 


4— 7? 


1/3 


1.124. 


J 
1.122. | /5 + Gcde. 1.123, | sin (a+ ba) dv. 
\ x= (1-1?) 


1.126. \ ae 


z+Ve 

e2x 

1.427. | 2 

In Problems 1.128 to 1.133 find the indicated integrals 
using suitable substitutions. 


dx, «x=—Int. 


0 mo» 4\49 eax 
1.128. | e(5r—1)de. 1.429. | 5 da 
1.130. | [= =— de. 1.431. ae 

: az dz 
1.132. es It r e S.A, S 

3 es 1.133 a 


3. Method of Integration by Parts. If u(z) and v(z) are differentiable 
functions, then the following formula for integration by parts is valid 


\ u dv = uv — (du. (2) 


This formula is used when the integrand f (x) dx can be represented in 
the form u dv so that, with a proper choice of expressing u and dv, 
the integral standing on the right of (2) may turn out to be simpler 
than the original integral. One should bear in mind that wu must be 
supplied with such factors which get simplified during differentiation. 
For instance, if the integrand is a product of a polynomial by a trigo- 
nometric or exponential function, then the polynomial should be 
distributed to u, and the remaining expression to dv. Here formula (2) 
may be used repeatedly. 
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( 
Example 6. Find \ x* cos x dz. 
We set u = 2? and dv=coszdzr. Then du = 2x dz and v= 
= | cos x dx == sin x (the constant C is assumed here to be equal to 


a 


zero, i.e. we take as v one of the antiderivatives). By formula (2), 
we have 


\ 2? cose de = 2? sin 2 — \ 2x sin x dz. 


We apply the formula for integration by parts once again to the inte- 
gral standing on the right, equating u, as before, to the polynomial 
(i.e. to 2x). We have: u = 2z, dv= sin z dz. Hence, 


du = 2dz and v = \ sin x dx = —cos7z. 
Applying formula (2), we finally obtain: 
\ x* cos z dx = xr* sin x — (—2r cosx — ( (—cos x) 2dz) 
= z*sinz-+ 27 cosx — 2sinz-+ C). 
If a logarithmic or inverse trigonometric function is contained (as 
a factor) in the integrand, then it should be taken for u since these 
functions are simplified during differentiation. 


Example 7. Find \ In x dz. 


We set u=Inz, dv- dz. Then du = * and p= | dz — 2. 


Substituting into formula (2), we find 
\ In ez dz = rlnz — \ o Seine — 2+ C. 


After repeated application of the formula for integration by parts, 
we sometimes arrive in the right-hand side at an expression contain- 
ing the original integral, i.e. we obtain an equation with the sought- 
for integral as an unknown. 

Example 8, Find eo sin bax dz. 

We set u=e%,dv=sinbedr. Then du= ae%dz, v= 


= = cos bz. Substituting into (2), we have 


( et sin bx dr. + ea Cos be+— | et cos bx dz. 
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Now, we set u=e%, dv=cosbxrdr. Then du=ae%dzr, v= 


== sin bx and 


Cena, 


: 4 
eoX sin br dx= — z e2X cos bx 


+5(- 


As the final result, we have obtained an equation with respect to the 


e2@* sin bx az | ; 


unknown integral \ eas sin bx dz. Solving the equation, we find 


' 2 a 
(14+) \ eax sin bz dx = eax SE EE A 


or 
\ e0% sin ba Fee ie (a TEE COs DG 
In Problems 1.134 to 1.153 find the indicated integrals, 
applying the formula for integration by parts. 


1.134. | arccos x dar 1.135. | zeose de. 


1.136. 


zinzdz. 1.137. | ae an. 
Zz 


1.138. ( (2?—x+1)Inadz. 1.139. | 2% sin x dz. 


1.140. z2e-* dz. 1.141. | 29e* de. 1.142*. jae x* da. 


1.143. 1.144. \ ware ane de, 


1.147. | earccoss dz, 1,148. {In (xt+V 14+ x) de. 


1.1449. {| «3Inadz, 1.150. | 23* dz. 


1.151. 


x*— 2x +3) cosz dx. 1.152, | 2%. 


J cos? x 


1.153. | cos (In x) dz. 


J @ 
\ a 
1.145. | aor x. 1.146. | e™ cosba dz. 
J 
| (2 
J 


24—01176 
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In Problems 1.154 to 1.159 find the indicated integrals 
using various methods. 


1.154*. ee dz. 1.155. \ x (arc tan x)2 dz. 


x 


1.156. \= SiN p  1,157. \ peo wae: 


( cos? x Fa 7 
1.158. | oF de. 1.159. | ap dx. 


e* J 
1.160**. Derive the recurrence formula for integral /, = 
d ‘ 
\ Grane + Find I, and Js. 


In Problems 1.161 to 1.167 find the indicated integrals, 
° ae 2 T . ° 62**, sn ax. 
1.161 \ VY x*-adz. 1.1 | ae x 


1.163. | vare sinzdz. 1.164. jac dx. 


arc sin Wz 


1.165. | a%arclanzdz. 1.166. a ot 
zt— d 


1.167*, | /a®—adz. 
v 


SEC, 6.2. 


INTEGRATION OF THE BASIC CLASSES 
OF ELEMENTARY FUNCTIONS 


1. Simplest Integrals Containing; a Quadrialic Trinomial. Jnte- 
grals of the form 


\ ete abd \ a 
ax® + bz,fe ° i Ge eee 


are reduced to tabular integrals 10-14 (see the preceding section, sub- 
section 1) by separating a perfect trinomial square from a quadratic 


trinomial. 


Example 1. Find { eee eee 
V 1—42—2? 
We have 
\ eee | as eae sin oe +C, 
Vi—42— 0 V5—(«+2) V5 
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Integrals of the form 


\ eS a dz and \ sto dx 
ant bre Vartpbape 
are reduced to integrals of the form 
dx and] dx 
J ax?-+-br-+e V az?+br+e 


by separating in the numerator the derivative 2a + 6 of a quadratic 
trinomial. 


Example 2. Find \ 


xz—t1 


322 +22+1 om 
Since (822-4 27+ 1)’ =6z2+2, e—1=- (62+2)—5 , we get 


3 
( z—1 dz =; | 6z+2 dr 


322 +-22-+-41 6 322 4-27 4-14 
4 dx 
5 | Ty 


3 ( 2°-+ Sat=| 
4 


=f In (32° -- 2x4 1) -F\ Gate: 
3 9 


Integrals of the form 
d 
\ ee (r=1, 2) 
(mz-+n)? Vaz?+ba+c 
are reduced to the above considered integrals with the aid of the 


substitution mz+n— 


7° 

Example 3. Find { gt a, 
e @& V 22?—22—1 
4 dt 


We set x=—, Thendzr= —-—~ , 
t t2 


Cea ae pee ee 1—2t— 
Ve—2e—1t =| ara (eee Se 


2h 
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and 
dz -—{ dt 
zy z*—2r—1 42. a. VY 1—2t—?? 
t t 
=—| ene er rT eae +C 
V2—(¢+1)? V2 
4 
204 
: x . “+1 
= —arce sin = C= ~—arc sin = C. 
vi" rVi 


In Problems 2.4 to 2.418 find the indicated integrals. 
24. (ao. 22. [ 9 


) 22 +42—5 222 —4zr+5 ° 
2.3. \ Tees. 24. | 
2.5. = 2.6 \ 7 == 
21. Sti. 28 [ta 
2.9. \ 5 pe ae 2.10. | Tee 
241. 5. 2.12, \>=-S- 
2.13. \ age. 2.14. \ eS 
2.45. ae 2.16. Veeco G 
2.17. [a 2.18. | Scar pore 


2. Integration of Rational Fractions. Fractions of the form 


A Az+B Axt-B 
(c—a)h? x?-|-prtq’ (x2-+4+pr-+-q)k ’ 
and q are constants, and p? — 4q < 0, are called partial. 

The integrals of the partial fractions of the first two types are found 
in an elementary way, the integration of the partial fraction of the 
third type was considered in Example 2. 

The integration of the fraction of the fourth type after separation 
in the numerator of the derivative of the quadratic trinomial standing 


t=O" 


where k=2,3, ...; A, B, a, p, 
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in the denominator and separation of a perfect square in this trino- 
mial is reduced to computing the integrals 


(x? + pr+q)F d (2?-+ pxz+q) = ~ GT 


and 


du 
The last integral can be computed by a recurrence formula (see Prob- 
lem 1.160). 

In the general case, the integration of an arbitrary rational fraction 
Pm(z) _ Aamz™-+.. . a,2+ ay 
QOn(z) bn. ..+6,2+b, 
in the following way. 


with real coefficients is performed 


Py (Z) 


(1) If mn, i.e. if the original fraction is improper, then 


n 
first it is necessary to take out the integral part of this fraction, i.e. 
to represent it in the form 


Pm (x) R,. (x) 
ee. ’ 1 
OE aa OP " 
where M,,_, (z) and R, (z) are polynomials of degrees m — n > 0 and 
r, respectively, and r <n, i.e. the fraction tee) is proper. 
Qn(z) 
Pm(2) 


is taken oul by 


The integral part of an improper fraction 


Qn(x) 
dividing the numerator by the denominator. 
Example 4. Take out the integral part of the fraction 
Pm (2) _ (x? + 1)° 


On (2) 2 (#?—2z-+1) * 


The given fraction is improper, since m == 6 >n=- 3. To take 
out the integral part, we write both the numerator and denominator 
in the canonical form: 

(22 4+- 14) = 264+ 321 + 327-4 1, 

g(x? — 22+ 1) = 2 — 227°4 2, 
and then, dividing the first polynomial by the second, we obtain 
x3 -+ 2c2-+ 62-+ 10 as a partial quotient and 17x? — 10z-+ 1 asa 
remainder. Consequently, 

(e2+1) og one 172? — 100 -+1 
(ey ee ee 

the integral part thus having been taken out. 

(2) As is seen from formula (1), the operation of separating the 
integral part reduces the integration of an arbitrary rational fraction 
to integration of a polynomial and a proper rational fraction. 
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P»(=) 


Integration of the proper rational fraction ,m <n, is per- 


Tr 

formed by expanding the fraction into a sum of partial fractions of the 
above indicated four types which are then integrated. 

This expansion is carried out in the following way. Let the denom- 
inator Q, (rz) = a,jz™-+ ...-+ ayz-+ ay have real roots ay, ... 

., &) of respective multiplicities s,, ..., s; and complex conju- 
gate pairs of roots B,, By, ..., Bp, B, of multiplicities ¢,, ..., t, 
respectively (s;-+ ... Sp 2, ...+ 2t, = n), i.e. the fol- 
lowing expansion is valid: 


Q,, (z) = ap (@ — %)* 22. (@ — &)°1 (2? + py + qi)" ee 


t 
.. + (*ppx-+ gp) R 
where 


z+ pyt-+ dy = (« — By) (@ — By), V= 1, .-., &. 


Then the expansion of the fraction ae into a sum of partial 
Tr 
fractions has the form 
Pui) A? A 
Qn (2) L— Ay ie (x—a,)*! 
(1) 
iif Ay? ati ees ae Uae inal ere 
r— Oy (x— a)? at pit+ 44 
op OREN hes 
(x? + pyr + qq)" + PRET Ih 
Rk R 
By at Cy? : 
wae 
(x? + pat gr) 


The coefficients A;, B;, and C; in this expansion are determined by 
equating the coefficients of like powers of x in the polynomial P,,, (x) 
and the polynomial obtained in the numerator of the right-hand mem- 
ber of (2) on reducing it to a common denominator (method of undeter- 
mined coefficients). These coefficients can also be determined by set- 
ting x in equality (2) or its equivalent equal to suitably chosen num- 
bers (in the first place to the values of real roots of the denominator 


Qn (2). y 
Example 5. Find \ ee 
22-1 4x |-4 
x (x—1)? 

sum of partial fractions has the form 
zw+4r+4 A B C 


x (x—1)? ogi = (c—1)2 ° 


dz. 


The integrand is a proper fraction, its expansion into a 
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Reducing the right-hand side to a common denominator, we obtain 
w+ 424+ 4= A (x — 1)?+ Bz (x — 1)+ Cz (3) 


(identical equality of the numerators), whence, equating the coeffi- 
cients of like powers of z, we have 


A+t+B=1, -—-2A—B+C=4, A=4, 
which yields 


Hence, 
\ a ae= | (+- = as =e sia 


We could determine the coefficients A, B, C by putting in identi- 
ty oF x -0O, x= 1 and, in addition, z = —1. Then for zx = 0 we 
find A = 4, for z = 1 we obtain C = 9, and for c = —1 we have 
SA 4 ORG 4. that is, B= — 

When solving this example, it would be best of all to combine 
the 4st and 2nd methods, i.e. to find A = 4 for x = 0, C = 9 for 
x = 1, and to determine B from the condition of equality of the coef- 
ficients of z? in (3), i.e. from the equality A+ B= 1. 

dz 
Example 6. Find | z+)? ° 


4 : : ee 
The integrand aati 3 proper fraction, its expansion 


into a sum of partial fractions has the form 


1 __A Bze+C i, Dz+E 
x (x? +1)? =a z2+4 (2+ 4)2 ° 


We have 
141=— A (22+ 1)24+ Ba? (x? + 1) + Co (x? + 1)+4 Dz? -+ Ez. 
Setling x =. 0, we find A - 1. Equating oD, coclficients of like powers 


of z, we get O-= A+B, 0O=CcC,0=2A+ B+ D, 0=C-+ E£, 
that is, 
B= —-1,C—0, D = —1 and E = 0. 
Consequently, 


dx - / 4 £ 
| separ) (Somer he 
=In le] —— In (a2 +1) + T(a sey +C, 
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| , 
Note that we can also expand e+e into partial fractions 
without applying the method of undetermined coefficients, namely, 
1 (14-22) — 2? 1 x 


Fete @+ ee) G+ 
_— +2?) —2? © x 4 x x 
A Coney | Cte oe) eo 
In Problems 2.19 to 2.34 find the indicated integrals. 


dx 22% — 4 
2.19. ( TH: 2-20. \ ote = de. 


2319 xt + 323 + 322 —5 
2.21. = ie az. 2.22: \ e+ ort 324-1 AT. 


2.23. | SS dex. 2.24. | ae 


(x—1)2(z F2) Gi Sepa o: 


2.25, ey 2.26. \ a 

2.27%, \ ee 2.28%, | ope 
2.29, \ ie yc 2.30. \ ate eo & 
2.31. \ a3. 2.32. | arm oe. 

2.33, | Fhde. 2.34. (aS. 


In Problems 2.35 to 2.42 find the indicated integrals 
without applying the method of undetermined coefficients. 


d d 
2.35*, \ ear t 2.36%. \ =: 
ax dx 
287 A Lay: 2.38". \ Sa 
dx x? 
2.39. \ za 2.40*. \ (att (@?—2) dx. 


j ( 2-2 x? + x? 
2.44. \ Gan dz. 2.42. \ an dx. 


3. Integration of Trigonometric and Hyperbolic Functions. 


(a) Integrals of the form \ sin x cos” x dz. 


Sec. 6.2. Integration of Elementary Functions 377 


If m or n is an odd positive integer, then, separating one factor 
from the odd power and expressing the remaining even power in terms 
of an additional function with the aid of the formula sin? x + cos? « = 
= 1, we arrive at a tabular integral. 


; sin? x 
Example 7. Find | q—=— dz 
y cos 2 
We have: 
sin? x sint?x 4— cos? x 
SS a = |) = Si ds S|) Ee 0S 
V cos x y COS x COS x 
adcos zx ( cos? z 
ae = 47———__ d cos x 
~ yocosz y cos z 


= Veta + AV costae. 


And if both m and » are even nonnegative numbers, then powers 
are reduced by passing to a double argument (angle) wiih the aid of 
the following trigonometric formulas: 


1-+- cos 22 4— cos 22 4 


cos? x= 5 , sin? aaa aa Sin z COs t= sin 22, 
Example 8. Find \ sin? x cos’ x dz. 
We have: 
\ sin? z cos* x dx = | (sin z cos z)? cos? x dz 
sin? 2r 1+coS2zx , 1 — 
=| Sg ge 3 \ sin® 22 dz 
1 a 1 | {—cos 4z 
rage { sin*® 2z-cos 2a dt =~ 5) ax 
4 4 ; x sin 4x sin’ Or F 
oe Ee astral Wyatt 
16 | sin 22d Sin 2x 16 Gh +. 78 | 
If m+ n= —2k, k€ wn, ie. m-+ nis an even negative integer, 


then it is advisable to use the substitutions tan z = t and cot x -= t. 


Example 9. Find { sin!/? z cos-}8/3 x dz. 


Since e—t= —4, the computation of the given integral is re- 


duced to integrating the powers of tangent: 


d. 
\ sin!/3 z cos~}3/3 x dr = \ tan!/? x. zd 


cos’ x 
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dz 
—_ 1/3 2 = 1/3 
=| tan!/3 x (1-+- tan? z) Saete \ tan!/3 zd tan x 
3 3 
+. \ tan?/$ zd tan c= 7 tan!/3 z+ ae tanl9/e¢74+C, 


To compute integrals of the form \ tan™z dz, { cot™z dz, where 


m — 2, 3, ..., the following trigonometric formulas are used: 
tan? z = sec?  — 1, cot? x = csc? x — 1. 


Example 10. Compute \ cot! 2 dz. 
We have: 


{ cot! z dz = \ cot? z (csc* z— 1) dz 


cot? z 
3 


=—| cot? zd cot x — { (csc? — 1) dz = — +cotata2+C. 
In the general case, integrals of the form | sin™ x cos” x dz, 


where m and n are integers, are computed with the aid of recurrence 
formulas which are derived by integration by parts. 


: dz 
Example 11. Derive the recurrence formula for —sai, and 
J costkt1 x 
ax ° s e 
find | z~ with the aid of the derived formula. 
| costz 
We have: 
dz sin? x-+ cos? z 
Ionti= \ —-aenig 2h+1 dz 
cos x cos2htl x 
sin? x dz : sin x 
_ \ cos?k*! x aa \ cos2k-l x { oS asthe dz -- Ipp-y. 
: sin x 
We set u=-sinz, dv=—...—- dx. Then du=cosrdzr, v= 
cos2htl x : 
4 : : : ; 
sano y ror and, integrating by parts, we obtain 
Sinz 4 dx 
Tokht+1= Dicostka Dh j costant g + Fek-1 
or 
sin x 4 
eee... aes | eee 
ok4+1 2k cos2k x + f ok 2k-1 


(recurrence formula). 
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In particular, for k=1 we have 


I, = | de  Ssinzg , 1 ( dz 
3~ \ costz 2cos?z ' 2 COS x 


sin z 
58 ~ Q2eos2z 2 


In Problems 2.43 to 2.64 find the indicated integrals. 
, sin? z 
2.43. | sintadz. 2.44. | 2% de. 


cos8 x 


= In |tanz+sec z]+C. 


2.45. \ cos'zdr. 2.46. \ cost = dx. 


a 


2.47. \ sin? zxcos*zdzx. 2.48. | cos’? « sint zx dz. 
| 


2.49. oe 2.50. { S22 de. 
sin } cost zx 
2.51, ee hy ere ee 
sin? z Cos SIn* ZCOS* Zz 
cos are) 
2.53. dx. 2.54. 2. 
~~ gsinzcosxz cos 


2.00. \ tanrxdx. 2.56. { (cots aan dx. 


2.58. | cos® x da. 


COS x V cos z sin? x 
2.59. oe dx. 2.60. | sin® 227 dz. 
2.61. 2.62. =... 
cos sin’ 


\ 
\ 
2.57. | See 
\ vr 
i. 
63. | 


2.64. cos «cos? 2a dx. 


i sin? x 


(b) For integrating the products of sines and cosines of different 
arguments the following trigonometric formulas are used: 


COS & COS a (cos (a —B)-+cos (a-+-6)), 
sina sin B= Sees (2 —f)—cos (a+ 8)), 


(sin (a —B) + sin (#- f)). 


sinacos p= 


a ro] 
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Example 12. Find { cos 9x COS 5x dz. 
We have 


: ( (cos 4z-++ cos 142) dx 


| cos 9x cos 5x dx = — 
2) 


sin de-}-s~ sin Met C. 


In Problems 2.65 to 2.70 find the indicated integrals. 
2.65. ot SzcosSadz. 2.66. \ sin 10x sin 452 dz. 


2.67. \ cos — cos => dx. 2.68. { sin = cos = dx. 


2.69. cos zcos?3xdz. 2.70. | sin z sin 2z sin 32 dz. 


(c) Integrals of the form 
{ R (sin x, cos z) dz, 
where R (u, v) is a rational function of two variables, are reduced to 


integrals of a rational function of a new argument ¢ by making the 


substitution tan > = t. In this case the following formulas are used: 


ee el a pee ee 
ae er eee 
dx 
4cosz+3sinz+5 ° 


sinz= 


2t 
44 


Example 13. Find | 


We set tan > = ¢t. Then 


\ dz =2{ dt 
4cosz+3sin z+5 1—# Zt 
os r+ x -- (4-5 5+3. a aor 5) (1+ #2) 


dt dt 2 2 
ee) see a ee ee -C _- — ————_1C 
2 t?+-6¢-+9 2 | (t+ 3)? i+3 1 x ; 
fan > +3 


If the integrand contains only even powers of sin z and vosz, 
then it is more convenient to use the substitution tan z = t. 


dx 


Example 14. Find \ 7 5 aint e 
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Dividing both the numerator and denominator by cos? z and mak- 
ing the substitution tan z = t, we obtain 


\ dx =) dtanz _ dt 
4—5sintrc ae are tant?x a 
i 1+-2tanz 
me AB pee ie vee cing, 
Giles =3 tian 


In Problems 2.71 to 2.80 find the indicated integrals. 


dz ax 
2.71. \ ee 2.72. \ 3—2sinz-+cosz ° 
sin x dx 
2.73. | rene te 274. | Caer: 


2.70. ae dx. 2.76. \ epee. dx. 


cos? x—2cosz+5 1+-4 cos? x 


2.77. | a 2.78%. | ze 


2.79. 


ax 
J sin? z+8sinzcosz+12¢cos? 2 ° 


2.80. 


(d) Integration of hyperbolic functions is performed analogously 
to integration of trigonometric functions, the following formulas 
being used: 


cosh? <—sinh?z=1, sinhzcosh 2 sinh 2z, 
cosh2 t= (cosh2z-+-1), sinh? c= (cosh 2z—- 1), 
4—tanh?z=sech?z, 1—coth? z=csch? z. 
In Problems 2.81 to 2.90 find the indicated integrals. 
2.81. | cosh*3edz. 2.82, sinh? 2a dz. 


2.83. | sinh®zcosh®xdz. 2.84. | cosh a dz. 


Sinh? z cosh? z sinh? z—4 cosh? 2 ° 


2.85. \ —_ dy, 2.86*. \ ia 
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cosh x—1 


2.87%. \ sO, 28s. \V cosh z+ 1 dz. 
2.89. | coth®z dz, 2.90. { tanh‘ x dz. 


4. Integration of Some Irrational Functions. 
(a) Integrals of the form 


guels LIN 

| R (x ( ax+b ny ( ax-+b ia ) ae 

; "\ catd ’ \ cxrtd eee 
where R (z, y, z, .. .) is a rational function of its arguments, m,, 7, 
My, No, ..., are whole numbers computed with the aid of the substi- 

ax+b — : 
tution os = tS, where s is the common denominator of the frac- 
tions yok ’ ey 
Ny Ng 


dx 
Vz+3—1) Vr+3 ° 
We make the substitution z+3—#4. Then dr—4# dt and, con- 
sequently, 
( dx =a { t? dt = t dt 
(fz+3—1) V2+3 Cape i 
=4 \ COE aaa(ttin |j¢—1|)+C 
—4(f2+3+1n |[pfz+3—1|)+C. 
In Problems 2.91 to 2.98 find the indicated integrals. 


Example 15. Find \ 


2.91. \aaa VES 2.92. \ 
aii 

2.93. loa 2.94. {— 

1 SS ee. 2M Fertiet 

2.97. wae 2.98, (+ 4/ zt dn. 


Sec. 6.2. Integration of Elementary Functions 383 


(b) Integrals of the form 


| Rc, Var? Poe +e) de, 


¥ 


where # is a rational function of two arguments are computed with 
the aid of trigonometric substitutions in the following way. By sepa- 
rating a perfect square in the quadratic trinomial and subsequent 


change of the variable u=<z ++ a , the original integral is reduced to 


an integral of one of the following three types: 


(1) \ R (u, y 12 — u?) du, 
(2) \ R (u, WP + w) du, 


(3) \ R(u, Y ut — I) du. 
The above integrals are reduced to integrals of the form \R (sin ?, 


cos ¢t) dt or \R (sinh?, cosh ¢) dt with the aid of a trigonometric 
or hyperbolic substitution: 

(41) w= Jlsint or u = / tanht, 

(2) u=/tantoru=lsinht, 


(3) u= lsector u =I cosh?, 
respectively. 


dx 


V (22?-+42+7)% © 


Separating a perfect square in the quadratic trinomial, we have 


Example 16. Find \ 


dx du 
—$<$<$<$—$<$ SS h = 2° 
| yexera | vara nt 


V3 


Making now the substitution u-= V 3tant, du=— ; dt, Vwe+to= 
== Y 3sec t, we obtain: 
j dx _ V3 , 
V (2? +42+ 3)3 “ cos%t¢ V3 sec® t 
4 1... 4 u 
—— | costdt=— sint+ C=. ———— 
3 3 3 V wt-+3 
= 1 z+ 2 C. 


3 YxttastT 
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Example 17, Find \ V 2?—a? dz. 


We make the substitution x=acosht. Then dr—asinhtdt, 
VY z?—a*=asinht and further 


a2 
— | (cosh 2t—1) di 


a 


\ V 2?—a? dx =a? \ sinh? ¢ dt=—— 


a? ( sinh 2t 
2 2 


silk teenies 
=< Ye Sin 2+ VEP—AI+C, 
In Problems 2.99 to 2.112 find the indicated integrals. 


ax ; dx 
2.99. Te een 2: e Fon a pe ee 
(x2--3) W4—2? 200 (x24) (2+ Yx?+1) 


2101. | Y@=taz. 2,102. eas 
. a*—Z 


2.103. \ V1—2z—z2dx. 2.104. \ V@—22— oy dr, 


x? dz VP 
2.105. | oar 2.106. | a 


dz. 


2.107. \ V x2—22+10dzx. 2.108. | V 4x — 2? de. 
ve x 
2.109. | dx. 2.110. y= 
dz a CC 
2.111. 2.112, 2— 4)3 dz. 
\ Vernon { \ V (22 —1)3 dz 


SEC. 6.3. 
MIXED PROBLEMS ON INTEGRATION 


In Problems 3.1 to 3.50 find the indicated integrals. 


z+3 : n° 
3.1. \ wt bed dz. 3.2. top at 


dx ax 
33. \aopery: 34 | oa 
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26 \ x dz 

In x dz \ dt 
a RPP NE EE TI ES SS 8 rn: 28 
zV6+4lnz—In? x x V2?4+82+4 


tV x?—4dzx. 3.10. | 2 V2 + 42—O dz. 


oie 


[e+ 4n -8 5 eee 
V z?+42 ,;-odz. 3.1 | EEN sees 
x dx 344. \ dx 


oir Vera 


V xt 
1 “d+c 
3.15. 3.16. \ (+a (=5 ax. 


3.17. 


3.19. oe _ 3.20. \ oe 


41—sin a 


3.23, { Secztane ae 3,94. | ose ae. 


dx 
cos® zx 


3.25. 3.26. \ 


sin z ee 


3.20. 


3.28. | zsin x cos 22 de. 


3.29. 


sinh? z cosh? z 


3.30. | ee 


3.31. [tanhScdz. 3.32. cosh Vi+z 4, 


Vi+e 


3.30. oe 3884: | sin? (In 2) de. 


3.35. | ze*dzx. 3.36. | ze-** dz. 


ade 3.38. | Se" Ae 


x hx 


| 
J 
|r 
‘c= 
| asin 
es ee ee 
aa 
J 
| as 
| sanzcosrs 
| ee 


3.37. 


25—01176 
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3.39. | earcsinzdr, 3.40. \ VF—1de. 


3.41. 


arc — t+ dr. 3.42. \ arc Sin e~ a 
Yi-e —x ex 
3.43. 


z‘ arc tanz 
ax. 


4+ x? 


oa 

3.44. \ 2 (14.2) arctan xde. 
lS 
J 


3.49. ee. B06. | 2 In (4+ 24) de. 


(1-2)? 
zV 22+11nV x2—1 dz. 


3.47. 


3.48. dx. 


Vira! 1S 
x/2 


x*(1+Inz)dz._ 3.50. \ BA ae, [7 


3.49. eee 


SEC, 6.4. 


THE DEFINITE INTEGRAL 
AND METHODS OF ITS COMPUTATION 


1 The Definite Integral As the Limit of Integral Sum. If a function 

f (x) is Sages on the interval a <zx<banda=ay<%my<27, <... 

1<( Zn = 0 is an arbitrary division of this interval into n 

parts “Fie. 56), then the integral sum of the functions f (x) on [a, b] is 
defined as a sum of the form 


Sn—= s / (Ex) Arr, 


ee 1 


where zp_1 = Er S Zp, Aty = Lp — Tp4, k — A, 2, 3, - Geo- 
metrically, S, is an algebraic sum of areas of the rectangles ‘avine 
bases Az, and altitudes f (&). 

If a function f (z), defined: on an interval [a, b], is such that there 
exists a finite limit of the sequence of integral sums S, on condition 
that the greatest of the differences Az, tends to zero ‘and this limit 
depends neither on the way in which the interval [a, b] is divided 
into the subintervals |z,_,, z,], nor on the choice of the points € on 
these subintervals, then the function f (z) is said to be integrable on 
the interval [a, by and the limit is called the definite integral of the 
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function f(z) in the limits from a to b and is denoted by the symbol 


f (x) dz. Thus, 


ec Oey, 


b n 
| f@)de— lim Dy f(s) Aan, (1) 


ve max Axp> h—=1 


A function continuous on an interval [a, 5] is integrable on this 
interval. 

Geometrically, the definite integra] (1) represents an algebraic sum 
of areas of the figures bounded by the graph of the function y = f (z), 


| 


the x-axis and the straight lines sx —a and x=b, where the areas above 
the z-axis enter into this sum with the plus sign, and those below 
the z-axis with the minus sign. 

2 


Example 1. Compute | x? dx, regarding the definite integral as 

1 

the limit of integral sums. 
First method. We divide the interval of integration [1, 2] into n 


equal parts of length Az = = . The division points are: 


n—1 


9 In=2. 
n. 


4 2 
fo=1, oo el a ae ta=1>—-, weey Eny=it 


25%* 
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We choose, for instance, the left end points of the obtained subinter- 
vals as points &. Then 


f (ao) =4, f ()=(14+—)", f(e)=(14—)", - 


n—1 )° 


n 


Ly f (tna) = (1+ 


Consequently, 


sod (4 (bb) (ied yee (He Zt) 


SE (n® (n+ A)2+ (A $2)*F + (Qn —1)2) 
‘ 2n—1 n—-1 
=<( >) #-> #). 
R=1 k=1 


Applying the formula for the sum of squares of integers 


5 12 n (n+ 1) (2n+-4) 


6 3 
hk=1 
we find 
g aye (= 2n (4n —1) _ (n—1)n(2n—1) ° 
ne 73 6 6 
— 144n?—9n+-1 
- 6n2 : 
whence 
2 
\ _  14n2—9n-+ 1 7 
z? dx = lim ——>————_-_ = =. 
N+ 0o Gn? 3 
a4 


Second method. We subdivide the interval [1, 2] into parts so that 
the abscissas of the division points form a geometric progression: 


fom a ws a Sots -l ee S53 
Zy = 1, Ly = Q, Lo = GQ", 2 + ey In = Qh » Zp = Qh = 2, 


Where q == 2!/", and take the left end point of the kth subinterval as 
a point &. Then 


f (to) = 1, f i) = @?, f (m2) = 94, oe yf (Spa) = GPR), 
Ar, =q— 1, Ar, = g —q=q(q — 4), 
Az,=@q*? (¢q—1), -.., Ar, = q"' (g — 1), 
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Sn=1-(g—1)+4 (@—1) +48 (Q—41) +... +g") (g—1) 
3 
+ (9-1) (Ia t ap... +g) = (gQ— 1) St 
gr — 4 23 — 4 7 


~— @rgti 2p 2M pT 2p DMT 
Consequently, 


2 
\ z*dx= lim eaewtre eeete te 
= im "pay. 3° 

In Problems 4.1 to 4.4 compute the indicated integrals 


regarding them as the limits of the corresponding integral 
sums. 


5 m/2 
4.1*. \ (1+ x) dx. 4.2*. \ cos zx dz. 
0 0 
10 - 
‘ - x 
43". \ ede. 44%, |S. 
0 4 


2. Computing Simplest Integrals with the Aid of the Newton-Leib- 
nitz Formula. If F(z) is one of the antiderivatives of a function f(z), 
continuous on [a, ®], then the following Newton-Leibnitz formula 
holds true: 


b 
5 =F (b)—F (a). 


b 
| f (x) dx = # (x) 


e 


a 
e2 


dx 


Example 2. Compute \ lng: 


a 
We have 
2 


dx af d (In z) 


=—In |Inz| 


é€ 
zinz lnz C 
ée 


-= In (In e2)— Jn (In e) = In 2 = 0.69. 
‘In Problems 4.5 to 4.33, using the Newton-Leibnitz for- 
mula, compute the indicated integrals. 
2 8 


4.5. ) xidxz. 4.6. | 75 
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4.7. 


4.9. 


4.15. 


4.17. 


4.19. 


4.21. 


4.23. 


4.29. 


4.27. 


4.29. 


e e 
i) 
l 
oq 
_ 
a) 


Integral Calculus: Functions of One Variable 


j 


(322—2e+4)dzr. 48. \ (Vir+3/2) dz. 


0 


bho 
+. 
ot 
a 


23 


9 
dz. 4.40. \ Ya" de. 


) 
0 
sinzdz. 4.12. \ <5 


3 
edz. 4.14. | 2* de. 
0 


s| 


Q 
8 
as 
fen 
> 
> Cay 9 
Q 
8 


4.18. \ sin? p dq. 
0 
2 


\ tant‘zdz. 4.20. \ sinh? zx dz. 


eo 


Cat 


P| 
~~ 
o> 
[) 


dx. 4.26. { euns az 
4 


m/2 


ia 4,28. \ cos’ a da. 
0 


z(4-+ In? z)° 


pr Cems oy > Cleemny ND COC een Cohen 
| 
bo 


Go 


3 


cosh? 3xrdz. 4.30. os an 
Fr 2y—8 


p= 
er 


6. 


Ch. 
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az*+-32z 
4.33. e+) @+1) dx. 


In Problems 4.34 to 4.36 find the limits of the indi- 
cated sums with the aid of definite integrals. 


4.34**, lim (aaartatet: + +t). 


nu oo 


4.35. lim = — (1 +cos = + cos Z so... 


. + cos(n—1)>—). 
ice A 1 ee 
4.36. lim (1 car n/t ivaoh 
,—— 
bY 14+—). 


In Problems 4.37 to 4.44 compute the areas of the figures 
bounded by the indicated lines. 


4.37. y=zo?, ya), B=2; Fo. 


4,38. y=) 2, y=0, 21, 28. 
4.39. y=6—2—2272, y=2r42. 


4.40: y=, y=2V a. 
4.41. y=-cosx, y— 0, Bes iy eae. tet areca 


RA: ye. y=”; 241, 2eZ. 
4.43. Y == 


4,44. y= 
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3. Properties of the Definite Integral. 
b 
(1) If f(z) >0 on the interval [a, b], then \ f (xz) dx >0. 
a 
(2) If f (xz) < g(x) on [a, bj, then 
b b 
| p@ac< | ¢@ar 


a 


(3) | f(a)driS \ lf (z)| dz. 


(4) If f (x) is continuous on [a, b], m is the least and & is the 
greatest value of f (x) on [a, 6], then 


b 
m(b—a) < \ f (2) de<M (b—a) 


a 


(the theorem on estimation of the definite integral). 
Example 3. Estimate the integral 


We have: 1<.1+21°<22 for 0O<r¢<1; 


1 4 
SS ee ee 
V2 Vi+z 
i.e. m : M=1, b—a=1. Consequentl : <JI<i 
. . ok ee ; = 1, —a—= 1. 6) ; woe pee Ss 1. 
V2 q y V2 S 
(5) If f (x) is continuous, and g (z) is integrable on [a, 0], g (x) > 
> 0, mand M are the least and the greatest values (respectively) of 
f (xz) on [a, b], then 
b b 
m\ ¢ (yar =\ f(a) e()ae<M 
a 


a 


g (x) dz 


Q Pansy OF 


(the generalized theorem on estimation of the definite integral). 
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(6) If f (x) is continuous on [a, b], then there exists a point c€ 
€ (a, b) such that the following equality is valid: 


b 
\ f(@) dr=s (0) 6a) 


a 


(the mean-value theorem). 
The number 


b 
j= z-~ | f (x) dx 


a 


is called the mean value of the function f(z) on the interval [a, 0]. 

(7) If f (x) is continuous, and g (zx) is integrable on [a, b] and 
g (x) > OU, then there exists a point c € (a, 6) such that the following 
equality holds: 


b b 
| f@e@dr=s(o \ g@ar 


(the generalized mean-value theorem). 
(8) If f? (x) and g? (z) are integrable on [a, bd], then 


rn 
<V | {? (z) as | g? (x) dz 


a 


b 
|| ¢@ e@as 


(the Cauchy-Buniakovski inequality). ee 
(9) Integration of even and odd functions over syinmetric limits. 


a a 
If f(z) is an even function, then \ fades e2 \ f(x) dx. And 
—a 0 
a 
if f(z) is an odd function, then | f (x) dx = 0. 
-a 


(10) If a function f (z) is continuous on the interval [a, b]. then 
the integral with a variable upper limit 


x 


© (2)= | f (t) dt 


q 
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is an antiderivative for the function f (zx), 1.e. 


o’ (2) =( (0) dt) =F), 2€ (a, 0} 


(11) If the functions @ (x) and (zr) are differentiable at a point 
x € (a, b) and f (t) is continuous for @ (2) <¢ <1 (b), then 


(x) 
(\ r@a)=reov @-1e@e' @. 
p(x) 
x2 
Example 4. I (a) = | e~t dt. Find I’ (2). 
0 
Making use of property (41) and taking into account that p (x) = 0, 
i.e. ~’ (x) = 0, we have 
L! (x) = e ©). (22) = Qre**, 
4.45. Without computing the indicated integrals, de- 
termine their signs: 


1 


(a)* \ Vade; (b) \ x3e*dzx;  (c) 
=o 4 4/3 


zinzdz. 


er ha 


| ee eet Toned 


4.46. Without evaluating the indicated integrals, find 
out which of the two integrals is greater: 


2 2 ; 2 i 2 ‘ 
dz x x , dz 
®) |e oe JS: @ |S o fo: 
1 1 1 1 
{ 1 
(c) | e* cos? x da or \ e-* costa de. 
0 0 


4.47. Find the mean value of the function on the given 
intervals: 


(a) 22, OX 2x4 <1; (c) cosz, OX e< n/2; 
(b) 7/2, O<a<1; (d) costz, OS a < H/2. 
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4.48. The strength of an alternating current changes accord- 
ing to the law = J, sin (Fe —- v), where 7 is the cycle. 
Find the mean value of the strength of the current dur- 


ing half-cycle. 
1 
4.49. Estimate the integral \ V 8-4 23 dz. 
~4 


2m 


4.50. Estimate the integral \ oe. 
V5+2sinz 


4.51. Estimate the integral | VY (1+ «) (1+ 23) dz using: 


oD Oey pe > 


(a) the generalized theorem of estimation of the definite 
integral; 
(b) the Cauchy-Buniakovski inequality. 


4.52. Estimate the integral \ VY (4+ 23) x dx using: 


1 
0 


(a) the generalized theorem on estimation of the definite 


integral; 
(b) the Cauchy-Buniakovski inequality. 


4.53. Find (a) 7: (b) if 


B 
= } “de (<a<f). 


4.54. Find the points of extremum of the function 


x 


© (z) = | os dt (x>0, O<a< +). 


7 
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In Problems 4.55 to 4.58 find the derivatives of the given 
functions. 


x : Vx 
4.55. D(z) = | Sint gt. 4.56. © (2) = { sin (#2) dt. 
0 4/x 
0 x3 
4.57. (2) = \ —# 458. D(z) = | << (4>0). 


3 
Vi-+t 2, 


4.59. Prove that 


3 
x a? sing 


4. Change of Variable in Definite Integral. If the function f(<} 
is continuous on the interval [a, b], and the function z = @ (t) is 
continuously differentiable on the interval [t,, to], and a= Q (t,), 
b= @ (tg), then 


b te 
\ F@az=\ Fp mye’ Mat. 
a t1 
1 a 
V 1—2? 
Example 5. Compute —2 Ce. 
V 2/2 
Let us apply the substitution z = sint. Then dx = cost dt, = 
=arcsinz, t, = arc sine % and #, = arc sin 4 = =~ . Conse- 
quently, 
4 m/2 —— 
\ nara | V1t—sin? t 3 
ane cos tat 
VY 2/2 T/ 4 
1/2 m/2 
( cos? t ios 1—sin?? 
-- sin? ¢ \ sinter % 
wt/4 mt/4 
/2 
=(—cot —1)| Bas ir eat ees 
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4.60. Is it possible to evaluate the _ integral 
2 
| z V1t—a«*dx with the aid of the substitution x-== sin ¢? 
( 

In Problems 4.61 to 4.66 evaluate the given integrals 
with the aid of the indicated substitutions. 


6 
; , ot—-2=f??. 
4.64. \iyast x 
i 
4.62. anes ; e~ + 17": 
cae 
sinh 4 | 
4.63. \ V #2+14dz, x=sinh t. 
0 
w/2 F 
. x x 
4.64. \ 3p2cosz’ tan =t. 
0 
71 be g 
x 
4.65. 1-2sin® x ; tan z ==. 


G 
| 

4.66. | V3—22—22dz, x+1=2sint. 
-1 


In Problems 4.67 to 4.76 evaluate the indicated integrals 
by changing the variable. 


2 0 
ax dz 
4.6 e eS ee 4.68. a SI EE 
1.67 \ Wes ) Vet+3+ V (z--3)3 
2/ V3 = 
4/V3 — V3 
4.69. { V4 ae. 4.70. { sri. 
. 2 5/3 V (44+2°)8 
3/ 
: d. ° d 
x  P 
411. \ rae. 472. er aa 
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1 


4.73. as, fake. \ oe 


<= 


2 V 1-442? a V 5—4z © 
In 6 x Fa3 3 
4.75, : ee dx. 4,76. | 22V9— a? da. 
In 2 () 
e2 2 - 
4.77. Show that \ a= =| = ae. 
e 4 
4 mu/2 
4.78. Show that \ res ~ | = 
1/V2 TU 4 
2 
4.79. Make sure that \ ek mi ed tn dz = 0. 


z*+ 327-+-41 
2 


5. Integration by Parts. If two functions u — u(x), v = v(x) and 
their derivatives w’ (x) and v’ (x) are continuous on the interval [a, d], 
then 


u dv = uv 


Q tO 


b 
b 
—| v du 
a 
a 
(the formula for integration by parts). 


e 
Example 6. Compute \ In x dz. 
1 


Let us set u=Inz, dv= dz, then du = = , v= 2. We have 


e : e fis ; 
\ inede—elne —\eSaes Sige pay, 
‘ 1 1 x 4 


In Problems 4.80 to 4.89 evaluate the given integrals 
using the method of integration by parts. 


1 


4 
4.80. ved. 4.81, \ 22822 gy 
4 > Vite 
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1/3 e 
4.82, | 2% 4.83. \ Intcde. 
Me COS* z 7 
ref 4 2 V3 a 
4.84. \ ee“ sin4zdz. 4.80. Va ae 
0 2 


1 


4.86. xinzdx. 4.87. | vare tan z de. 


> Ces 


(eon) 


T/4 


5 m/ 
4.88, \ z*cos2z dz. 4.89. \ e~cos x dz. 
0 0 


4.90. Show that for the integral 
a Be /2 
I,= sin" 2dr = \ cos"zdz, ne€N, 
0 0 


n—1 : 
the recurrence forinula /, = ——J,_, is valid. Evaluate J, 


n 
and I;. 
4.91. Show that for the integral 


1 

I, = \ x"e-*dx, ne€N, 
0 

the recurrence formula /,, = eos ni,_, is valid. Eval- 

uate /,. 


SEC. 6.5. 
IMPROPER INTEGRALS 


1. Integrals with Infinite Limits. If a function f(z) is continuous 
fora <x < +o, then, by definition, 


+00 b 
\ f (x) dx= lim : f (x) dz. (1) 
A b+-+00 


a 
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If there exists a finite limit in the right-h-nd side of formula (1), 
then the improper integral is said to be convergent, and if this limit 
does not exist, then it is said to be divergent. 

Geometrically, improper inlegral (1) for f (xz) > 0 is the area of 
the figure bounded by the graph of the function y -- f (z). the straight 
Jine x = a, and the z-axis (asymptote). 

b 


The integra]s \ f (z) dz and 


— 00 


+00 b Cc 
\ f(z) dx= lim \ f@ dx+ lim \ f (x) dx (2) 
b ->+00 a-> — 00 


—- 0 c a. 

are determined in a similar way. 

We shall consider the tests for convergence only for integrals of 
form (4). 

(1) If F (x) is an antiderivative for f (x) and there exists a finite 
limit lim F (zr) -= F (oo), then integral (1) converges and is 

x—+ +00 
equal to 
+0o 


| f@) az = F (Hoo) — F (a) 
and if lim F (xr) does not exist, then integral (1) is divergent. 
x > + 00 
+00 
(2) Letfora<2z<-+oo 0 <f (zr) <g (z). If { g(x) dx con- 


ct 


+ 0o +00 +00 
verges, then | { (x) dx converges as well, and | {[(a)dr< \ g(x) dx. 
a a a 
+00 +00 


If ( f (z) dr diverges, then \ g (x) dx also diverges (comparison tests). 


oF 


a cl 
(3) If for aczx<-+oo f(x) > 0, g (x) > 0 and there exists a 
+00 


ff f (2) 
finite limit am FG) 


#0, then the integrals \ { (x) dx and 


a 
+00 


\ g(r) dx either converge or cdliverge simultaneously (limiting com- 


a 
parison test). 
+00 +00 


(4) If \ | f (x) | dz converges, then \ f (x) dz converges as well 


a a 
(in this case the latter integral is called absolutely convergent). 
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(5) If for z > -+oo the function f (x) > 0 is an infinitesimal of or- 
+ oo 


der a ascompared with 1/r. then the integral \ f (x) dz is convergent 
a 


for a > 1 and divergent fora < 1. 
+ co 


Example 1. Evaluate \ e—3X dy, 
We have: 


b-»+0o b-+-+ 00 


+00 ° 
\ e-3X% dr — lim | e-38X dx — jim ( —4 a 12 ) 
: 0 


= in Ue, 
3 b—+-+00 


eo] je 


oo 


Example 2, Investigate the integral ( oa dx for convergence. 
J x 
1 


We have 
orice > Se == a : 
Vx V 2 Vx 
+0 


: : ' : d. 

The given integral is divergent, since \ "2 
wb 
1 


is divergent. 


In Problems 5.1 to 5.9 evaluate the given improper 
integral (or prove that it is divergent). 


+00 


+00 
5.4. —— 5.2. | ai 
+00 +00 
9.3. STRSTT o.4. \ e-** cos x dz. 
a - 
5.5. ee 5.6. ary? 


26—01176 
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+ -++00 
x dz — x2 
sar Vi@abe 9.8. LE dx. 
08 
5.9. xcosxr dz. 
0 


In Problems 5.10 to 5.24 investigate the given integrals 
for convergence, 


C x dz ¢ z?t+-14 
5.10, |e. Bette { a 
0 “4 
c . az C dz 
5.12, \ Tear: 5.18. \ = 
0 2 
fo) -++0o a 
3.14, | e-# dz. 9.15. 3-22-52) ° 
() 
+ 00 = rear ++ 00 = 
546: | Cee Rag, | eee F 
m4 3244. oO op a/e44 
+ 0o -+00 
5.18. { aE Ae 5.19. \ ee. A 
5 2 5 V2 (e+) (+2) © 
+00 sin— + 
5.20. a. OG, Ne 
J 2+2 Va : pee Vztcos?z ~ 


2. Integrals of Unbounded Functions. If a function f(z) is con 
tinuous for a <x < b and f (b) = oo, then, by definition, 


b b-¥y 
\ f (x) dx=lim \ f (x) dz, (3) 
a a ca a 


If a finite limit exists in the right-hand side of formula (3), then 
we say that the improper integral is convergent. If this limit does not 
exist, then the equality becomes meaningless, and the improper inte- 
gral written on the left is said to be divergent. 
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Geometrically, if / (zc) > 0 improper integral (3) is the area of the 
figure bounded by the graph of the function y = f (z), the straight 
line z = a, and the vertical asymptote z= b. 


If f (a2) = o, the improper integral is defined in a similar way. 
If c € (a, b) isa point of discontinuity and f (c) = oo, then 
b C—V1 b 
\ f (x) dx = lim \ f (xz) dz-+ lim \ f (x) dz. (4) 
V¥170 5 Y¥270 


a C+YV2 


If the antiderivative F (x) of the function f (x) is continuous for 
b 


a<xzx<b, then the Newton-Leibnitz formula | f (x) dx = F (b) — 


— F (a) is applicable to integrals (3) and (4). 


The tests for convergence of improper integrals of unbounded func- 
tions are analogous to those from subsection 4 


As a Standard for comparison, we usually take the integral 
b 


‘oe (a> 0), (5) 


which is convergent for @ < 1 and divergent for a > 1. 


dz 
Example 3, Investigate the integral \ ing for convergence. 
1 


4 1 ; , : 
As z+ { oe (equivalent infinites), since 
scot 
: Inz . £—1 1 
id ene ae 
z—i 
2 


The integral \ 
4 


i diverges as an integra] of type (5) fora@=1. 
2 
dz ‘ 
Hence, \ diverges as well. 
Inz 
1 


In Problems 5.22 to 5.30 evaluate the given integral 
(or prove that it is divergent). 


1 a 
dz x dz 
5.22. nee 5.23. | rae 
0 


26* 


V2(i—2) | 


4 

\ az 

: V 6z—z?—8 

2 

\ x3 dz 

i Veae 

V 2/x 

5.29 \ cos : cl 

x? og 


In Problems 5.31 to 9.40 investigate the given integrals 


for os 


0.314, 


5.39, { s ae ae 


Pat Vd—a i 
4 
5.33. = vd 
0 4 
5.35. ) Ferd 
4 
5.37. | 7 oak 
4 


) 
~ 
co" om See eee 
4 = 
8 | 


5.34, e~ dx 
4 eoges: 
5.36. | —— dz. 
» Ve 
- a 
4 
5.38. [ a 
0 
d. 
x 
5.40. \ So. 
Q 


o.Al. Biove that for a >Q Euler’s integral I (a) = 


+ co 


— ae dx defining the gamma function T (a) is con- 


0 


vergent, and establish the following relationships: 


(a) if @ =n is an integer, then [ (n + 1) = nl; 
(b) T(a +1) =af (a) for any a>O0; 
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)=Va 


© Ti 
@ r(Z)=-4; 


(e) Dr (n+ +) =1-3-5 ... (2n—1) ee , nis an inte- 
ger. 


Se) r| = 


SEC. 6.6. 


GEOMETRICAL APPLICATIONS 
OF THE DEFINITE INTEGRAL 


1. Area of a Plane Figure. The area of the figure bounded by the 
graph of a continuous function y = f (z) (f (z) > 0), two straight lines 
x= aandz= 0), and the z-axis, or the 
area of a curvilinear trapezoid bounded J 
by an arc of the graph of the function 
y=f(z),a<xz<b (Fig. 57), is com- 
puted by the formula 


b 
=| f@ae. (1) 


a 


The area of the figure bounded by 


the graphs of two continuous functions Fig. 57. 
y = fy (z) and y = fe (z), fy (t) <hr (2) ; 
and two straight lines z = | ee oa (Fig. 58), is determined 


by the formula 


b 
S= \ (fo (t) —fy (2)) dz. (2) 


Simplest problems on application of formulas (1) and (2) were given 
in Sec. 6.4 (Problems 4.37 to 4.44). 

Example 1. Find the area of the Jigure lying in the right-hand half- 
plane and bounded by the circle x? + y? = 8 and the parabola y? 
=. 2d: 

Let us first find the points of intersection of the given curves 
(Fig. 59) by solving the system of equations 


£2 yt Gs 
y? = Ze. 


We obtain the points (2, 2) and (2, —2). Making use of the symmetry 
about the z-axis, we find au desired area S as the doubled sum of the 
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areas of the curvilinear trapezoids bounded, respectively, by the arcs 
of parabola y= Y2z, 0<a« <2, and the circle y= Y8 — 2?, 


Fig. 58. Fig. 59. 


2<r< V8: 


y sare 


V8 


s=2( | V dz de+ \ V8—a az) 
0 2 


9 
- 


aS V 8—2?-+-4arc sin "s: 


V8 
2 | 


=2 (f+2n—2-2) = 20 + 


~2( Vip 


a 
< 


It is sometimes convenient to use formulas, analogous to (1) and 
(2) but with respect to y (regarding z as a function of y), in particular, 


d 
S= | (fa (vy) — fa (y)) dy. (3) 


Example 2. Find the area of the figure bounded by the parabola 
(y — 2)? = x — 1, the tangent to it at the point with the ordinate 
Yo = 3, and the z-axis (Fig. 60). 

The shape of the given ligure does not enable us to apply directly 
formula (lt) or (2). But if we consider the figure with respect to the 
y-axis, then formula (3) can be ulilized. So, let y be an independent 
variable. Then the equation of the parabola will be written in the form 
x= y* — 4y + 5. Now, we find the equation of the tangent to the 
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parabola. It has the form: Z— ty = 2% (y — yo). Since zy = 
= 2(y — 2), we have x5 = z’ |, -, = 2. Finding, further, the abscis- 


Fig. 60. 
2, we get the equation of the tangent: 


sa of the point of tangency z) = 
g-—-2=2(y — 3), or x = 2y — 4. 
Setting in (3) f, (y) = 2y — 4, fo(y)= y? — 4y + 5, we have: 


3 3 


= | (y—4y+5)— @y—4) dy = | (y?—6y +9) ay 

0 0 
3 

y— 3 ay= st y— 3)3 =—9, 


Pee 


Note that the use of formulas (1) and (2) for solving Example 2 
would require the computation of the suin of three integrals: 


s= J (= 2+2] ut | ((+2+2)—(@+ Vz—1)| dix 
5 


+] (2— Wa—1) dz, 
1 


Example 3. Find the area of the figure bounded by the curve y = 
=: 4/2?, the x-axis, and the straight “line z= = 1, and lying on the 


right of this line (Fig. 64). 
The sought-for area is expressed by the improper integral 


2 | a =—>[Pat. 
x 


x? 


1 
If a figure is bounded by a curve, 


g= x(t), y = y (t), straight lines z = a, x = 6, an 


having parametric equations 
d the z-axis, then 
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its area is computed by the formula 


ty t, 
s=\ ye Ha=\ vay, (4) 
ts th 


where the limits of integration are found from the equations a= 
= 2 (t;), b = =z (ty) (y (t) > O on the interval [#,, ¢,]). 

Formula (4) is also applicable for calculating the area of a figure 
bounded by a closed curve (in this case the change of the parameter ¢ 
from ¢,; to t¢, must correspond to tracing the contour clockwise). 


Fig. 62. 


Example 4. Find the area of the loop made by the curve 
zg=a(t?®—1), y=bd(4t—8) (a>0, b>0). 
Let us first find the points of intersection of the given curve and 


the coordinate axes. We have: « = 0 fort, = +1; y= 0 for t = 0 
=- +2. Consequently, we obtain the fol! Owing points: (0, 36) for 
t= 1; (0, —3b) for t = —4; (—a, 0) for ¢ = 0; (3a, 0) for t = +2. 


The point (3a, 0) is a point of self-intersection of the curve. For 0 < 
<t<2y>0; for-—2<t<0 y <0 (Fig. 62). 
The desired area is found as the doubled area of the upper half of 
the figure bounded by the loop: 
3a 2 2 
SZ | y dz=2 \ y (t) x’ (t) dt =2 \ b (4t— t3) a-2t dt 
~« 0 0 


vA 
4. #%)\|2 256 
— 2. #4 a es pea A ee ess 
— hab \ (402 —t) dt dab ( 7h ) ab. 
0 


The area of a figure bounded by the graph of a continuous function 
r= r(g) and tworaysg a,q _ B, where ¢ and r are polar coor- 
dinates, or the area of a curvilinear sector bounded by an arc of the 
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graph of the curve r= r(g),a <q < f, is computed by the formula 
B 
S= = | red (5) 
=| Q. 
a 


Example 5. Find the area of a circular lune bounded by arcs 
of the circles r — 2a cos, r= 2a sing, 0<@ <n/2 (Fig. 63). 


Fig. 63. 


The circles intersect for » = 1/4; the figure under consideration 
is symmetric about the ray g = m4. Consequently, its area can be 
computed in the following way: 


' m/4 7/4 
Sa 2-5 | 4a2 sin? @ dp =: 2a? | (1{— cos 29) dp 
0 0 


4 
($1) « 


= 2a? (e—= sin29) |" 


6.1. Find the area of the figure bounded by the curve 
y = Inz and the straight lines x = e, x = e?, y = O. 

6.2. Find the area of the figure Soca by the ellipse 
Z* so a { 
a2 be 

6.3. Find the area of the figure bounded by the parab- 
olas y? = 4x and xz = 4y. 

6.4. Find the area of the figure bounded by the parabola 
y = x? + 22 and the straight line y= 2x -+ 2. 

6.5. Find the area of the figure bounded by the curves 

27 .. 

Yy = 724-9 and y = — 
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6.6. Find the area of the figure bounded by the curves 
y? = 2px and y* = . (x —p)* (p > 0). 


6.7. Find the area of the figure bounded by the circles 
getty =a’, 22+ y? —2ay = a® and the straight line 


= @. 

6.8. Find the area of the figure bounded by the curves 
a a*x : 

Y= ara > aie and the y-axis. 


6.9. Find the area of the figure bounded by the y-axis, 
the parabola (x — a)? = 2p (y — b), and the tangent to 
this parabola at the point with abscissa x = c¢ (ec >a>QO, 

> 0). 

6.10. Find the area enclosed by the curves y = e* —1, 
Spot 33). pe 0, 

6.11. Find the area of the region between the parabola 
y = 3-+ 2x —2x*’and the x-axis. 

6.12. Find the area of the figure bounded by the curve 
y = arc sin x and the straight lines x = 0, y = n/2. 

6.13. Find the area of the upper lune bounded by the 
circles x? +- y? = a and x? -+ y® + 2ay = a® (a> 0). 

6.14. Find the area of the region enclosed by the lines 
(c —1)(y + 2) =2 and r+y = 2. 

6.15. Find the area enclosed by the curve y = In z, the 
tangent to this curve at the point x =e and the x-axis. 

6.16. Find the area of the figure bounded by the curves 
y =I|n (x + 2), y=2Inz, y = 0. 

6.17. Find the area of each of the two parts into which 
the circle 2? + y? < 2az is divided by the parabola y? = 
= Jax — a’, 

6.18. Find the area of the lune bounded by the hyperbola 
xz* —y? = a* and the parabola y? =z az. 


6.19. Find the area of the hyperbolic segment with al- 
titude h and base 2r (the semitransverse axis of the hyper- 
bola being equal to a). 

6.20. Find the area of the region bounded by the curve 


7 ia and its asymptote (a > 0). 


6.21. Find the area of the region enclosed by the lines 
x —y=a, (2 —a’) y® = a and the z-axis (x > 0). 
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6.22. Find the area of each of the two parts into which 
the circle 2? + y? < 2ax is separated by the hyperbola 
427 — 3y? = a’. 

6.23. Find the area of the elliptic segment with altitude h 
and base 2r (the semimajor axis of the ellipse is equal to a, 
the base of the segment being parallel to the minor axis). 

: a3 

6.24. Find the area enclosed by the curves y = ig? 

2 
y = ae and the z-axis (a > 0). 


6.25. Find the area of the figure bounded by the curve 


1 
y= Pe and its asymptotes. 


6.26. Find the area enclosed by the astroid x = a cos’ t, 
y = asin’ ft. 
6.27. Find the area enclosed by the loop of the curve 


ee 


6.28. Find the area of the figure bounded by one arch 
of the cycloid x = 2 (t — sin t), y = 2 (4 — cos t) and the 
z-axis. 

6.29. Find the area enclosed by the loop of the curve 
g=a(?t1),y=bd (#8 — 32). 

6.30. Find the area enclosed by the loop of the curve 
PS 2H 9S Se 

6.31. Find the area enclosed by the cardioid r= a (1 + 
+ sin @). 

6.32. Find the area enclosed by one leaf of the curve 
r= asin 29. 

6.33. Find the area enclosed by the curve r = asin dq. 

6.34. Find the area of the figure bounded by the curves 
r=atan qsecqg, r= 2acos@ and the polar axis. 

6.35. Find the area of the figure lying in the first quadrant 


and bounded by the curves r =atang, r= ar and 


the polar axis. 

6.36. Find the area enclosed by two conseculive turns 
of the logarithmic spiral r = e?, beginning with @ - 0. 

6.37. Find the area enclosed by the curves r? =- 2 cos 2¢, 
pee rT), 

6.38. Find the area enclosed by the curve r = a cos 3y. 
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6.39. Find the area enclosed by the lemniscate of Ber- 
noulli r? = a? sin 29. _ 

6.40. Find the area enclosed by the circle r = V3 sin @ 
and the cardioid r = 1 —cos @ (outside of the cardioid). 


2. Are Length of a Curve. If a smooth curve is given by the equa- 
tion y = f (x), then the length / of its arc is 


b 


i) VItwy de, 


a 


where a and Bb are the abscissas of the end points of the arc. 
If a curve is represented by parametric equations z = z (t), y = 
= y(t), (ty <t <#,), then 


te 
1=\ V@pPFupear. 
ty 
The arc length of a space curve defined by the parametric equations 


=az(t) y= y(t), z= 2 (t), t) <t <t,, is expressed in a similar 
way: 


te 
1=\ V@pPFup rey at. 


ty 


If we are given a polar equation of a smooth curve r=r (9),a< 
<q <f, then 


B 
i= | VFFT Fao. 


? 


a 


Example 6. Find the arc length of the semicubical parabola y? = 
= z° from the origin to the point (4, 8). 
We have 


3 


9 , 


y= 23/*, = xi/? 


4 —— 


9 4 2 9 \3/2]4 8 
Teas ere —T —_—e:. —. Se oemmnl o_o — 
1 \ V +3 td — += (145 x} > (10 7/10 --4). 
() 


Example 7. Find the are length of the astroid x — acos*?t, y = 
= a sin’ ¢. 
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We have: 
x; = —3acos*t sint, y; = 3a sin’ t cos tf, 
w/2 
pes V 922 S* t sin? t+ 9a? sin’ S?2 t dt 
a> Ja* co sin* ¢-+ 9a? sin’ t co 
0 


n/2 - 2 3 

, Ay 

= 3a Sin t cos t dt Be Fall : = ta ? 
2 |o 2 

0 


whence 1/=6a. 
Example 8. Find the arc length of the cardioid r=a (1—cos ) 
We have: 
r’=a sing, 
Ma 
i= \ V a (1— cos @)?-+ a? sin? @ dp 
0 


xf 0 
=a ( VI cos G) ag = 20 | sin + dg =4a, 
0 0 
whence /=8a. 


6.41. Find the arc length of the parabola y = x? from 
z=OQOtozr=t1. 


6.42. Find the arc length of the curve y = = (3 —2z) Vi 


between the points of its intersection with the z-axis. 
6.43. Find the length of the arc of the semicubical parab- 
ola y? = os (x — p)® lying inside the parabola y? = 2pz. 
6.44. Find the length of the arc of the curve y == a In (a? — 
— z*) (a > 1) lying above the x-axis. 
6.45. Find the arc length of the closed curve 8a?y? = 
= x7 (a* — 2’), 
6.46*. Find the perimeter of the lune formed by two 
circles: 2° + y* = 2axr and 2? + y? = 2by (a >b>O0). 


6.47. Find the arc length of the catenary y = 5 cosh 2x 


from x=—0O0toz=s3. 


6.48. Find the arc length of the curve y = = In sin > 


4 3 
from t = = to ar 
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6.49. Find the length of the arc of the semicubical parab- 
ola y? = A (x — p)®, cul off by the straight line z -= 2p. 

6.50. Find the arc length of the curve x= a (3cost — 
—cos 3t), y= a(3sint —sin 3t) from t = 0 to t = > 

6.51. Find the arc length of the curve xz = e’ cost, y = 
= et sin t from t = 0 to ¢ = 1. 

6.52. Find the arc length of the loop of the curve z = ?’, 
pae($ —8), 

6.53. Find the arc length of the curve z = a y=2— 


4 
— between the points of its intersection with the coor- 


dinate axes. 
6.54. Find the arc length of the loop of the curve x = 


-a(Z@+t1)y= = (8 — 3t). 


6.55. On the cycloid z = a (t — sin t), y = a (A — cos 2) 
find the point which divides the arc length of the first arch 
of the cycloid in a ratio 1 : 3 (as measured from the origin). 

6.56. Find the length of the arc of the logarithmical 
spiral r = e°® found inside the circle r = 1. 

6.57. Find the length of the arc of the cardioid r = 
= 2 (1 —cosq) found inside the circle r = 1. 


6.58*. Find the arc length of the entire curve r = a cos? + o. 

6.59. Find the length of the arc of the spiral of eahiieilos 
r =og found inside the circle r = 10x, 

6.60. Find the arc length of the entire curve r = a sin 


In Problems 6.61 to 6.65 find the arc length of the given 
space curve between the given points or planes. 


6.61. ¢ = at?, y=alt +22), z2=a(t ~ +2) from 


t=-Otot=YV3. 

6.62. c=e' cost, y=e'sin t, z= et between the planes 
z= 0 and z=a (a>0). 

6.63. 2? = 4y, 92? = 16xy between the planes x = 0 and 
x= 4, 


4 Q 
Zr 
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6.64. 2 = aV tcos f= aV t sin t, z -— at from t -= 0 
to an arbitrary ¢ > 0. 

6.65. c = t —sint, y= 1—cost, z = 4 cos > between 
the two points of intersection of the curve with the xz-plane. 


3. The Area of a Surface of Revolution. The area of a surface gen- 
erated by revolving an arc of a curve defined by the function y — f(z), 
a<x <b, about the z-axis is computed by the formula 


b 
Qe=2n | f(a) VIFU @P az, 


If an arc is represented by parametric equations x = z (t), y= 
aaa (z), iW<t<, to, then 


te 
Qe=2n | yy) VE OPW Orat. 
ty 


If an arc is given in polar coordinates r= r(9),a <q < B, then 


B 
x = 2m \ rsin@ V r?+(r’)? dg. 
4 


If an arc of a curve revolves about an arbitrary axis, then the area 
of a surface of revolution is expressed by the integral 


B 
O=2n \ R dl, 
A 
where RF is the distance from a point on the curve to the axis of revo- 
lution, dl is the differential of the arc, A and B are the limits of inte- 
gration corresponding to the end points of the arc. Here R and dl 
must be expressed in terms of the variable of integration. 
Example 9. Find the area of the surface formed by revolving the 
astroid z?8 + y? = a?/ about the z-axis. 
We have; 
y == (a2/3 — x2/3)3/2 


,__ 9 Cie (a?/3 — 72/3)1/2 
y => (a2/3 — x2/3)1/2 (—F 1/3 \=— 3 


a2/3 — 72/3 ai/3 
Vo 
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Consequently, 
a a 
Ox = 2-20 | (a2/3 — 72/3)3/2. a dx = 4na'/3 \ (a2/3 — 42/3)3/2 2-1/3 dz 
0) 0 
= nai 3 EPA PP I ga 
2 0 


Example 10. Find the area of the surface generated by revolving 
one arch of the cycloid z = a(t — sint), y = a (1 — cost) about 
the x-axis. 

We have: 


z,=a(i—cost), y,;=asint, 


V («)?-- (y)? = Va? (1— cos 2)?-b a? sin? t 


—a Y2(1—cos ) =2asin —, 


2 
Hence, 
2m 2m 
Qx=2n | a (1—coSs t)-2a sin + dt = 8xa? \ sin? + dt 
0 0 
Hs 
a2 na? | ( 1 cos? 5) sin dt 
0 
‘ t aut 
cos? — 
t 2 64 
ae 2 gfe on pw Se —— 192 
= —{6na ba 5 ae 5 Ma? 


Example 11. Find the area of the surface generated by revolving 
the cardioid r = 2a (1 + cos g) about the polar axis. 
We have: 


, 


r =—2asin g, 


VETER = V T8008 HF Aa? in? G = 4a cos L 


and, further, 
IT 

On = 2 \ 2a (1+ cos g) sin @-4a cos 2 dp 
0 


Jt 
= 64na? \ cos 4 sin —— . dy = = mta?., 
0 
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6.66. Find the area of the surface (called the catenoid) 
generated by rotating an arc of the calenary y = - cosh 2z, 


1 
2] 
O<2<3, about the z-axis. 

6.67. Find the surface area of the ellipsoid obtained by 
rotating the ellipse 427 + y? =4 about: (a) the z-axis; 
(b) the y-axis. 

6.68. Find the area of the surface obtained by rotating 


about the x-axis the arc of the curve y = zo from x = —1 


to x = 1. 
6.69. Find the area of the surface generated by revolving 


(about the x-axis) the arc of the curve y = Vi (x — 12) 


between the points of its intersection with the x-axis. 

6.70. Find the area of the surface generated by rotating 
(about the y-axis) the arc of the semicubical parabola 9ay? = 
= 42° cut off by the straight line z = a. 

6.71. Find the area of the surface obtained by revolving 
the loop of the curve 9ay? = x (3a —x)* about: (a) the 
x-axis; (b) the y-axis. 

6.72. Find the area of the surface formed by rotating 
the arc of the curve y = e*/*?, O<2< +00, about the 
L-AXis. 

6.73. Find the area of the surface generated by revolving 
the arc of the curve x =a (3 cost — cos 3t), y = a (3 sin t— 
—sin 3t),0< t< n/2, about: (a) the z-axis; (b) the y-axis. 

6.74. Find the area of the surface obtained by rotating 


the loup of the curve x = a(t? + 1), y= a (3 — t?) about 


the z-axis. 

6.75. Find the area of the surface generated by revolving 
one arch of the cycloid x = a(t —sin t), y= a (1 — cos tf) 
about its axis of symmetry. 

6.76. Find the area of the surface formed by rotating 
the arc of the involute of a circle x = a (¢t sin t + cos 2), 
y = a(sint —tcost), 0<t<nq, about the z-axis. 

6.77. Find the area of the surface obtained by rotating 
the circle r = 2a sin m about the polar axis. 

6.78. Find the area of the surface generated by revolving 
the cardioid r=a(1-+ cos gq) about the tangent at its 
vertex (2a, 0). 

27—01176 
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6.79. Prove that the area of the surface formed ly rotat- 
ing the lemniscate r? = a sin 29 about the polar axis is 
equal to the surface area of the sphere of radius a. 


6.80. Find the area of the surface generated by revolving 
the arc of the curve r = asec? oe Oc gg > about the 


polar axis. 


4. Volume of Body. If the area S(z) of a section of a body by a plane 
perpendicular to the z-axis is a continuous function on the interval 
[a, 6], then the volume of the body 
is computed by the formula 


b 
ea \ S (x) dz. (6) 


Example 12. The plane of an 
isosceles triangle moves in a per- 
pendicular manner towards a fixed 
diameter of a circle of radius a. 
The base of the triangle is a chord 

Fig. 64 of the circle and its vertex lies on 

oa, a straight line, parallel to the 

fixed diameter at a distance h from 

the plane containing the circle. Find the volume of the body formed 

by the plane of the triangle during its motion from one end of the 
diameter to the other. 

Choosing a coordinate system so that the centre of the circle turns 
out to lie at the origin and the fixed diameter on the z-axis we obtain 
the equation of the circle in the form z? +- y? == a? (see Fig. 64). 

The section of the body by a plane perpendicular to the x-axis is 
a isosceles triangle with base 2y = 2a? — z? and altitude h. We 

ave: 


4 — senna 
S@=z VeHPh-hVP—B (~a<e<a), 


a a 
V=h \ V @—2 dx==2h \ V a2— 2? dx 
6 


—-«a 


z —_. a’ z a It 4 
Paes, h 2 as arenas St pki — pee 2 
=2 (= Va — x? -4 5 arc Sin = | yeh aes 5 math, 


In case of solids of revolution we obtain a rather simple expression 
for the funclion S (x). For instance, if a curvilinear trapezoid, bound- 
ed by a curve y= f (x), a<z <b, rotates about the z- or y-axis, 
then the volumes of solids of revolution are computed by the respective 
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formulas: 
b 
Vaan | f2 (2) de, (7) 
i 
b 
Vy=20 \ z\f (z)|dz, aSo. (8) 
a 
If a curvilinear sector, bounded by the curve r = r (gq) and the 


rays 9 = a, » = B, rotates about the polar axis, then the volume of 
the solid of revolution in question is equal to 
p 
2 . 
faery qt \ r3 sin @ dQ,. 


a 


Volumes of bodies are computed consid- 
erably simpler with the aid of multiple inte- 
grals. Therefore, presently we shall confine 
ourselves only to simplest problems. 

Example 13. The figure bounded by the 


a 2 
curves y = V 2pz and y = Ve (x — p)3/? 


revolves about the z-axis. Find the volume of Fig. 65. 
the solid of revolution thus obtained (Fig. 65). 
Let us first find the points of intersection of the curves: 


V 2p = 77 (c—p)*?, or 2p'e=4 (ex—p)}; 


obviously, the equation is satisfied by the value z = 2p, and then 
y = 2p, i.e. we have the point of intersection (2p, 2p). The desired 
volume is determined as the difference between two volumes: the vol- 
ume V, obtained by rotating a curvilinear trapezoid bounded by the 


parabola y= Y 2px (0 <x < 2p) and the volume VY, generated by 
revolving a curvilinear trapezoid bounded by the semicubical pa- 
rabola y = <2 (c — p)?/? (p< az < ap). 
Making use of formula (7), we obtain 
2p 2p 
Vz=V,—V,= \ ys dz—m1 \ yz dz 
0 


cs) 


2p 


Pp 
Pp — p)* 
_ 4m | (e—p)* _ Asp — mp? = 3np3. 


Pp 4 


27* 
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Example £4. The figure enclosed between the curve z = acost, 
yo asin 2t (O<t ecm 2) and the x-axis rolates about the y-axis. 
Find the volume of the revolution obtained. 

It is obvious that 0 <r <aand 0 < y <a, and also that y = 0 
for t= O and for t = 2/2, that is, the figure under consideration is a 
curvilinear trapezoid. Further, for ¢ = 0, x = a, and fori =an/2 x = 
= U. Consequently, the sought-for volume is expressed by formula (8). 
We have: 


co) 


a 
Vice on | x(t) y (1) dt =2n acos t-a Sin 2t(—a sin t) dt 
0 


/2 
m/2 1/2 
; qta3 
= sa8 \ sin? 2t dt= 5 \ ({—cos 4t) dt 
0 0 
mas : ee M/2 = 2%q3 
aaa al (!$—= sin 4t) ane oe 


Example 15. The cardioid r= a(t — cos @) rotates about the 
polar axis. Find the volume of the solid of revolution thus generated. 


x 8 
=_— 3. 
. 3 ta 


(1—cos g)4 
4 


aT 
V5 Ai \ a’ ({— cos @)§ sin 9 dp=+ na? 
0 


6.8f. Constructed on a chord of the astroid zt = a cos? f, 
y = asin’ ¢t, parallel to the z-axis, is a square whose side 
is equal to the length of the chord and whose plane is per- 
pendicular to the zy-plane. Find the volume of the body 
formed by the moving plane of the square if the chord dis- 
places along the astroid. 

6.82. Find the volume of the wedge cut off from a right 
circular cylinder of radius a by a plane passing through 
the diameter of the base at an angle a to the plane of the 
base. 

6.83. Find the volume of the solid formed by revolving 
the figure bounded by the lines 2y = 2? and 2z + 2y —3 = 
= Q about the z-axis. 

6.84. Find the volume of the solid oblained by rotating 
about the z-axis the figure enclosed by the lines y = e?* — 1, 
y=e*+i,2=0. 

6.85. Find the volume of the solid generated by revolv- 
ing the figure enclosed by the lines y= 2, y=a2-+ sin’? x. 
(0<2x< 2x) about the y-axis. 
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6.86. Find the volume of the solid generated by revolving 


about the y-axis the figure bounded by the lines y == 4- 


+ 27 + 2 and y = 2. 

6.87. Find the volume of the solid obtained by rotating 
a parabolic segment with base 2a and altitude h about 
the altitude. 

6.88. Find the volumes of the solids obtained by revolv- 
ing the figure bounded by the curve z = at?, y=alnt 
(a >0) and the coordinate axes about: (a) the z-axis; 
(b) the y-axis. 

6.89. Find the volume of the solid generated by revolving 
the figure enclosed between the curve x = acost, y = 
= asin 2t, and the z-axis (0 <2 <a) about the z-axis. 

6.90. Find the volume of the solid obtained by revolving 
the astroid z = acos? t, y = asin’ ¢ about the straight line 
“= a. 

6.91. Find the volume of the solid obtained by revolving 
the curve r = asin’? q about the polar axis. 

6.92. Find the volume of the solid generated by rotating 
the lemniscate r? = a? cos 2m about the polar axis. 


SEC, 6.7. 


APPLICATIONS OF THE DEFINITE INTEGRAL TO 
SOLUTION OF SOME PROBLEMS OF MECHANICS AND PUYSICS 


1. Moments and Centres of Masses of Plane Figures. If an arc of a 
curve is given by an equation y = f (z), a<z <b and has density* 
p =e (z), then the static moments of this arc M, and M, about the 
z- and y-axes are equal to (respectively) 


Mx= \ p(2)f (x) VWI+(F @)? az, 


My= \ p (2) x V1+(f' (2)? dz, 


| 


* Everywhere in the problems where density is not indicated it is 
assumed that the curve is uniform and p = 1. 
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and the moments of inertia J, and J, with respect to the same coordi- 
nate axes are computed by “the formulas 


b 
=\e@P@VIFT Ora 
b 


Ty + \ 0 (x) x? V1 -(f" (x))? dz, 


and the coordinates of the centre of masses x and y by the formulas 
b 


z=—H=— | ome VIFT wre, 
M 4 1. 
y=2=7 | e@r@ ViIFT was, 


a 
where J is the mass of the arc, i.e. 
b 
=| o@ VIFE Wax. 


Example 1. lind the static moments and the moments of inertia 
about the z- and y-axes of the arc of the catenary y — cosh z for 
Vez =< t. 


We have: y’ = sinh z, W1 + (y’)? = YW1 + sinh? z = cosh z. 
Consequently, 
1 


1 
M,= \ cosh? zx dz a \ (1-+-cosh 22) dz 
0 0 


4 1. 
= 7 (2+ sinh 22) 


1 
My= \ xz cosh rdz= \2 d (sinh z)==x sinh z 
0) 0 


1 
= sinh 1—cosh z » 7 Sinh 1—cosh 1+-1, 


1 4 
\ cosh’ x dx= \ (1+ sinh? x) cosh zx dz 
0 0 


sinh? zx 


1 
== (sinh a ee a 9 sinh +z sinh? 4, 


Sec. 6.7. Applications of Definite Integral to Physics 423 


1 1 
i 
L,= \ xz? cosh x dr—= \ z* d(sinh x) =2? sinh x | 52 |esiah2 dz 
0 t 0 


1 
= sinh 1—2 \ z ad (cosh z)=sinh 1—2 (< cosh z 
0 


1 

4 

oe { cosh « dz] 
0 


= sinh 1—2 cosh 1+2 sinh 1=3 sinh 1—2 cosh 1. 


Example 2. Find the coordinates of the centre of masses of the 
arc of the circle z= acost, y — asint situated in the first quadrant. 


na I ; 
We have: l= : O<t<ey , = —asint, y,=acost, 


V (2)? + (y))?+ V a? sin? t+ a2 cos? t=a. 


Hence we obtain: 


1/2 ; 
‘ m/ 
Ms=a'| cos ¢dt—a?sint |’ =a", 
0 
n/2 
; 7/2 
My=al sin t dt=—a?* cost ‘ =a’, 
0 
a Mi. a® 2a - a 2a 
ty: Maja «m’? 4 majo n° 


In applications the following theorem turns out to be useful: 

Guldin’s theorem. 7he area of a surface of revolution, formed by 
revolving a curve about a line in its plane not cutting the curve, is equal 
to the product of the length of the generating curve and the circumference 
of the circle deseribed by its centre of masses (or centroid). 

Example 3. Find the coordinates of the centre of masses of the 
semi-circle y= VY a2 — 22. 

As a consequence of symmetry, z = 0. Revolving the semi-circle 
about the z-axis, we obtain a sphere whose surface area is equal to 
4nu*, and the length of the semi-circle is equal to ma. By Guldin’s 
theorem, we have 


Gna? = ma-2ny. 


= ; ; 2a 
Hence y:= = , 1.e. the centre of masses has the coordinates C (0, =} : 


7.1. Find the static moment of the sinusoid y = sin x 
(0O<x< a) about the z-axis. 

7.2. Find the stalic moment and the moment of inertia 
of the arc of the curve y = e* (O< zx < 1) about the z-axis. 
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7.3. Find the static moment and the moment of inertia 
of one arch of the cycloid z = a (¢ —sint), y=a (1 — 
— cos t) with respect to the z-axis. 

7.4. Find the static moment and the moment of inertia of 
the semi-circle of radius a about its diameter. 

7.0. Find the static moments about the z- and y-axes 
of the arc of the circle r = 2a cos » lying above the polar 
axis. 

7.6. Find the centre of masses of the arc of the catenary 


= a cosh = (O<2r< a). 


7.7. Find the centre of masses of the arc of the astroid 
x= acos*t, y = asin’ ¢t situated above the z-axis. 

7.8. Find the Cartesian coordinates of the centre of masses 
of the arc of the cardioid r=a(1-+cosqg) OM gp<nqn). 

7.9. Making use of Guldin’s theorem, find the centre of 
masses of the arc of the astroid x = acos?t, y = asin’ t 
lying in the first quadrant. 


2. Physical Problems. Some applications of the definite integral 
to solution of physical problems are illustrated below in Examples 4-7. 

Example 4. The velocity of rectilinear motion performed by a body 
is expressed by the formula v == 2t -+ 32? (m/s). Find the path covered 
by the body during five seconds from the start. 

Since the path covered by the body moving with velocity v (t) 
during the time interval [¢,, t,] is expressed by the integral 


to 
>= \ v (¢) dt, 
ty 
we have: 


5 
s| (2¢ + 327) dt = (t?-+ #3) * = 150 (m). 
0 


Example 5. Find the work which must be done to lift a body of 
mass m froin Earth's surface whose radius is R to an altitude h. 
Find the work done by a body moving away to infinity. 

The work done by a variable force { (x) acting along the z-axis on 
the interval [a, b] is expressed by the integral 


b 


A == \ f (x) dz. 


a 


r 
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According to Newton’s law of universal gravitation, the force F 
acting on a body of mass m is calculated by the formula 


mM 


r2 


Fok 


where M is the mass of the Earth, r is the distance of the mass m from 
the centre of the Earth, and & is the gravitational constant. Since on 
Earth’s surface, that is, for r= R, we have F == mg, we may write 


mg =k Lae Hence we find kM = gR?, and therefore 
R2 
F=mg > 


Consequently, the required work is 
R+h R+h 


A= Fdr= \ mg R? sd 


r= 


ma (—4) 


Hence for h > co we have 
lim A = mgR. 


hoo 


Example 6. Compute the kinetic 
energy of a homogeneous circular 
cone rotating with an angular veloc- 
ity @ about its axis, given the ra- 
dius R of the base of the cone, the 
altitude of the cone H and density y. 

The kinetic energy of a body 
rotating about some axis with an 


angular velocity w is equal to + Io, Fig. 66. 


where J is the moment of inertia 

of the body about the axis of rotation. We take the mass of the hollow 
cylinder of altitude h, with inside radius r and thickness of the walls 
dr for an elementary mass dm (see Fig. 66). Then dm = 2mrhy dr 
(0 an < WR). From the similarity of the triangles OCD and OAB 
we have 


Consequently, 


dm = 2nyH (1—+} r dr, 


and the elementary moment of inertia 


I =dm-r? = 2nyH (1+ } r3 dr, 
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Thus, the moment of inertia of the entire cone is 


R R 
eS na ce ae (2-f)=q: 4 
r= | al == | any (1) r8dr=2nylt (=-—- >) =zy myHRS, 
0 0 


and the kinetic energy of the cone is equal to 


ae Ly? 
K= Jy Myvi Rio’. 


Example 7. Find the pressure exerted by water on a vertical trian- 
gular plate with base a and altitude h, submerged into the water its 
vertex downward so that its base is found on the water surface. 

Let us take advantage of Pascal’s law, according to which the pres- 
sure P exerted by a liquid with specific gravity y on a small area S 
at a submergence depth H is ex- 
pressed by the formula 


P= yHS. 


Introducing a coordinate system 
shown in Fig. 67, let us consider 
an elementary rectangular area 
found at a depth 2 having base b 
and altitude dz. From the similar- 
ity of the triangles CAB and CDE 
we have 
b h—zx ; 
ae i » +e. b=— (h—2), 


Fig. 67. 


consequently, 
dS=b de=— (h—z) dz and dP=z dS = (h—a) dx 


(for water y = 1). 
Hence, the pressure exerted by the water on the entire plate is 
equal to 


h h 
a e Le Lie he \ — ah* 


a J 


0 


7.10. The velocity of a body launched with an initial 
velocily vy is equal to v = vy — gt, where ¢ is the time 
of climb, g is free fall acceleration (air resistance is neglected). 
What is the maximal height reached by the launched body? 

7.11. A point on the z-axis performs harmonic oscilla- 
tion aboul the origin with velocity v =- vy cos (wt + 4g), 
where / is time, and vy, w, @ are constants. Find the law 
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of oscillation of the point and the mean value of the absolute 
magnitude of the velocity during the period of oscillation. 

7.12. Two bodies move in one and the same straight 
line: one with velocity v, = 3t? — 4t (m/s), the other with 
velocity vg = 4 (t + 3) (m/s). If at the initial instant they 
started from one and the same point, then at what instant 
and at what distance from the starting point will they 
meet once again? 

7.13. The velocity of motion performed by a point is 
v = 0.1 te-°-°?"(m/s). Find the path traversed by the point 
from the start to a full stop (v (t,) = 0). 

7.14*. What work must be done to stretch a spring by 
5 cm if a force of 1 N stretches it by 1 cm? 

7.15. Compute the work which must be done to bulk 
a heap of sand having a conical shape with the radius of 
base R and altitude H. The specific gravity of sand is y. 

7.16. Compute the work which must be done to pump 
the water out of the bojler having the shape of a paraboloid 
of revolution with the vertex direcled upward. The radius of 
the base is R and the altitude is H. 

7.17. Compute the work which must be done to construct 
a pyramid with a square base if the height of the pyramid 
is H, the side of the base is a, and the specific gravity of 
the material is y. 

7.18. Calculate the work which must be done to pump 
the water out of a container having the shape of a cone with 
its vertex directed upward. The radius of the base is R, 
the height is H. 

7.19. Compute the work which must be done to pump the 
water out of a cistern bounded by the surfaces: y* = 2pz, 
x= +a, z=p (p>O0). 

7.20*. An electric charge é, concentrated at the origin 
repels the charge e from the point (a, 0) to the point (0, 0). 
Determine the work A done by the repulsive force F, Find 
the work done as the charge e moves away to infinity. 

7.21*. A cylinder with a moving piston is filled with 
vapour of volume V, = 0.2 m?® and pressure py = 10,330 
N/m2. What work must be done to halve the volume of 
the vapour at a conslant temperature (an isolhermic process)? 

7.22*. Determine the work done during adiabatic com- 
pression of the air having the initial volume Vy = 8 m° 
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and pressure p, = 10,000 N/m? to the volume V, = 
a=? Tn: 

7.23. Find the kinetic energy of a homogeneous ball of 
radius R and density y rotating about its diameter with 
an angular velocity o. 

7.24. Find the kinetic energy of a plate having the shape 
of a parabolic segment and revolving about the axis of the 
parabola with a constant angular velocity mw. The base 
of the segment is a, its altitude h, the thickness of the 
plate d, and the density of the material is y. 

7.25. Find the kinetic energy of a triangular plate rotat- 
ing about its base with an angular velocity w. The base 
of the plate is a, altitude h, thickness J, density y. 

7.26. Find the kinetic energy of a homogeneous circular 
cylinder of density y having the radius of the base R and 
altitude H rotating about its axis with an angular ve- 
locity o. 

7.27. Find the pressure of water on a vertical triangular 
plate with base a and altitude h submerged into the water 
so that its vertex is found on the water surface, its base 
being parallel to the water surface. 

7.28. The end of a tube submerged into a liquid with 
Specific gravity y is shut with a round flap. Determine 
the pressure of the liquid on the flap if its radius is R, 
and its centre is found at a depth H. 

7.29. Find the pressure exerted by a liquid of specific 
gravity y on a vertical wall having the shape of a semi- 
ellipse whose major axis is found on the surface of the liquid. 
The semimajor axis of the ellipse is a, the semiminor 
axis is b. 

7.30. Find the pressure exerted by a liquid with specilic 
gravity y contained in a circular cylinder on the lateral 
walls of the cylinder if the radius of its base is R and the 
altitude is #. 

7.01. Find the mass of a rod of length 1 = 5 m whose 
linear density varies according to the law y=1+4 0.1 2° 
(kg/m), where zx is the distance from one of the ends of 
the rod. 

7.32*. Find the amount of heat liberated by the alternat- 
ing current J = J, cos wt during the period 2n/@ in a con- 
ductor whose resistance is R. 
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7.33*. Within what time will the water contained in 
a cylindrical vessel with the area of the base S = 100 cm? 
and height /f = 20 cm flow oul through a hole of area 
Sy = 1 cm? made in the bottom? 

7.34**, For a steady-state laminar flow of a liquid through 
a pipe of a round section of radius a the flow velocity v 
at a point found at a distance r from the axis of the pipe 
is given by the formula v = a (a® —r*), where p is the 
difference between the liquid pressures at the ends of the 
pipe, uw is the viscosity coefficient, and J is the length of 
the pipe. Determine the rate of flow Q of the liquid, i.e. the 
amount of liquid flowing through the cross section of the 
pipe per unit time. 

7.30*. With what force does a semi-ring of radius R 
and mass 7 attract a material point m situated at its centre? 

7.36. During what time will the water flow out of a funnel 
whose height is H = 50 cm, the radius of the upper base 
R = 5 cm, and the radius of the lower base is r = 0.2 cm? 

7.37. Determine the rate of flow of a liquid through 
a spillway of a rectangular cross section. The height of 
the spillway is h, the width a, an the coefficient up. 


SEC. 6.8. 
NUMERICAL INTEGRATION 
OF FUNCTIONS OF ONE VARIABLE 
b 


Numerical integration consists in finding the integral \7@) dx 
a 
of a continuous function f (x) by the quadrature formula 


b n 
\ j (a) dz =~ >) annf (2a), 
a k=1 


where the coefficients @np are real numbers and. the points zz 
belong to [@, b], k=14, 2, ..., m. The form of the sum 


n 


Sn (f= >) annf (tn) 
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determines the method of numerical integration, and_ the 
difference 


b 
RG \ f(e)de—Sa (f) 


—the error of the method. 
For the method of rectangles 


b n 
| f(ayarwh DS) fen), (1) 
a k=1 


sh (separation step), prey ae , tp=Ap-4th (k=1, 2,... 


b 
a 2 


sie MD) 
For the method of trapezoids 


b n—1 

| f@aewh (LOO 4S 7) , (2) 
(A k=1 

b—a 


vS » t= 24, Lp=tR yh (e141, ee ey n). 


For Simpson's method 


b nN n—1 
} 
| 1@) dex (1@+/O4+4 d) feaadt2 >) fen), 
a k=1 h=1 
b—a 
h= 9 9 to — 4, Lp=ITR-y~ th (A=1, ye eens an). 


The right-hand parts of the formulas of rectangles (1), trapezoids 
(2), and Simpson’s (3) are integra] sums; they tend to the given 
integral ash > 0. But fora fixed hk each of them differs Jrom 
the corresponding integral by the quantity Rn (f). Given the 
limiting absolute error ¢ > (0, we choose the parameter n, or, 
which is the same, the subinterval h for which the inequality 


[An (|< sé 


is fulfilled. ee 
The quantities Rn (f) (in the assumption that the derivatives 
entering into these formulas exist) are characterized by the following 


equalities: 


b— 


Rn (f)— a" (E)h?, EE [a, b] for the rectangle method, 
4 
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—_ 
Ra(f= a f" (§&) hk, §&€[a, b] for the trapezoid method, 
b—a = 
Ry (f) == a (2) (&) hn’, E€[a, b] for Simpson’s method. 
Example 14. Find In2 within 10-+ from the relation In2= 
1 


* dz : : 
— | = 7 Using Simpson's method for evaluating the integral. 


For the integrand f(e)=— on the interval Ee ; 1 | we have 


fly) (x) == , whence | f(fY) (2) | < 24.23. Taking into account that 
1 1 : 
a=>, b= 14, h=7z—, we obtain 
1 <f 4: \% 
[In D1 < apm 24-28 (Te) 

or 

[Ra (| <asq 

120n4 * 


To achieve the preassigned accuracy, it is necessary that the 
inequality 
1 408 
——— —4 4 Eee 
1200! <1074, or n’> 1D? 


be fulfilled which will take place for n! > 100. Therefore, we 


should choose n = 4. Finding h = a =: ().0625, we shall compute 


the values of the given function with an accuracy automatically 
exceeding 107-4. We shall obtain the following table: 


Ty =0.9 f (4) = 2 

L, = 0.5625 f(t) 1.777777 

Ly = 0.6250 f (z_) =1.6 

3 = 0.6875 f (23) = 1.4545454 

xZ, = 0.7500 f (x4) = 1.3333333 
£, = 0.8125 f (5) = 1.2307692 

Lg = 0.8750 f (zg) = 1. 1428571 
XL, = 0.9375 f (x7) = 1.0666666 

X31 f (zg) =1 


| 0,;=3 O,=9.9297589 03 := 4.0761904 
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Computing the sum 
Go = O; a 40. + 203 — 33.271415 
and =. = 0.0208333, and applying Simpson’s formula (3), we obtain 


the following result: 
In 2 = 0.6931. 


Another technique of estimation of the error of the method of 
numerical integration consists in that we use the asymptotic equality 


b 
Snroty —Sn, (f 
\ f (2) dr—Sn,,, (jee ee Gr): 


a 
where 
es ee = Ang he 1) i Be 2 3&4 es 


and m= 2 for the methods of rectangles and trapezoids, m — 4 for 
Simpson’s method. The computations by the formulas for finding the 


sum S, (f) are carried out for n= ny, ng, nz, .-. until the relation 
ISnia, (—Sn, (/)| 
a > aa (4) 


is fulfilled. 
This method is called Runge’s rule. The criterion of its applicability 
is the relation 
ISnigy (f)—Sn, (f) | 
ISn, ()—Sny WI 


ee age 4 > 1 is chosen arbitrarily, but preferably to be equal 
to 2 or 3. 
Example 2. Applying the trapezoid method, evaluate the integral 


1 


\ vis 


a A-mM, 


to within 10-4. 
Let us set ny = 10, n, = 20 and evaluate the integrand function 


ee. a; 
f (xz) = Vi+z3 TO (i = 
= 1, 2,..., 10) and x{® = ty + bhp = = A, 2, «++, 20) 


(see Table 6.1). 
We first find the sum 5S, =o,-h,=0.9091616, where o,= 


__ FPF CP 
Zz 


at the respective nodes zh = ry + kh, = 


9 
+ >) {(t,°) and hy aa Applying the tra- 
k=1 
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Table 6.1 

xP —0 f (x§P) =4 2§” =0 
xj? =0.05 | Ff (2(?) —0.9999376 

zi) 0.4 f (2) =0.9995004 | 7° =0.1 
r§=0.15 | Ff (x8) = 0.9983168 

ai) — 0.2 f (x3) =0.9960238 | 74° =0.2 
ry? —=0.25 | Ff (x62?) —0.9922778 

2) —0.3 f (z§P) =0.9867674 | 26” =0.3 
zi? —0.35 | f (26 )=0.9792284 

ai? —0.4 f (x§?) =0.9694584 | 25? —0.4 
2§ =0.45 | f (xf) —0.9573324 

2) —0.5 f (x6) =0.9428091 | 243’ =0.9 
x? =0.55 | f (2{?) = 0.9259358 

ai) 0.6 f (z§P) =0.9068453 | xi? =0.6 
xi? = 0.65 f (x?) = 0.8857454 

a) —0.7 f (2) =0.8629030 | 2 =0.7 
x? —0.75 | f (ci?) =0.8386278 

xi) — 0.8 f (2§P) = 0.81432501 | 2{P —0.8 
a? 0.85 | f (cS?) =0.7871027 

2) —0.9 f (c&) =0.7605057 | af? —0.9 
zi? —0.95 | f (2{?) =0.7337535 

x(t) — 4 f (x{P) =0.7071068 | 2? —4 


eee TREES 


o, =9.0916166 | | oO, = 9.0982576 


a - 
——a 


pezoid formula once again, we find 


Spy = (01 + G9) hy = 0.9094937, 


10 
where hy = a and og = )) /(x$P_,). From the relation 2” =z, 
={ 


= 0,14, ..., 10, it is seen that in order to find Sno? there is no need 


to calculate each of the twenty-one values of the function anew, it 
remains only to add ten new values forming the sum o, to the earlier 
found values entering into the sum 0,. Setting in the left-hand mem- 
ber of inequality (4) 1 = 2, m=2 and taking into account the val- 
ues S,,, and S,,,, we get 

S,.—S 
SS = 0.0001106. 


28—01176 
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Therefore we have (to within 1074): 


= 0.9094. 


In Problems 8.1 to 8.24 evaluate the indicated definite 
integrals within 10~* utilizing one of the following tech- 


niques: (a) the method of rectangles, 


(b) the method of 


trapezoids, (c) Simpson’s method. 


3.5 1 
ax x3 dz x dx 
8.1. gy BR | arr 83. [7% 
fd Rit 
8.4. i, 85 Y" dr. 8.6, \V1+2dzx 
an 
2 0.5 de 0.6 : 
Ae 4+25 8 8.9 z 
8.7 \V +rdx. 8 ie aes 
10 F 1 
8.10. |; 8.11. {—2) dz. 
Fee La x) dex 
1 1 1 
8.12. { zin (1+ 2) dx. 8.13, | edz. 8.14. | ede. 
0 0 0 
0.5 3 re i a4 In (4-2) 
5 Vz n(i+z 
8.15. | eVFdr. 8.16.15. 8.47. a ae. 
0 2 


: t / xcos x dz. 8.21. 
— 


4 ° 
In(5+-4cosz) dx. 8.19. es dx. 
0 


iJ) 
J 
Cena 
= 
fap) 


= 


: ; 1 
V sin zsin > dz. 


0.8 — 
ae 8.24. | De dr. 
0 


arc tang 8.23. 


zt 


at 

0 
0.6 
0.4 


o 
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Answers 


x8 3-7 ° x3 
1.4. + C. 4.2. 82y2+C. 1.3, 3 In| 2|— — +C. 1.4, 3- + 
+S &—mnjz| +. 1.5. 2+6 VYr+ 31n sae + C. 
oH 


9 
1.6. snz+c. 1.7. a Vatbr +C. 1.8. -- A pean 4 ¢, 
oO 
3 2 
1.9. — A 5-#94-6. 160, Dtande $C. 1. 24-4 2 + 


In 5 4 
+2Inj|xr—1]|]+C. 1.12. sin 82 + C. 1.43. 2 — cos 22 -+ 
C. 


1.15. e+ 72+ Injx«|4+C. 


m—1 


+ C. 1.14. = sin 2x7 + 


{ 4 2 — 
1.46. ——>— 4+ C. 1.47. gt V me + 6. 4A 


es dL ae _ oan 
1.19. 3/2 — Fev —44 2+C. 1.20. 2V ar 4-2x 23 
2e* 1 ie 
oer + €. 1.23, > +2* + 
473 4+ C. 1.24. 22 -+ 3sing + C. 1.25. 2cot r—In jtan [+ 
+C. 1.26. 3tanz4-2cotz+C. 1.27. —cotz—tanz+C= 


sepsis SS C. 1.28. + (rx —sin cz) +C. 1.29. (a) —x--tanzx+C. 


1.24. = + 2injx|+C. 1.22. 


Sin 2z 
(b)z — tanh +-C. Hint. Use the identities: (a) tan® z = sec* z— 
—1; (b) 1 — tanh? z = sech? z. 1.30. tanz + C. 1.34. ste. 
4 x 5+2 
1.32. et+cosx+C. 1.33. = arctan —+C. 1.34. ae = 


73 1C. 1.36. Inf2+ V2?+3|(—In|2z+ 


+ V2?—3|+C. 1.37. In| 2]|+2 arctanz+C. 1.38. Fret b)x 


+C. 1.35. are sin 


x = +abr+C. 1.39. az + atActt += a) /3z5/3 + = dis. 
1.40. x+3 In| tan z+seczr|—2tanz+C. 1.4t. (a)—cot r—z-++C; 
(b)z —coth r+C. 1.42. Injxe+ Wo2?—T7I{+C. 1.43 2 — 


ees eae + C. 1.44. = VG4+28+ C. 1.45. — aN 
4V2 | 2t2V2 16 
coh z 
= i 3 4 Se ete ee ae 
xX (3 4sinz/P4+C. 1.46. +C. 1.47. sta? o + 


28* 
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1.48, — tee 1.49. ola |a+bzr|+C. 1.50. et In | a—bdlanaz|[+ 
In zx _ b b 
+ C. 1.51 V1, 2—3sin 1.52. In]sinz|]+C. 
34% 4 , 
4in3 a 


+ C. 1.56. —2cos Yx+C. 1.57. In | tan (+ = | + C. 


ee 4 3 3 2 2 eras ~ 
1.58. —z coth 3x -+ C. 1.59. ZV (a —12 +€. 1.60. — 57s * 
5k se Oe AGL, 4- In| 5 ad = |te. 1.62. — — arc tan (e-@*)+-C, 
1 _ 2V3 
1.63. —= arcsin——+ C. 1.64. Le ee 9z7—A|[+C. 
V3 V5 3 re 
1.65. —In (cos t4- VY cos? z +4) ie 1.66. Fare tan (z4)-+C. 1.67. 5% 
4 
2 4 2 2 So a 
x In (22+ Wxt +4) +. 1.68. — 1 inja + Bx |+C. 1.69. ———5 ar 
4C. 1.70. eee a OY ee Oy ates C. 4.72, Injeosz] + C. 
1.73 Secuasnes (th ae ee. 495. Sop 
W3. F : . 1.74. a : 40. > tanh (2° + 
AGyse GG ae Ve ge 
Z Va—b? Va—bsr+ Ya—be+ Vatbz 
1 22 4 
1.77. DVI are tan Te +C, 1.78. qin (402 +-7)+C. 


= In(a®* + Ya®*—4{)+C. 
x—1 (x4+2)—3 14 


1.79. + In [23+ Ve rane 1.80. 


1.81. In J2+2}+ 40, Hint. 


zH3 (ero @t2  z+2_ 
oar 1.82. <— VY 3arc tan 7 +C. 1.83. c—In [2?-—4] + 
+41n|4 a se |+e, 1.84. In a te. 1.85. 7x 
x In | SES +e. 1.86. In |25-+52—8|+C. 1.87. x 


x} (b24—3)P+C. 1.88. 3In (2+ VF 4) — + In (2? +4) + C, 


1.89. ~+ V 1% + + are sin (22) +C. 1.90. + are tan = + 
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+ In (b+ V a+ 22?) +C. 1.91. ee Sane 2 1.92. 2x 
n@ 


y aX] 
xp 4FeetC, 1.938. In(ext+ VeXF4+C. 1.94. 2— 
1 4 (1-4 2%) — 9 ox 
— 90 . Pl rede SO ey | ce 
my NOQF++C. Hint. se ates ee = os 
1.95. eacsinx_ 4/7372 4 arcsing + C. 1.96. eVer-tig, 
1.97. ——. V@—coshap+C. 1.98. — Vi—4Inz+C. 
4299. - are Sin (2 Inz)+-C. 1.100. -—=S sme +¢C, int. sint?z= 
=a » 
cae 1 ost 1.104. 4 sin TG. geste ree 
1.402. Y2lw| tan — 7a |+ C. 1.403. ef siege C 
1.104 iy weaes +C 1.105 peta In tan (2 tL 
saa 6 | ; pe 2 
+) [4+ sin Pioteee, sn ae +C. 1406. —2 V3—cos®a+e, 


1.107. —I1n (cos? x-++ Saar. 1.108. In |tanz|+C. Mint. 
1 2 


: 1 
TR eos er SOE . 1.109. — V3 In \cos V32|+C. 1.110. marx 
*Incoshaz+C. 1.111. ~ tan (axb)—2+C. 1.112. mo yA 


3 
cot (83) -=-+€. 1.413. &*-4+C. 8.414. ae Cs. 


4 1+-Inz laser fe 

1 etx3 © Vx ' 4A 3 bate atlas =o 
1.117. 72 ° -C. 4.418. 2e° ~ -}|-C. 4.419. g 2 { EZ L x tT 
jIn (2@—4)--C. 4.120. ereeeteerene 1.121. i 


2 V (4c — 1)8 + C. 4.122. 5 V ero 5)*. 1.123. — eos (a-\- bx) -|- 


1 Yee 1 x 
VIS athe 2 | a View 


(oz — 1)?1 (Sz aa 437° 7 ( 2% 7. 2 2 
x (SS eo vs LC. 1.129. 2 VYi-—et 7X 
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x VG = VU SFC. 1.430. 2 es mele 


2 
pea — { { 

Oe ae eee es a ees es et 
42 Vr re H1) )+ C. 1A. Spe eget 
c. 1.432, “3 pn V8EF—V3 6 1.433. in| —Z__] 4 

7 VaretVa 1p Ve-1| 
+C. 1.134. zarccosz— Yi—z2+C . 4.135. xsinz+cosz4-C 
(4366, ing oe. 1.137 ar pas e+. 

2 4 2 , Gee 
3 2 3 2 
1.138. (=--=-+2] Inz— 4+ —2+C. 1439. Q—2%) x 
Xcosz+2zrsinz+C. 1.140. —(#?+224-2)e*+C. 1.441. (23-- 
—~x2 


(z2-+1)-+C. Hint. Set u=2z?, 


—3x2-4-62—6) eX+C. 1.442. —-5 


dv=ae~** dx. 1.143. —4 (in? 242In2+2)-+6. 1.144. +x 
xX (xz? -/-4) are tanz— =+C. 1.145, we Stan +C. 
1.146. op (b sin bx ;-a cos bz) |-C. 1.147. et Be 2 aa 1- 
| C. 41.448. 2 In (x- y/14-22)- V1 FLCC, 1.149, Ing— 240. 
1.150. 23 (cIn3—1)-+C. 1.154. (x%—2zr+4+-1) sinz+2(rx—1) x 


KX cosz-+C. 1.152. 2 tanz+-In |cosz|+C. 1.153. = (sin (In z)+-cosx 


* (In z)) + C. 1.154. 9eV% (Yr—1A+C. Hint. Make the substitution 
{+ zx? 
Z 


x -?% and Integrate by parts. 1.155. (arc tanz)*—wzarctanz + 


+> nia, 1456, 2s 


x 
{+ VW1i-2 
2 Sinx—cos 2x -5 


2 
1.157. —xcotz+]n |cusz]——— + C. 4.458. e-* 
xcot zx -+In |cos z] 5 LC. 1.158. e 10 


+C. 1.459, — ae to sr ! s-arctanz+C. Hint. Set u=z, dv= 
x ax ax 1 (a2 + x?) — x? 
—=_—_———_——_—- , 1. — — —— — 
a _ ” j (@ Fayn a? ) at paa = 
es ae x _ 1 x ax _ 4 1 
— “g2 \ (x2 4- a2)n-1 ron - (22+ a2)rn ~~ ga In-1— “Qe x 


Answers ——“(‘isCsSC«SY 
x 4 7 { 
a (sean Daa In] ED x 
1 
(2n — 3) In-y Me Hence, I,=>> (sr os ee all 


: ( aye aE go 
“Gat \ (22-42)? | Qa? (224-42) 1 208 
x are tan = } LC, 1.464. We sect u= P22 a,?dv = dz. Then du= 


( eepayer t 


1 
7 are tan — } + os Oey fee x 


x dz ae a 
=————-, v=2x. We have | V2+adr=z V22+a— 
V22+a e 
= \ see eee 6 Veta — ( BC aint) eile dz--x VY x?-!-a = 
Veta J Vata 7 | 


a ex . fence, Vx2+a dr=> V 22--a+ 
4 Zz ; i Py, rae 


xdi 


cil, ee 2 y) — ee ee alla 
Pp ley Vz? Fal+C. 1.162. We put u=z, dv anak 
ee 2 
Then du==dz, » — — Va®—z®, We have \ ese, |r 
V a@— 2? 
pe eats eae ae = Gian oe 

x V @—z +f V a? — 2x? dz = —2z \/ a — 2? -+- ———————- dt = 

=—z Vat—z? } a? ( —- \ z dx lence 
J T= V a2—z? . 

d a 


x x ——~ _ a x 
a as ee Peers oe epee sin —--4-C. 1.163. {—-— 
\ Vana ag: 5 V 2—7?+ 7 ate sin — LC. 1.163 ( 5 


— =) are Sin z be Vi-—z?+C. 1.164. (In(Inz)—1)Inz+C. 
3 2 
1.165. = are tan 2— 7 In (a? +1) LC. 1.466. —2 WY1—2x 


J poet ay, We 
<aresin Vz+2 Wr+C. 1.167. oe V a — x? + are sin 46, 
Hint. See the solution of Problem 4.1641. 


{ r—4 { 12. (e—1) 
2.14. — In | C, 2.2. — are tan ————__ + C. 
6 aa fe Vo Vo 


z—* 4+C. 24. 


nfa+<-+ Vat pata| + C. 


2.3. are sin 


a 4 r—6 V3 _ (+1) V3 . ¢ 
2.5 eB In es +e. 2.6. eo arc sin aay: ae + C. 
2.7. + In [2952-442 In| z— +e. 2.8. + In (@ 32+ 
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+3)+ Y3 are tan ee +¢, 2.9. _ Vie eh x 
< are sin a +C. 2.10. ee 6e-+1-+C. 2.41. +x 
X are tan aa +C. 2.12. Tine n a = aay |te. 2.13. 21n (xz? — 
—2¢-+6) + ——— are tan —— aa oe 2.14. VYreacti- 
vi E 
1 ba 
——In —- 2 +4 C. 2.45. la | ———————_—— 
2 (2-+5 2 a eae ead i {+-42+ Vx? eat 
an V 22? — 
iG. Bab. ae PSG bag: se ee. 
2 xr—1 z 
1, 2—2+ V2e2—s+14 _ VPS 2 
I iz +-C. 2.18. 0 (c4-2) 57 
5—22+3 Vx?+5 a: z—3 | 
<x In elegy Pe 2.19. 7 In z+4 + C. 
2.20, a In lz} In |e—2| += In ir—3/+C. 221. 2— 


4 3 5 x 4 

—> In [2] — In fe $2]-+ 7 Im [22-4 C. 2.22, Sor eae 
2 4 2 
+ +p? Cz 2.23. et e. 
4 

Teta epAr 2.25, 4 
wtte VY2414 i V2 

2— Zz V24+1 4 


- 3 3 
x Gece micesn og are tan z)-+C. Hint. | 


nie 11+— In tzt+2|-+C. 


2.24, oot iG 996: 


a yi 
zr V2 1 


paar te. 227. — x 


X< In Z 


arc tan 


xz—i1 

eis 
zx dx 4 dr 

= | (x21) az — | (2418 ~ 4 (@?-+-1)? = (x21) 


Further, evaluate { by the recurrence formula derived 


dx 
Ca 
in Problem /1.160. 2.28. + In |z—1] 5 In (z?-+-2-+-1)+ 


z+ ve 
a ere eT be ere + —— arc tan V3 


_ A a 
Got pep ie te peyt 


zt 


. Using the method of unde- 


z—1 
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one : x 7 4 
termined coefficients, we get ete sey 
4 z—14 1 z-+2 dz = 
> GSE Tae: To find \ Se we 
— \ aoa make the substitution ty =#t and then 
((*+2) +4) 


apply the recurrence formula derived in Problem 1.160. 


2.29, —*——In 2.30. In |2-+4|—2In |2—2|+ 
+2 In jz—3(4+C. 2.31. qin ‘geben nes Tate. 
2.32. waa tel e ett in es 

—aretanz-+C. 2.34. ey tg st NE ee Dee ae — _ 
— > are tan = 4-C. Hint. cadea <t Se ‘ 
2.36. aa in a a are tan— +C. Hint. re 
1 (etfa%)a(et~a%) og gy ecue 

Jat (2 |- a2) (2? —a¥) Wi Vs 

Fin — +c. 2.38. In [2] 2 In H+ ear 1¢ 
Hint. see ET 239.0 te tin lel — 


— + In (22-4) +0. 2.40. sy In (et +4) (22+, Hint. Set 


4 3 1 1 
= e Kr a COUN Sa a AMC pe ae ae PE e e 2. x 
seni: rer UTeriy  tepp o A -gE x 
4 223 4-4 
] 3 4| -- ror In (x8 Sit 2 are tan me Be ae 
x In fx | (x® 4- x8 -+ 2) + 6 Vi Vi = 
cos’ x 4 4 
2.43. —cos ci mee a +C, 2.44. Raa act ae “Boots act +C 
2.45, sine—sin? x -} 2 sind s—7-sin? 2+ C. 2.46. 2 4+=B% 4 
a 2 x as a x sin . _ 
ts +C. 247. 3 +C, 248. 2-—-= 
Si 2 . 1 4 


+C. 2.49. —cotr—— cot® z—-— cov z-+C. 2.00. = x 
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1 
5 eas = 
< tan® ++ 3 tan? z+C. 2.01. a +31n |tanz| + 
42 tantot—! tant 24-0 2.92 iene! omen ———-+tanz+C. 
2 4 rea 3 tan? x wy 
V2 z x cA sin x 
259. EX (1n| tan |—to|tan (3 +7) |) +e 256 Zeosrs + 


3 sinz 3 4 one 
re ae +-g in Jtan z+secz|+C. 2.55. > tan z4-|n |cos z]-+ 
+C, 2.56. PAD Cop — eo = sin > + C. 
2 2 3 Z 2 
2.57. —2 Vootr+c. 2.08. sin x — 4 sin? s+ 2 wz + C. 
2.59. —2 Ycos “7 V cos® z-+-C. 2.60. bt sin 4z -|- 
+a. g sin’ 4r+— sin 8z-LC. 2.61. tan rhe tan? xz -+- C. 
2.62. 3in a 2.63. 2A tan + |— 
3 x 2 Zz 
2 tan? — 
3 
— SoS +C. 2.64. + sin 2 IS + sin3 32 sin 5x + C. 
eee cos 8z COS 22 sin 202 a 2 
2.60. 16 + i +C, 2.66. ye - Ce 
3, 52 . 2 3 x 1 : 
2.67. sin es +8 sin e +, 2.68. “5 Cos 3 > COS a+ GC, 
Sl . 
in => : ; 
2 Sin 5x sin 7z 1 
2.69. ar amie 50 + 58 -+C. 2.70. 57 008 62 - — 75 608 4x — 
{ r| V5-+tan > 
ae cos2z + C., 2.71. —- ln = =i 
Vs V5—tan > 
2.72. arc tan(tan-—1) +C, 2.13: seeing La--C, Hint. 
2 COS z 
Multiply the numerator and denominator of the integrand by (1— 
—sinz). 2.74. 1 jn | 2tane— V7 4¢. 275. —+x 
4V7 2Qtanz+ V7 2 


are tan (A) +e. 2.76. — In (+4 cos" Have: 
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= 2 tan ——1 
2.77. 2 es arc tan (2eea*) +C. 2.78. —__*__. 
V3 9) (tan oe 1) 
4tan—--+4 

eee ye ee RN a (| ae 

5 V15 V 15 ae "(sin z-+-4) (sin z— 1) 
__ (sin z+ 4) — (sin x— 1) Been ‘5 1. 
aie a) Gino). 2.79. In |sinz—cosz|+C. 2.80. Z x 

tan z+2 | sinh 62 es cosh? 2x 

x In anoccG +C. 2.81. a a box te. 2.82. =p? 

cosh 2x Sinh 4x Ss sim 22 
Saar ate a 2.33... ———— : 04. 

5 +C. 2.83 35 3 +C. 2.84 ave ——— + 
sinh 4x ae 
4S 4. 2.85. —2eoth2e4C. 2.86. — In n| an 
+C. Hint. Divide the numerator and pa of the 

1 
‘ 2 ar ea eee 
integrand by  coSh?z. 2.87, sinh z cothz + C. 


Hint. Multiply the numerator and denominator of the integrand 


fraction ky cosh z+ 1. 2.88. 2 V2 sinh + C. 2.89. In {sinh «| — 


24 3 
— sore + C, 2.90. x — tanhez — sone 4- C. 
2.91. arc tan ——~—— ee IC. 2.92. ai y (22—3)5 ue g ¥ 22-3) -3)2+-C. 
2.93. peeulcees +6 In |} r-—-4|4-C. 2.94. maid. 
= 7 oti \4 
—6in/eFa4 3int+Varal te. 295. = Y/ (2h. )'- 
y ati \7 : yz—1 4 : 
Pe V0. SS ee -|-C, 
on V/ seas att) +¢C. 2.96. In Ee 2 arc tan j/z-| 
6 /T— ons Se oa 
2.97. 68 r—12are tan —+C. 2.98. In Aga Vet — 
2 Vz+1—Vzx—1 
a a ary. fae. =e 
— 2arc tan V ! +C. 2.99. | = in [2 V3 V4—2 i 
z+ 2V3 [z+ V3 V4—@ 


2.100. n2tVett ao 2.101. V z?—1—arc cos — + C, 


V+! 


qa as oes 
2.102. ee a Va—xe4-C. 2.103. aa V1—22—22+ 
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— 9772 
+ arc sin re +C. 2.4104. 6arcSin ea ee se (x3 + 


+ 
V2 


4 
3 
322—Tz—9)+C. 2.405. ——2—4+¢. 2.406. In {r+ 
F ) 3 Vas ae | 
ie Se ee | 
EB Vera = 46. 2.107. 722+ 10 |- 
+2 In(2—14+ Yx?—22+10)+C. 2.408. han — x2 
+-2are sin — +¢C. 2.409, — vers ine apse. 
x ——— , a? ——- 
2.110. = V2?—a? +> In[2t+ oe biivedieat 
2.112, + (223 — 52) yeee (x2 + Yx?—1)+C. 
Jef. In (2? 4-20 }- 4) + — arc tan dal -C. 3.2. Ze 
7 V3 
22—1— V5 1 
+ In |22?—2—1 Esse A A | =C si Sale 
ae ae Qr—1-- V5 : 9 (x — 2) 
‘qoenlt eee ie Iz=—4!, 2V38 | 
Qr+-4 1 rtd 4 
en aaae c- +5 qo te. 35. > (2m4s ae 


aay )t+e. 3.6. V Appl In (2+++ Vets | +. 
+C. 3.7. — Y6+4lnx—I1n? x-+-2 arc sin ee +C. 3.8. -3™ 


V 10 
“In Bie V Sere Le. 3.9. — LC, 
3.10. Le (x -|- 2) V 2 +4¢—5 4-9ln(z +2 + 


4. Vx? -4r—5)4C. 344. ate Vxr+4r+5 +5 In(zc + 2+ 


1 52 1 
2 —_ — ee ee —, 
+ YV22+4r+5)+C. 3.12. 1B are tan Seas +C. 3.13. 5 x 


In (229+ Vr2+16)-+C. 3.44. veut? 345. 2 Vat 
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a a a 
4-4) 2 V3 are tan V3 +C. 3.16 tha 


3.17. —2z--tanz-+secer+C. 3.18. sechoeiba tien 


{ 2 ( ae 
3.19. a, 3.20, arc tan | ——————- +. C. 


V3 V3 
3.214. = In ptiane +C. 3.22. He tan4z+C. 
Ta 3—tan x 4 
ne 
3.23. arc sin ( se )+e. 3.24, —= 7 +5 sinz—24 In (sin e+ 


4+5)4C. 3.25. In |tanz|+-tan?2-—24 * a Jan. 3.26. tanz+ 
2 5 tan® x COS x 3 COS zr 3 C, 

gay MAME Daag arte Peete ote 90nee 4 3 x 

: 2m ___& Cos 3x sin 3z zcosx sing 

~ In| tan 5 +e. 3.28. 7 +. 18 aa a 5 + 


+C, 3.29. In |tanhz| + C. 3.30. arc tan (tanh z) -++ C- 
2 es 
Sak Unica tan tant" 1¢. 3.32. 2sinh Y1--24+ 


2 
Ane. 3.33. x tanhz— In(coshaz) + C. 3.34. > = 
__«xcos (2 In z)-} 2z sin 2 (In x) ie 3.35. erX (20 —1) +-€. 
10 4 
3.36. + age Oe ey = In| + a +C. 3.38. moo 
x (F— 9G... 2339: + eare sin X (yt. 1/{—72) + C. 


— 7 {2 
3.40. 2 WYex—1-2arctan VY eX—1+C. 3.41. eee are sin z-{- 
oe > (arcsinz)?+1n |zj]--C. 93.42. x—e are sin (e*)— In (1-4 


eee et 2 
4+VT—8)40,2<0. 3.43. — (2-4) are tans + 


4+ (are tan2)?+— In(it2)+C. 3.44 24% 4 42%) x 
2 3 A 12 ' 4 


, In (1-+- 2+ 22) 1 In(i +2)? 
Ay —— eee eee eee a aw eee 
Xarctanz+C. 3.49 fis ae + 
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ms ee 2 
4+-Y3 arc tan Te +C. 3.46. — 28 In (4-|-z*) -- 2arctan x 


2 2 sae 2 3/2 —— 
X+6. 3.47. tt Vapi, tN ip Vx—i{— 


3—2x 


eg EN ee rae. aa: (=n z )x 

3 V2 +1+1 tee Vi-z 

——— Le — 72 

x Vi=#— + are sine—In 1EVIR# 4. C, O<mr<i. 
3.49, 2*+C, r>0. 3.50. x—In (1+ e*)—2e~/? arc tan e*/2 — 
— (are tan e*/2)2+4-C, 

4.1. 2. Hint. Divide the interval [0, 5] into n equal parts. 
4.2. 1. Hint. Divide the interval | 0, =| into n equal parts. Apply 

sin > cos rae. 
the formula: cosSa@-+cos2a+...+-cosna= a 
sin —- 


4.3. e!© — 1. Hint. Divide the interval {0, 10] into n equal parts. 
4.4, 2/3. Hint. Divide the interval [1, 3} into n parts so that the abscis- 
sas of the division points form a geometric progression. 4.5. 15/4. 


4.6. 9/2. 4.7. 5. 4.8. 19/15. 4.9. 3 4.10. 45/4, 4.41. 1. 4.12. 1. 
4.13. e? — e. 4.14. 7/In 2. 4.15. In 2.5. 4.16. (In 3)/2. 4.17. 1/12. 


nx 4 mn ,8V3 4 

ae os Ge e ited eS tee e C= ——-. + 3 o 
4.18. 3 i 4.19 F — 7° 4.20 3 (2—3 cosh 2+ cosh 2) 
4.21. Sie tan — e 4.22. ln 24+ V5 4.23. mae 7 In os 

4 ; ; | i+ y2 2 

4 4/77 : MEF 2 

° ry er ee aS: rf mE —1 . 4. e Ne . e e ee ry e: “\ ~«@ 
4.24, 2In3—- >, 425. > (e—H/e). 4.26. sin 1. 4.27. 2, 4.28. 5 

12 6° 6 5° 2V 2° 


IU 1 nr n 
4.33. a 4.34. Zz The sum Sn=Tap ge type t : 
n 4 1 1 
et eat = ee 
mgr he) 


woh Ty) may be regarded as an inlegral sum for the 
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function a on the interval [0, 1]. Therefore lim Sn = 
1-2? N+ 090 
1 
__ dz — i oo 2 3/2 __ 
=| feo tan x age 4.35. 1. 4.36. = (2 1). 4.37. 
0 
y 
4.38. 2. 4.39.7. 4.40, 22, 4.41. 1— a RID, 2a 
4 3 e e 


4.43. 2 In. 4.44. 4—31n 3. 4.45. (a) Minus. Hint. Separate the in- 


terval of integration into the subintervals [—2, —1] and [—1, 1] and 
take advantage of properties (1) and (9); (b) plus; (c) minus. 4.46. (a) The 


second; (b) the first; (c) the second. 4.47. (a) 3 (b) >; (c) ae 


2n 


~ 


4 2 
(d) On 4.48. = 


27 2 a 5) ~ 

ae 4.51. (a) 3 (2Y2 —1)<1< BV (2V¥2--1); (b) [li < 

\/ 30 Ab 

Zo + 452. (a) << td V5; (b) 1< 2.125. 4.53. (@) = re, 

dl e~ It sin z 
(b) =. ABA. => (2k-+4), k=O, 1, 2, .... 4.55. 
4.56 aus + sin5, 4.57. — ! 


ave @ Vita Tr 
4.61. = (3+ine). 4.62. Ine, 4.63. 7 (2-+sinh2). 4.64. 7E* 


4 Ai aa IU 
> arc tan = e 4.65. zee e 4.66. a. 4.67. he ‘ 4.68. 76. 6 
. V5 3V3 6 6 
4.69. — (2VY3—n). 4.70 V3—1 i. (m -+ 2). 
e e : e e 2 e 39 


a 47h. 4.75. 4——N. 


4.76, 2t 4.80. 14. 4.81. 1 WY2—4. 4.82. 5 (51 VY 3—9 In 3). 


4 35/4 5) 2+ 243° 
4 — — i Ov. — = =— 6 
1.83, e—2. 4.84. 5a (e°"" +1). 4.85. V2 ‘: se a oa pw T+ Va 


4.72. 2(in2—+), 4.73. In 
Mg 
= 


—s 
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e214 1 4 12% —§ 4 n/2__ 
4.86. 7. 4.87. —=, 4,88. =, 4.89. 5 (e/?—1), 
4035... (Qk—1) om 
4.90. Ip =p (n= 2h 
2-4-6 ... 2k 7 16, 85 
faa TET, kta ARTs aes ta= gag 
491. Ty 2— >, 
oq: 5: iveses a. Sh, 22, Si: ~ Diverces 
A. >. g 7g Be Ee ges. 


5.6. 1 + In 2. 5.7. — 5.8. >. 5.9. Diverges. 5.10. Converges. 


5.14. Diverges. 5.12. Converges. 5.13. Diverges. 5.14. Converges. 
5.15. Converges. 5.16. Converges. 5.17. Diverges. 5.18. Diverges. 
5.19. Converges. 5.20. Converges. 5.21. Diverges. 5.22. Diverges. 


5.23. 2-53 + 1). 5.24. Diverges. 5.25. =. 5.26. >: 5.27. >. 
5.28. 22. 5.29. Diverges. 5.30. a. 5.34. Converges. 5.32. Diverges. 
5.33. Converges. 5.34. Diverges. 5.35. Diverges. 5.36. Converges. 
5.37. Converges. 5.38. Diverges. 5.39. Converges. 5.40. Diverges. 


6.1. e2. 6.2. mab. 6.3. 16/3. 6.4. 9/2. 6.5. = (31—2). 6.6 oF: 


15? 
2 
6.7. a2. 6.8 F(x —21n2). 6.9.5. 6.10. 2In2 — 2. 6.14. 32/3. 
6.12. 1. 6.13. a®. 6.44. 1.5 —2In 2. 6.15. + — 1. 6.16. 4 In2—1. 
2 
ee ( aa tin 2+V3)). 
2 
6.19. (ah) —— en SEAT V cht gy sng? 
V 2ah-+ h? a 
2 a ao 2 
6.24. a (3V2—2—In(tt+ yd). 6.22. a Sighs a 
Ta? 
— in (2 3 and — — a* In (2 
i (2+ V3) ; + aye (2+ V3). 
6.23 aera arc cos (1— )—(a—2yr 6.24  (n+21n 2) 
2. ; . 6.24. 5 


6.25. ma?. 6.26. mat. 6.27. ave 6.28. 120. 6.29. Sab V 3. 


8 3 


Je ae sa* Ta” = ( 
6.30. —-. 6.31.5 na. 6.32. —, 6.33. —. 6.34. ra ated *). 
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ma? | ee : qt a? 
T+ 6:36. > ( — 1)?. 6.37. ¥3 —=. 6.38. ——. 


6.39. a2. 6.40. ; V 3. 6.41. 5 V5+ In (2+- V5). 6.42. 2V3. 
6.43. 2p(3V 3-1). 6.44. 4a In (a+ YWa?—1) —2Va?—1. 


6.45. ma V2. 6.46. ma—2(a—b) arc tan $: Hint. Pass to polar 


coordinates. 6.47. Ae G. 6.48. = ln tan ee In (4-++ V 2). 
2 It 8 TU 
6.49. = p. 6.50. 6a. 6.54. V2 (e—1). 6.52. 43 . 6.53. ee 
7 9 3 
ve Q 4 1 n2 
6.54. 4a V3. 6.55. ea ae y=< a. 6.56. wae 


6.57. 8(2— V3). 6.58. = na. Hint.0<@ <3. 6.59. 5n W1--4re+ 


4+ 3 inQn 4. ViFae. 6.60. Pa, 6.61. 20 V6. 6.62. 0 V3. 


6.63. 8. 6.64. za V t(3+2t). 6.65. 8 7/2. 6.66. —_— 12-+12). 


6.67. (a) 8n +— sin 2+ V 3); (b) 2x +e 6.68. on 
X(2Y2—1). 6.69. 48x, 6.70. = = a? (V2 +1). 6.71. (a) 3m? 


(b) 2 na? V3. 6.72. «( V5+4 In S4V9) | 6.73. (a) Ona’ 


(b) 24a. 6.74. 3a?. 6.79. = na? (3%—4), 6.76. 677a?. 


6.77. 4n%a?. 6.78. > nat 6.80. 5 na? (2 Y2—1). 6.81. ae a3 
2 272 14 q3 64 
— qe pee a oe as paar 
6.82. 3 0 tan a. 6.83. 15 mt. 6.84. ] mt. 6.85. x 6.86. 3 qt. 
tah mas 3 een 
6.87. 9 r (b) he * 6.89. 45, wa 6.90. Z, Jt“a’. 
64 
6.91. jos . 6.92. 7a (3 V2 In (V2+1)—2). 


7.1. Y 2+1n (14+ V2). 7.2. My=5(e V tet yf2+1n(V¥2—1)x 


29—01176 
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ame 2)3/2__ 1/3 _ 32 2 7 256 5 
let WAter), 1, = 3 te? — VB). 7.3, Me=pa®, Te Fea’. 
3 a 
7.4. My=2a%, Iy = = 7.5. My=2a2, -My=na®%. 7.6. z= 
_ a(sinhi—cosh1 +1) _ >) - a(2+Sinh 2) | 
_ sinh 1 - a (1—tanh 2)’ ¥~ “Fsinh td 
=~ (csc + cosh 1). At £-=0, y=ca. 7.8. r=y=— a. 
> | h 1 h 1 77 0 - 7.8 : 
nt De 2 
7.9. gaya. 7.10. oe 7.11. pat sin (w@t+-q); tay Uo. 


7.12. = 6s,s = 144m. 7.13. 250 m. 7.14. 0.125 J. Hint. According 
to Hooke’s law, the force is proportional to elongation of a spring. 


1 
7.15. a5 REA, 7.16 | wR2H?. 7.17. 75 yarll?. 7.48. FT RIPR, 


16. ->= nA : 
7.19. iV 2 ap®. 7.20. cot (———); =e . Hint. According to Coulomb’s 
law, the force of interaction of charges in vacuum is F = — , where 


x is the distance between the charges. 7.21. 2066 In 2. Hint. In an 


Us 


isothermic process pv = Povg. The work A = } p dv, where v, and vg 
Us 


are the initial and final values of the volume, respectively. 


k-4 
(eee snot. ( (2. | —1] , Hint. Inan adiabatic process pvk = 


k—1 Vy 
v1 h 
h Sl Pov 4 
= Povq, Where kx1.4 (Poisson’s law). The work A= \ a dv. 
eh) 
7.23. —-nyo®R®, 7.24. — w%ydha3. 72.25. + -yalh3w. 
15 60 24 
1 ah2 2 
7.26. ie mw2yRiH. 7.27. > 7.28. yuR*H. 7.29. 3 yab?, 


7.30. ynRH?. 7.31. 20.625 kg. 7.32. See Hint. According 


to the Joule-Lenz law, the quantity of heat liberated by direct cur- 

rent during time ¢ is Q=0.24/?Rt. 7.33. 3 <i x 5.6 min. 
0 

Hint. According to Torricelli’s law, the velocity of efflux of wa- 

ter through an orifice made at a distance z from its free surface is 


equal to v=p V2gz, where »~ 0.6, g is free-fall acceleration. 
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a 


a 
mt pa* ae ony 2up ( 79 1a a 
7.34. Bul Hint. Q= \ v-2ir dr ome Tul | (a? —r?) rdr = 
0 
_ mp ({_ (a*—r?)? \|a_ xapat 2kmM 
= ( 7 Bar: 735: —Sia- Hint. Use the 


2 
law of universal gravitation. 7.36. Ef 7 ~ 11 min. 


7.37. ca uah Y gh. 


8.1. 0.5236. 8.2. 0.1963. 8.3. 0.4178. 8.4. 0.3926. 8.5. 1.7500. 
. 3.2413. 8.7. 4.2218. 8.8. 0.4969. 8.9. 0.6082. 6.10. 2.6291. 
1. 0.3927. 8.12. 0.2500. 8.13. 1.4627. 8.14. 1.3419. 8.15. 0.8120. 
6. 1.1184. 8.17. 0.4728. 8.18. 4.3555. 8.19. 0.6200. 8.20. 0.6076. 
i. 


8.6 
8.1 
8.1 
8.21. 1.5708. 8.22. 0.9160. 8.23. 0.6654. 8.24. 0.7721. 


Chapter 7 


DIFFERENTIAL CALCULUS: 
FUNCTIONS OF SEVERAL VARIABLES 


SEC, 7.4. 
BASIC CONCEPTS 


1. The Concept of a Function of Several Variables. Let us recall 


that any ordered set of n real numbers z,, .. ., xz, is denoted (z,, ... 

. +) £,) or P (x1, ..., z,) and is called a point of the n-dimensional! 
arithmetic space R”, the numbers z,, ..., x, being termed the 
coordinates of the point P = P (z,, ..., z,). The distance between 
the points P (z,, ..., z,) and P’ (zy, ..., zp) is determined by the 
formula 


e(P, P')=V (%—2))? +... + (@n—an)* 

Let D < R” be an arbitrary set of points of the n-dimensional 
arithmetic space. If each point 
P (21, ..+) 2,)€D is associated 
with some quite definite real num- 
ber f (P)=f (a1, --., Zp), then 
we say that a numerical function f: 
R"® —- Rofnvariables 2, ..., 2p 
is defined on the set D. The latter 
is called the domain of definition, 
and the set E= {u€ Rlu = f (P), 
Pé€D} is termed the range of 
values of the function u = f (P). 
In a particular case, n= 2, 
the function of two variables z = 
= f(x, y) may be regarded as a 
; function of points in the plane in 
Fig. 68. a three-dimensional geometrical 

space with a fixed coordinate sys- 

tem Ozxyz. The graph of this function is the set of points 


T= {(z, y, 2) € Ro | 2= f(t y)}, 


representing, generally speaking, some surface in R*. 
Example 1. Find the domain of definition of the function 


Z=arc sin a : 
x 


The given function is defined for 
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Consequently, —z<y <a forz>0 andzr<cy < —2z forz< 0. 
The domain of definition of the function is shown in Fig. 68; it also 
contains the boundaries except for the origin. 


zg — y? 

Example 2. Let f(z, y)= Find f (3, —2), f(y, 2), 

4 1 
eg 

We have: 

_ 3—(—2)? 5 _ yi? 
/4\2 4 \2 
1 4 (=) a =) y2— 2 
t(—, —)= me agg y). 


1.14. Express the area S of a triangle as a function of 
the lengths of two of its sides z and y if its perimeter is 
equal to 2p. Find the domain of definition of this function. 

1.2. Express the volume V of a circular cone as a function 
of the area S of its lateral surface and the length / of its 
generatrix. Find the domain of definition of this function. 

1.3. Express the area S of an equilateral trapezoid as a 
function of the lengths of its sides if x and y are the lengths 
of the bases, and z is the length of the lateral side. Find 
the domain of definition of this function. 

In Problems 1.4 to 1.18 find the domain of definition of 
the given function of two variables (R is constant). 


1.4.2=VR2—22?—-y?. 1.5. 2=Va2+ y—R. 
1.6. z ae mea 1.7. z ara a ge 
1.8. z= (224+ 3y —1)/(z—y). 

1.9. 2=V1— (22+ y?). 1.40. z=In(—z—y). 


1.44. gy 2. 1.12. z=yVcosz. 


22 — x? — y? 


1.13. z=V log, (z?7+y?) . 1.14. z=arccos 
1.145. 2=V9—-—ytVr+y—4. 


1,146, z—arcsin—~-+ arc sin (4—y). 


x 
z+y 
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1.17. f(r, 9) =rVsin g. 1.18. f(r, ~) =r V cos 29. 
In Problems 1.19 to 1.24 find the domain of definition of 
the given function of three variables. 


1.19. u=V 22+ y?+ 22— R2 (R is constant). 


1.20. u=arcsin aaa ty" 


1.21. u=1n (4 os rio 
In Problems 1.22 and 1.23 find the domain of definition 
of the indicated function of n variables. 


1.22. u=V1—-24+V1—2#+...4V1—-22. 


I; : a 
1.23. u=]. a 
1.24. Given the function f (z, y) = oo Find f (2, 1), 


f(1, 2), #(, 2), f (2, 3), f (a, a), Mey Ps 
1.25. Given the function f(x, y) — 


and (4, +). 
1.26. Find f(z), if f (2) eee (x > 0). 


1.27. Let z=2x+y-+f (ec —y). Find the functions f 
and z, if z = x? for y = 0. 


1.28**. Find f (z, y), if f (x+y, 4) =) Sy": 


1.29. Given the functions: f (z, y) = 27 + y?, » (xz, y) = 
= «x —y*. Find (a) f (p (z, y), y*)s (b) 9 (f @, y), @ Ce, 


1.30. Given the function  (z, y) = e& cos y, (x, y) = 
= & sin y. Prove that 
(a) gy” (x, y) —y (x, y) = @ (22, 2y); 
() 2p (x, y)p (z, y) = p (2z, 2y). 
1.31. Given the following functions: f (z, y) = «? — 
gp (x) = cos xz, » (x) = sing. Find: (a) SG (x), ap Ay: 
(b) @ (f (2, y)). 


2. Limit and Continuity of a Function. The number 4A is said to 
be the limit of the function u -= f (P) asthe point P (zy, xa, ..., Zp) 
tends to the point Po (a,, a, ..., a,) if for any e > 0 there ee 


or, ,. Find f (—3, 4) 
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§6 > 0 such that the condition 


O0<p(P, Po) = V (%y—4)? +... +n <an)? 8 
implies 
lif ey. Wee. @'s 3h i) A ee: 
And we write: 
A= lim f(P)= lim f(x, t, ..., Zn). 


P>+Po x1>a1 
x27 02 
xnan 
' x? — y* ae 
Example 3. Find out whether the function bas a limit as 


z2-+y 72 1 2 
x—>0, y> 0. 
Let the point P (z, y) tend to the point P, (0, 0). Considering 
the change of xz and y along the straight line y = kz. we obtain 


Fe crap scan ce P| er ee 
one Te a ee ge eee Dae 
4 +0 


The result has different values depending on & and, therefore, the 
function has no limit. 

A function u = f (P) is said to be continuous at a point Py if the 
following three conditions are fulfilled: 

(1) the function f (P) is defined at the point Po; 

(2) there exists the limit lim f (P); 


PP, 
(3) bad f (P) = f (Po). 


A function is said to be continuous in a domain if it is continuous 
at each point of this domain. If at least one of the conditions (1)-(3) 
is violated at the point Py, then P, is called a point of discontinuity 
of the function f (P). Points of discontinuity can be isolated, form 
lines of discontinuity, surfaces of discontinuity, and so on. 

Example 4. Find the points of discontinuity of the function 


sai Pee to 
— 2a4-3y—2+4 * 


The given function is not defined at the points where the denomi- 
nator vanishes. Therefore it has a surface of discontinuity—the plane 
22 + 3y—z+4=0. 


In Problems 1.32 to 1.36 find the indicated limits. 


1.32. lim ——“A—— .__ 1.33. lim sin zy . 
x+0 3— Vay+9 x30 2 
r a 
1.34. lim S272 4.35, lim (4-) x2-l y2) 40? 
x0 Y x+>0 


y>0 y>0 
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; : 1 
1.36. au (x? fo y*) sin py . 


y+ 
1.37. Show that the function z = 5 can tend to any 


limit as z +0 and y >0. Give examples of such approach 
of the point (x, y) to the point (0, 0) for which lim z = 3, 
lim z = 2, limz= 1, limz = —2., 
1.38. Show that there is no lim f (z, y) for the function 
: 
z=— 


f(z, y) = / by computing the iterated limits 


x+y 


‘lim (lim f(x, y)), lim (lim f(z, y)). 
x7>0 y>0 y>0 x-0 


1.39. Show that for the function f(z, — 
the iterated limits 
lim us f(z, y))= a on f(z, y)= 


x>0 y-0 


exist and are equal to each fies nevertheless lim f (z, y) 
x0 


+0 
is not existent. : 

1.40. Find out whether the function sin In (z* + y?) has 
a limit as z >0, y >0. 

1.44. Find out whether the function 
as XZ —->0o, Y > oO, 


1.42*. Show that at the point (0, 0) the function 


z+ y4 are 
zt y2 has a limit 


2 
a ct OT if a+ y240, 
| 0, if e=y=0 


is continuous along each ray zx = tcosa, y= tsina (0O< 
< t< +00), passing through this point, i.e. Ae f (E cosa, 
+0 


tsin a) = f (0, 0), but this’ function is not contiivous at 
the point (0, 0). aa 

1.43. Show that at the point (0, 0) the following functions 
are continuous with respect to either of the variables z and y, 
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but are discontinuous with respect to both variables simul- 
taneously: 


(a) f(x yt era if z2+yr~O, 
0, if zr=y—0, 
t—Y ; 
(b) f(z, dest Gry? FE e+y?40, 
[ 9, if z=y—O0. 


In Prolems 1.44 to 1.49 find the points of discuntinuity 
of the given functions of two variables. 


1.44, =a 1.45. Be 

1.46. z= jean 1.47. z=I1n (1— x? y?). 
ree 

1.48. = 

1.49. z= : 


In Problems 1.50 to 1.54 find the points of discontinuity 
of the indicated functions of three variables. 


1.50.u=2>. 151, u=5y— +4. 
a pe ee 1 
1 1 
1.952. OOP tag Ba 1.53. eer ay emer a 
1.54. u= : 


x y2—2?+ 4° 
3. Partial Derivatives. Let (z, ,..., 2, ,..-, 2n) be an arbitrary fixed 
point from the domain of definition of the function u = f (a, ... 
. +, Zp). Assigning an increment Az, to the value of the variable 


xp (k = 1, 2, ..., m), consider the limit 
; f (ty, ---, FRAT, ..-,5 Ln)—f (By, -.-, Zhy «2+, Fn) 
lim oe eee Se a ee 
Ax,—0 h 


This limit is called the pariial derivative (of the first order) of the given 
function with respect to the variable xz, at a point (2,, ..., z,,) and 


; Ou P 
is denoted by the symbol] ea or Foxy, as sels ig ER Ne 


458 Differential Calculus: Functions of Several Variables Ch. 7. 


Partial derivatives are computed by usual differentiation rules 
and formulas (all the variables, except x;, being regarded as con- 


stants). . 
Example 5. Find the partial derivatives of the function 


z= arc tan ae 
0 


Regarding y as a constant, we obtain 


4 


a (—+) en ee 
or ——(itistiC ly (CY a eet yz ° 
(2 
z 
Regarding z as a constant, we get 
a 4 4 x 
a vr © eae ane 
y 1+ (+) +y 
Zz 
The function u == f (x, to, --., 2) 18 said to be a homogeneous 


function of degree m if for any real number t ~ 0 the following equali- 
ty holds true 


F (tis. toe ce wy CE) SH OT ys Pag oe os Za): 


If a homogeneous function u = f (z,, 2, ..-, 2,) Of degree m 
has partial derivatives with respect to each of the variables, then 
the following relation (Fuler’s theorem) is fulfilled: 


Tf (Ly Ley + + +» Lp) F Toh (Cy Lor s+ +s bay Sees 
22 bonfh, (tr Ler + +) Lp) = mf (ay, Te, «+ -, 2). 
Example 6. Verify Euler’s theorem if 
f(z, y) = Az? + 2Bry + Cy?. 
We have 
f (tx, ty) = A (tx)? + 2B (tr) (ty) + C (ty)? = t?f (z, y). 
Consequently, m = 2; 
fx (t, y) = 2 (Ar + By), fy (t, y) = 2 (Bz + Cy), 
thy (a y) + yfy (a, y) = 2x (Aw + By) + 2y (Be + Cy) = 2f (zx, 9). 


Partial derivatives of the second order of a function u = f (z,, to, ... 
. ++, £,) are defined as partial derivatives of its partial derivatives 
of the first order. Second-order derivatives are denoted as follows: 


i] (=) 02u 


“Ory “Ory —= amp a ie,s, (21, Zo, eeeg Zk; eeeg Ln), 
RB 
r) Ou O2u . 
Bey aay) Bay Gay Pye te Men cree Rhy vee Be ees te 


and so on. 
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Partial derivatives of higher orders (the third, fourth, etc.) are 
defined and denoted in a similar way. 

The result of repeated differentiation of a function with respect 
to different variables does not depend on the order of differentiation, 
provided that the “mixed” partial derivatives thus obtained are 
continuous. 

Example 7. Find the partial derivatives of the second order of the 


function z = arc tan 2 . 


We have (see Example 5) 


Oz y Oz x 
Be ap ye OM Gy EEE 
Differentiating for the second time, we obtain: 
Ft fant us 
One —«S« A z2ty2 J (x%+ y2)2” 
OF i, glee ( iy Ae y?)—2yry bao 2 
Oz dy oy Spy st (x? + y?)? ~~ heyy 
O72 20° ( z i 1-(2? fy*)—2z-e oy? — 2 
Oy Ox Oa \ wt y? | (z+ y?)? (x 4-y?)? 
(here we have gol convinced that — = ear) : 
07x 7) x 2xry 
“Oy? ay ( ay? |= (2? Fy)? * 


In Problems 1.55 to 1.65 find the partial derivatives 
of the first and second orders of the given functions. 


1.55. z=2°+ yi—5x%y8, 1.56. z=ayt. 


1.57. 2=——. ss 1.58. z= axe-*. 


V x+y? 
1.59. z=" 1.60. z=". 


y 


1.64. z== In (x?-- y?). 1.62. pets aaa 
{ _(¥\ 
1.63. oo eras a areas 1.64. u=() e 


1.65. u = cy®2?t* + 32 —4y +22 —t +1. ; 
1.66. Find f. (3, 2), fi (8, 2)s few (3) 2)) fey (3, 2), fv @, 
2) if f(z, y) = ay + ay? — 2a + 3y —1, 
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1.67. Find f. (4, 2), 7 (4, 2), fax (4, 2,), fy (4, 2), 


x2+y2 
fry 1, 2) if f(z, y) = - et dt. 


022 : _ F 
1.68. Show that —— i z Gy 08 if z= zxsin (ax + by). 


O*z Cs J x 
1.69. Show that = if z—cos~ arccos —. 
is - «Oy Ox y 


1.70. Find Ti (0, 1), fa (0, 1), oe (0, 1), fouy (0, 1) 
if f(z, y)=e*9. 
1 
tu 
1. 71. Find aay om if u=In V @—!2+Gu—n* : 
1.72. Find a a if u=: zesiny+y8sinz. 
oP*o1u 


1.73. Find = 57 Paya if u== (x— Z,)? (y—yp)?- 


In Problems 1.74 to 1.77 verify Euler’s theorem on 
homogeneous functions. 


1.74. z—a23 1 a%y—y?. 1.75. 'z=—4 


23 — y3 ° 
1.76. z=arctan%. 1.77. u= ; EP Yts 
° Vb ytt ae 
1.78. Compute 
[22 ae ax 
6r ap a0 
ay dy ay 
dr ag 60 
oe ae 
dr agp a0 


if z=rcosOcosp, y—rcosOsing, z=rsinO. 


1.79. Show that (SS) +S +242=0 if z— 4e°24 + 


0 
+ (22+ 4y— 3) e%—2—1. 
du , Ou Ou 3 : = OF 
1.80. Show that “ap a a = ae if u=In(z - 
+ y8 4- 28 — es 
Bi t—2z 


ye 
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1.82. Show that the function u = A sin Az cos a(t satis- 
fies the equation of string oscillation 


Au 4 du 

a ~~ Gat 
4 (x—xo)2 
1.83. Show that the function u aaa e ‘a%t satisfies 
the heat equation 
Ou _ pe dru 
ot Ox? ° 
4 


1.84. Show that the function y=————————_— 
(x — a)? + (y —b)? + (z—c)? 
satisfies Laplace’s equation 


07u 02u O2u 
0x2 Oy? 02 
1.85*. Show that the function 


an 


=0. 


if z=y=0 


has the partial derivatives f, (z, y) and fy, (x, y) at the 
point (0, 0), although it is discontinuous at this point. 
1.86*. Show that for the function 


if 27+ y*-~0, 


( sy 2a8 
f(z,yyay we 
| if z=y=0 
the value of the second mixed derivative at the point (0, 0) 
depends on the order of differentiation, namely, f;, (0, 0) = 
= —1, f’yx (0, 0) = 1. 


4. Differential of a Function and Its Application. The total incre- 
ment of a function u = f (z,, 2, ..., £,) at a point P (x, ro, ... 
. 2+, Zn), Corresponding to the increments Az,, Azo, ..., Az,, is 
defined as the difference 


Au = f (4, + Az, tg + Axe, ..., By + Arty) — Ff (21, Za, « - +) Zp). 


The function u = f (P) is said to be differentiable at the point (z,, 2,... 
. ..) (z, if everywhere in some neighbourhood of this point the total 
increment of the function can be represented in the form 


fuss Ay, Azy + A, Ato + oe + A, Az, + 0 (0), 
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where 9 = VY Az? -+ Ax? +... + Az2, Ay, Ag, ..., Ap are num- 
bers independent of Aza, Az», ees Ae 

The differential du of the first order of a ‘function (By eae ats 
«ss, Zp) at a point (21, x, ..-; Zn) is defined as the principal part 
of the total increment of this function at the point under considera- 
tion, linear with respect to Az,, Az,, ..., Az,, that is, 


du = A, Az, + Ag Ary + eee + A, Az,. 


By definition, the differentials of independent variables are regarded 
to be equal to their increments: 


dx, = Ax,, dz, = Atty, ..., dz, = Arp. 


For the differential of a function u = f (z,, 2g, ...-, Z,) the following 
formula holds true: 


Ou Ou 
aay a cad eT dro+ ..0+ 
Functions wu, v of several variables obey the ordinary differentia- 
tion rules: 
d (u + v) = du + dbp, 
d (uv) = v du + u dv, 


a(+)= iidataseda 
v 


Ou 
OLn dtn. (1) 


Example &. Find the total increment and the differential of the 
function f (z, y) = z*y at the point (z, y). 


f (x + Ax, y + Ay) = (x + Az)? (y + Ay), 
Af (x, y) = (@ + Az)? (y + Ay) — zy 
= Qary- Ar -+ a2? Ay + 2x Ax Ay + y Ax? + Az? Ay, 
df (x, y) = 2ry Ar + x? Ay. 
Example 9. Find the differential of the function 


Z 
f (z, 4) SS 
(z, y, 2) Vatp 
First method. We have 
a a ae 
Qc (a y8)87 oy (a? y?)8 2? 
an 
02 xy? : 
By formula (41), we obtain 
_ zz = y2 
per (x? + y?)3/? si (x? + y?)8/? cas eae - 


__ _(@?-+y?) dz—z (x dz+-y dy) 
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Second method. Applying the differentiation rules, we have: 


Vat+yrde—z-d Vx?+y? 


af (x, yy z)= zt y2 
Veep peo 
= Verpy? _ (a +y?) dz—2 (wde+y dy) 
= x2 y2 = (x? +- y2)8/2 ° 
For a sufficiently small p = V Az? + Az? +... + Az}, the 


following approximate equalities take place for a differentiable 
function u = f (ry, Za, ~~ +) Zp): 
Au ~ du, 
(ey Ay Be Ars, 2654-9 Fe AT) 
ce i Coe eee as 7 en re ame a 0 


Example 10. Compute approximately 
V (4.05)? +- (3.07)2. 


The desired number will be regarded as the value of the function 
f(z, y= V+ y® for z= 29+ Az, y= yo t Ay, if 29 = 4, 
Yp == 3, Ax = 0.05, Ay = 0.07. We have: 

{(4, 3)= V#432=5, 


d. d 
Af (2, y) © df (2, ¥) Pas 


4-0.05 4- 3-0.07 ~ 0.08. 


Af (4, 3) & : 


Consequently, 
Y (4.05)? + (3.07)? ~ 5 + 0.08 = 5.08. 


The differential of the second order d*u ofa function u= f (2, Zo, 
, z,) is defined as the differential of its differential of ‘the first 


order regarded as a function of the variables 2, z., ..., x, with the 


values of dz,, dry, ..., az, fixed: 
d?u = d (du). 

The differential of the third order is defined in a similar way: 
Bu = d (d*u). 


In general, 
d™y = d (d™-u). 


The differential of order m of a function u = f (x, 2, .- +) Zn); 
where x1, To, -- -» Tp are independent variables, is expressed by the 
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symbolic formula 


amy = (se day-+ a 


Fey den) u, (2) 


which is formally expanded sean to Pa ‘tional law. 

For instance, in the case of a function z = f (z, y) of two inde- 
pendent variables zx and y the following formulas are valid for the 
differentials of the second and third orders, respectively: 


d°2 = ie 5 ax Pe (3) 
Bz Pz 

a 73 2 

hy oe Ags ot es dz ea (4) 


Example 11. Find d?z if z = e*¥, 
By the differential rules, we have 
dz = e*Y¥-.d (xy) = e*¥ (y dx + = dy). 


We differentiate for the second time, taking into consideration that 


dr and dy are independent of x and y (i.e. regarding dz and dy as 
constants): 


d*z = e*¥ d (xy): (y dx + x dy) + e*¥.d (y dx +- x dy) 
= e©Y (y dx + x dy)? + e*~¥2 dx dy = e*Y ((y dx + x dy)? + 2 dz dy). 


1.87. Find the total increment and the differential of 


the function z = x? —zy + y® if x varies from 2 to 2.1, 
and y from 1 to 1.2. 


1.88. Find the total increment and the differential of 


the function z = log (z® + y’) if x changes from 2 to 2.1, 
and y from 1 to 0.9. 


In Problems 1.89 to 1.94 find the differential of the given 
function. 


1.89. z=In(y+V 224+ y?). 1.90. z=tan = 


1.91. z=Incos =. 1.92. u=(zy)’. 


1.93. 1 (des Los Z3; XL4) = gy"2-*3 «In Z ge 
P ° : Z 
1.94. Find df (1, 2, 1) if f(z, y, =e 
In Problems 1.95 to 1.97 carry out approximate calcula 
tions. 


1.95. (2.01)3-°%. 1.96. V (4.02)8+ (1.97)°. 
1.97. sin 28°-cos 614°. 
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1.98 A cylindrical glass has the following inner dimen- 
sions: the radius of the base R = 2.5 m, height H = 4 m, 
and wall thickness 1 = 1 dm. Find approximately the 
ee of the material spent for the manufacture of the 
glass. 

1.99. A rectangular parallelepiped has the following dimen- 
sions: a = 2m, b = 3m,c = 6m. Find approximately the 
quantity by which the length of the diagonal of the paral- 
lelepiped will change if @ is increased by 2 cm, b by 1 cm, 
and c is reduced by 3 cm. 

1.100. Jn a frustum of a cone the radii of the bases are: 
R -- 20 cm andr == 10 cm, the altitude h = 30 cm. What 
will the approximate change in the volume of the frustum be 
if R is increased by 2 mm, r by 3 mm, and h is decreased by 
1 mm? 

In Problems 1.101 to 1.109 find the differentials of the 
first and second orders of the given functions (x, y, z in- 
dependent variables). 


1.101. z=23-+ 3x2y— y3. 1.102. eae 


1.103, 2a? 2ay. 1.104. 2. —L—. 
a 
1.105. z=(e+y)e%. 1.106, z=2In=. 
4 be 
1.107. z—arctan oar 


1.108. wu = xy -+ yz + 2x. 1.109. wu = ev”. 
1.110. Find d®z if z = e” sin x. 

1.411. Find du if u = 2° + y® + 2 — 3zyz. 
1.412. Find du if u=In(@e+y -+2z). 


1.113. Find d™u if u = et tyre? 


SEC. 7.2. 
DIFFERENTIATION OF COMPOSITE AND IMPLICIT FUNCTIONS 


1. Composite Functions of One and Several Independent Variables. 


If — f(r, 7. .-., z,) is a differentiable function of the variables 


Ty, Lo, +++, Lp Which are, in turn, differentiable functions ol the 
indepenbent variable ¢: 


ry = Q (1), y= Po (ft), . 6 65 Ln = Pn (t), 
30—01176 
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then the derivative of the composite function u ~— f (Q, (4), Gp (4), .. - 
-» @, (t)) is computed by the formula 


du _—s-Ou dry Ou a Ln 
‘dt OL, 9 OL, : ap es +o4 ad dt ° (1) 


In particular, if ¢ coincides, say, with the variable z,, then the “total 
derivative of the function wu with respect to z, is equal to ‘ 


dus Ou Ou Ax» Ou dxrn 
= + ao Ts (2) 


9? 


Example 1. Find “ if w= xyz, where 
GS tA ys In 8 SS Vat. 


By formula (1), we have 


Se = ys -2t-+-22 > = fay sec? t 
2 ; 
= 2t In ttan ef ETUDE ey yy In ¢ sec? ¢. 
Example 2 Find 2% an 1 a= Fehon —@ ( 
mple 2. Fi a a7 = y*, re y= (2). 


We have ay Iny. By fcrmula (2), we obtain 


a. = y* In y+ zy*).@"(z). 
bet = fs Fae Es where Ly = Qy (th, ta, - ~~) bp), LQ = 
= Pa Mf boy - sey by), 0 oy Cn = Py, (ig TS. 2-3 og Gy (hag. ley ek 8 
= independent variables). ‘The partial derivatives of the func- 
tion u with respect to ¢,, ft, ..., t, are expressed in the following 
way: 
Ou Ou O# dU = AX, du Ofn 
Ot, Ox, Ot, a Ox, ot rte von Ot, ’ 
dus OU OR Guess Ky, du Orn 
Ot, O02, Ot, a dr,  Obe ae tier dzn Ot,’ 


SL eke oo he ee ee (3) 


o_O ees ee 


Oln Otm ° 

As is seen, expression (4) from Sec. 7.1 for the differential of the first 
order retains its form (the ae properly of the form of the first 
differential) 


Ou Ou Ou 
sae il gee Cty ee arn dzn. 
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The expressions for the differentials of higher orders of a composite 
function, generally speaking, differ from the expressions of form (2) 
from the preceding section. 

For instance, the differential of the second order is expressed 
by the formula 


0 0 0 
27) — ae 
du (a dz; + re drot+...+ 


Orn 


2 
den ) u 


QU 4 dU OU 4 
tog, Pt Ge Pte et a Pen. (A) 
Example 3. Find dz and d?z if z=f (u, v), where u = £2 sy" )s 


v= xy. 
We have dz = fi,du + fjdv, where 


du= axdx—ydy, dv= ydz-+ zdy. 
Consequently, 
dz = fy (x dz — y dy) + fy (y dz + = dy) 
= (2fy + yfy) dx + (thy + yfu) dy. 
Differentiating for the second time, we get 
dz = d (fi,)-du + fi,-d (du) + d (ff) dv + fg-d (dv) 
= (fy du + fiyy dv) du + fi, du + (fy du + foy dv) dv + {§-d®v, 


where 
d?u = dx* — dy*, d*v = 2 dz dy. 


Consequently, 
d?z = (fiu (x dx — y dy) + fuy (y dx + x dy)) (e dx — y dy) + 
+ fu (dx? — dy?) + (fu (x dz — y dy) + Ip (y dz + x dy)) 
x{y dz + x dy) + fy:2 dz dy = fuy (e dz — y dy)? 
+ fav (y dx + x dy) (x dx — y dy) + fu (dx? — dy?) 
+ fury (x dx — y dy) (y dx + x dy) + fry (y dx + x dy)? 
+ 2f, dx dy = fay (x? dz® — 2azy dx dy + y? dy?) 
+ sty (zy (dx? — dy?) + (x? — y?) dx dy) + foy (y® dz? 
+ 2zy dx dy + x? dy*) + fy (dx? — dy*) + 2f, dx dy 
= (2? fou + 20yfte + y*fow + fu) dx? + 2 (ryfoy 
+ (x? — y*) fay — 2Y/uu + to) dz dy + (y* sau 
—2ryfty + 2 foo — fu) dy?. 


2.1. Find = if z — e259, where x=tant, y=1*—t. 
2.2. Find a if z=2z¥, where x=Int, y-—sint. 


30* 
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dz , 
Biss Find — if z- arctan =, where xe? +1, y= 
= e2 — 4, 


2.4. Find t if wu -£, where z=e', y=Int, z=t?—1. 


2.9. Find oe and cA if z-=-In(e*+e’), where y= 
OX dx 
1 
r_- 3 
zt +2. 
: : 1 
2.6. Find ary, ese if z—=arc tan oe , Where y= 
OX ax y 
— e(x+1)2. 
2.7. Find ana @ if z-u2lnv, where w=, 
OX Oy x 
v= 27-4 y?. 


2.8. Find dz if z = u2v —v*u, where u=2zsiny, v = 
= y COSZ. 


2.9. Find = and = if z =f (u, v), where u = =, 
v= 2? — dy. 

2.10. Find = and * ifz —f(u, v), where wu = In (2? — 
—y"), v= ay’. 

2.41. Find dz if z =f (u, v), where wu = cos (zy), v = 
tr ares Ge 


2.12. Find dz ifz = f (u, v) where u = sin 7 v =Valy. 

2.13. Find du if u = f (x, y, z), wherex =s? + @, y = 
== s? — £7, 2 = 2st. 

2.44. Find = and = if u =f (ay, 2) Ly. 24), Where 
Xs = £ (ee, 25), “Ly = h (245 Lay L3). 


2.15. Show that the function z=-y-@p(cos(x—y)) satis- 


: 02 02 2 
s the equation oa yo 


2.16. Show that the function z af (2)—2—-¥ satis- 


: 02 OZ 2 2 
— + y —=— Z—22— y. 
fies the equation  b F) Yy ay y 
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y 


f (x? —y?) satishes the 


2.17. Show that the function z= 


equation — ——-+ — —— =—., 


= 


: , 1 
2.18. Show that the function u 5 a al (pea 


4 , 
ay YZ 4+-f(y —x, z—x) satishes the equation 


: az 0°z 0°z 

2.19. Find aa” Gear aie 
V= L/y. 

2 

2.20. Find — ifu =f (x, y, z), where z = q (@, y). 

2.21. Find all the partial derivatives of the second order 
of the function u = f (z, xy, xyz). 


2.22. Show that ae ee u -xy(z-+y) + yp(r-+ y) 


if z—f(u, v), whereu—zy, 


o2 
satisfies the equation <> —2——. 2 a pean ae. 0); 


2.23. Show that the ‘neler u = @ (zy) + (=) satisfies 


O7u 2 zy Ou Ou 
i 


ax? Y Oy 


2.24. Find d@’u if u =f (t), where ¢ = 2? + y? + 2°. 

2.25. Find d’u if u = f (az, by, cz). 

2.26. Find dz if z =f (u, v), where u=2zSiny, v= 
= y COS &. 

2. Implicit Functions of One and Several Independent Variables. 
Let the equation f/ (zr, y) - 0, where / is a differentiable function 
of the variables z and y, define y asa funclion of z. The first derivative 
of this implicit function y = y (x) at a point 29 is expressed by the 
formula 


[ 
ats —— 
{ 


the equation 2? : 
OX ay 


dy fx. (Zor Yo) 
7 ol cee ae (5) 

dz |x=x9 iy (Zo, Yo) 
on the condition that fy (79. yo) 4 0. cre Yo = U (Zo); f (ear Yo) = 95 
The derivatives of higher orders are computed by consecutive 


differentiation of formula (5). 


Example 4. Find a and if 
4+ zy — In (eX¥ + e-X¥) = 0, 
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Let us denote the left-hand member of this equation by f (2, y). 
Then 


yerY — ye “XY oye XY 
pe (z, y) ra y— —_ — ] —-%1 e 
exy + e7xy ex + e7xy 
' reX¥—gzeX4 ——— DxeT XY 


By formula (5), we obtain 


We differentiate for the second time, taking into account that y is 
a function of z: 


— < es —o 


dy y 
d2y ef ene ‘ me 2y 


dz? dx Z x? x? x 
Let the equation F (z,, 2, ..., Zn, u) = 0, where F is a dif- 
ferentiable function of the variables 2, 75, ..., 7,, u define u as 
a function of independent variables 2,, z., ..., z,. The partial 
derivatives of this implicit function u = wu (z,, 2, ..., z,) at 
a point M° (x?, x$, ..., 7%) are computed by the formulas 
du Pry (z?, x3, ae u°) 
6z, |M=MOo Fi, (a2, FR, «+0, Bp, Uv) 
(kK=1, 2,...,n) (6) 
provided that Fy, (z®, 22, ..., 24, u®) #0, where u® = u (M°) and 


F (M®, u°) = 0. 
The partial derivatives of the function uv can also be found in 
the following way: we compute the total differential of the function 


F (21, Xo, - ++; Zn, U), equate it to zero: 
OF OF | OF OF 
Ss pe EE lt ng ctl Ory eee A 
OX, a1 r OL» as : © OL arn | Ou on 
and hence express du. 
Example 5. Find — and ~ if 


a8 + 2y? + 28 — 3ryz—2y4-3=0. 
First method. Let us denote the left-hand side of the given equation 
by F (zx, y, 2). Then 
Fy (x, y, 2) = 32? — 3yz, 
Fy (a, yy 2) = by? — 3x2 — 2, 
Fo (2, y, 2) = 322 — 3zy. 
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By formula (6), we obtain: 


02 _ FY. (x, UY; Z) _ 322 — 3y2 = x2 — yz 

6x Fi (z, uv, 2) - 332—32ry = ry — 2?” 
OZ Fo (x, y, 2) by? —32z—2 by? —3xz—2 
dys ésF’ (x, y, 2) 322—3zry 3 (xy—2?) ° 


Second method. Differentiating the given equation: 
oz? dz + by? dy + 322 dz — 3yz dx — 3xz dy — 3xy dz — 2dy = 0, 
we express dz: 
3 (x? — yz) dx 4- (6y2 — 3xz— 2) dy 


a 3 (zy — 2”) 


0 
Comparing this expression with the formula da = de + dy, 


we get 


Oz x? — yZ dz by? —3zz—2 


Ox zy—z2’ dy  3(xy—z2) ° 
2.27, Find ow if 12e2” — y2e2* — 0, 


y)=0 


a dy dy... oxy 
2.29. Find, +5 if rty=e*. 
2.30. Find 2,4 aa ~ if c—y-are tan y=0. 


[d®y 
3 ax? 


d*y 

; dx? 
x==1 
=1 


y 
4-y®—4x + 2y—2=0. 
2.32, Find and & at the point (4, —2, 2) if 
Ox OY 
z3—4az, yrR—-4=0. 


2.31. Find —— if 22 -- 2ay + 


a= 1 
y=1 


2.33. Find a ay if — 
2.34. Find = x2 + y® | 2%) = 


2.35. Find a and a if f(yz, e%)=0 
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2.36. Find dz if yz-arc tan (22). 
2.37. Find dz if rz—e/"+ 28+4-y3=0. 
: Oz Oz Oz ae 
2.38. Find Gee Op? oe Dy if x? —2y?+ 22 47+2z--5=0. 
022 022 072 


2.39. Find — 


ax?” fax dy? = dy? 
2.40. Find dz if -4+¥_# 
AU, Fin Z 1 Ge ae a 


2.41. Show that the function z defined by the equation 
p (cx — az, cy — bz) -= 0, where o is an arbitrary differ- 
entiable function of two variables, satisfies the equation 

Oz OZ 
aes er ee 


2.42. Show that the function z defined by the equation 
— 2 
(x —acosa) +(y —asin a)? = (* = =| , where a, a, m 


ire constants, satisfies the equation 


a (2 ont) 
Ox dy 


2.43. Show that the function z defined by the equation 

y = xp (z) + v (z) satisfies the equation 
0°z f d2\2 oo O2 Of O72 O22 1 02 = 

Ax ( Oy ae ax ay on Oy? ( —— 


3. Systems of Implicit and Parametrically Represented Functions. 
We shall confine ourselves here to consideration of functions of two 
independent variables. Let the system of two equations 


I (x, y, u, v) == 0, 


if x -}y+2-—e’. 


(7) 
G (x, y, uw, v) = 0 


have the solution xz = 2), y = Yo, U = Up, and v = vy and the func- 
tions / and G have continuous partial derivatives of the first: order 
in a neighbourhood of the point Py (79, Yo. Mo. Vy), and the Jacobian 

OF OF 

D(F, G) OU Ov 

D(u, v) | 0G @aG 

Ou OV 


isnonzero at the point 7). Then in some neighbourhood of the point Py 
system (7) defines a unique system of continuous functions wu (x, y) 
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and v (az, y) having continuous partial derivatives and satisfying 
the conditions 
U (Zo, Yo) = Uo, Y (Xp, Yo) = Y%- 
The differentials of these functions du and dv (and, hence, their 
partial derivatives) can be found from the system of equations 


OF OF . | OF OF 
ae oy © Oa oe 
aG , | aG aG aG 
es gee ee ge 


Example 6. The functions u and v of independent variables x and y 
are represented implicitly by the system of equations 


ii Pee ae, ae yO, 
Find du, dv, d?u, d?v. 


. D(F,G) {1 4 | = 
The Jacobian of the system OS ee Ce —y—1 
is nonzero for y - —1. Dilferentiating, we find two equations relating 
the differentials of all the four variables: 

du dv= dz, du— ydv—vdy = 0. 


Solving this system with respect to du and dv for y ~ —1, we obtain 


y dx-'-vdy dz—vdy 
Vea! ee, a as 
i+y 1+ y 
Repeated differentiation yields: 


dy (ee ay av dy) (1+ y)— dy (y dr -Fv dy) 


(t+ y)? 
dz—vdy 
(dz dy-+ SPE ay) (1-+-y) dy (y d+ v dy) 
i ayy)? ~ 
_ (t{-+y) dx dy+ dz dy —v dy*—y dxrdy—vdy? — 2 (dzdy—vdy’) 
- (1+ y)? — (1+ y)* 
gy de ay (A+ y) — dy (de—v dy) 
(14-y)? 
— AL dy (1+ y) de dy +-v dy? 
(1 by)? 
= —dzx dy -v dy? —dz dy -+ vdy? _ 2 (v dy? — dz dy)  — gty 
(1+ y)? (1+ y)? 


Let a function z of independent variables x and y be represented 
parametrically by the equations 


z=2z (u,v), y= yu, v), 2=2(u, v) 
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and 
Ox Ox 
D(z, y) Ou dv 
D(u, v) ~| ay ay 
“Ou av 
in the neighbourhood of a point P (uy, vo). Then the differential dz 


of this function (and, hence, its partial derivatives) in the neighbour- 
hood of the point P can be found from the system of equations 


#0 


dz = Ba. du + es dv, 
Oy oy 
i oe i 

dy = du + a, 
02 , O2 

dz = ae. du = BF dv. 


Example 7. Find ue and —— if 
Ox y 


x=: ucoSv, y= usinv, 2= ev. 


We have 
D(z, y) _ |cosv sds Rae eee a 
D(u, v) | sinv ucosv] — 


Differentiating, we find three equations relating the differentials of 
all the five variables 


dx == cos udu — u sin v dv, dy = sin v du 4- ucos vdv, dz = c dv. 
From the first two equations we find dv: 
cos v dy —sin vdz 
u 
Substitute the found value of dv into the third equalion, we obtain: 


dv = 


dz =— (cos vdy—Ssinv dz). 


Hence 
02 ec sinu 02 _ c€ COs” 
Ox u ° @6y uw 
2.44. The functions y and z of an independent variable z 
are given by the system of equations 


7x? + yy? — 322? = —1, 427 + 2y? — 327 = 0. 


dy dz d?y 022 


Ae Wane’ aa 18 Cs Te SS 
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2.45. The functions y and z of an independent variable 
x are given by the system of equations 


ety —22 = 0, a? 4 2y? + 322 = 1. 
Find dy, dz, d’y, dz. 


2.46. The functions uw and v of independent variables x 
and y are represented implicitly by the system of equations 
mu +yv=it,¢4+ytu+v=0. 

Find du, dv, d?u, dv. 
Ou Ou Ou , 
y as — cl ee 2 2 — 
2.47. Show that z pre ie Fe ey O if uv= 32x 


—2Qyt2z, ve= x? y?+ 22, 


2.48. Find — and ae if c=u-+-v, y=u—v, 2Z=uv?, 
Ox Oy 
: OZ OZ : 
2.49. Find— and — if x=acosucoshv, y= 
OL Oy 


= bsinucoshv, z-=csinhv. 

2.00. Find dz if x == e’ cosv, y = e“ sinv, 2 = uv. 

2.51. Finddz,ifz =utov, y=w4v,2z=W40(uUs< 
= VU); 

4. Change of Variables in Differential Expressions. In practice we 
often have to express the derivatives entering into various differential 


expressions in terms of derivatives with respect to new variables. 
Example 8. Transform the equation 
», ay | dy 
(1— 2°) qa? ~- 2 ae 


setting x = cost. 
Let us express the derivatives of y with respect to z in terms of 


derivatives of y with respect to ¢: 


dy dy 
dy dt dt 
dx dx  —sint’ 
dt 
d (dy : d@y dy 
d2y d dy “at (+) —sint:- TD ++ cos t- — 
dz? = dz (5) da sin? t- (— Sin t) 
dt 


fs ee d?y cost ay 
~ gin2t dt? singt dt ° 
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Substituting the obtained expressions into the given equation and 
replacing x by cost, we get 


; { d*y cost dy 
({— cos? #) ( sinet  dt2 sin?t dt 
é 4 dy 
— oe ee) 
e084 ( sin t dt : 
dy 
Or ape 


Example 9, Transform the equation 
d?y dy \2_ 
gr tty (ge) =o 


by taking x for the function and y for the argument. 
Let us express the derivatives of y with respect to z in terms of 


derivatives of z with respect to y: 


ay tf ay ad fA\NU af AYN, dy 
dx ax’ ae (Ze “a(z)@ 


dy “dy dy 
d?x d?z 
dy? 4 dy? 


(=) dz 2) 
dy dy a 


Substituting these expressions into the given equation we obtain: 


dx 
dy? _ { 
ee 
dy ( dy 
or 
d*x dz 
—— —2y —=(). 
ay Yay 
Example 10. Pass to polar coordinates in the expression 
_ ae tyy' 
ry’ —y * 


Wa have 
xz=>rcosg~, y=rsin gg, 
dc = cospdr—rsingdg, dy = sing dr-+rcosq dq, 
whence 
, dy sing dr+rcos © dg 
“de ~“cospdr—rsingdp 
@~ dr—rsin@gdg 
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Substituting the expressions for x, y, y’ into A, we get 


; sin @dr-r cos 9 dM dr 

4 CEOS st eee cos pdr—r sin 9 do dep 

= sin 9 dr—+-r cos @ dq Fe 
r cos Q)_ ——— 


cos@dr—rsingdp °°" * 


Example 11. Transform the equation 


022 022 
2 Sa ee eas 
"6x? y Oy? a 
by passing to new independent variables u and v if u — zy, v = 


Expressing the partial derivatives of z with respect to x and y 
in terms of partial derivatives of z with respect to u and v, we have 


Ou ov Ou | 2 


By formula (3), we obtain 


OE ae Oe dz 4 
@z ou ox | Ov Ot Ou” Ov Yy’ 


oso (o_O (8) Au, OY, ow 
ee Ou x) Je ob \ Oe Ox 


022 02z 022 * | 1 
=( Ou2 tes y r) + aeae et yr Ov? y Yy 


07z ' 022 
al oa gun du dv | y? dv’ 
02 02 Ou dz dv 02 OZ 2 


Oy ou ay * Gv dy du” dv ye’ 


‘ae ns Ee Ek en oS 
Oy? ay oy / dy \ Ou oy ( dv y? dv iy? 
a 
Ga dy | dudv dy 
( 022 Ou 0?z Av \—> Oz =) 


qua oy ta wy) yp we 
Gz 022k ( 0°z 0*2 =) 1 pe | 
=2( du2 du dv y? du Ov Ov y2 fy? dv y? 
2 O72 222 gz x2 942 22 a2 


<P EE Gu ao 1 yh ae Ty oy 


478 Differential Calculus: Functions of Several Variables Ch. 7. 


We then substitute the found expressions for the derivatives into 
the given equation: 


02z 622 1 622 
ae (ee elo Perce Oe Mates 
. (y du? ais Ou ot y? Ov? 


Oe ee 22, 9*#z Os e®)— 28z 22 02 
oY (2 ar a) A 8 a) =o 
Ou y Ou Ov y* dv ue Ov 
After simplifications, we get for z~0 and y #0 
ie a Pc 
Oudv 2xty dv’ dudv 2u dv° 
; 02 02 
Example 12. Transforin the equation y ae 7 = (y — x) z, by 


; ate ; 4 1 
taking the quantities u = 22+ y?, v= = + 7 for the new indc- 
pendent variables and w= Inz— (x+y) for the new function. 

Let us express the partial derivatives of z with respect to z and y 


in terms of partial derivatives of w with respect to u and v. To this 
end, we differentiate the given relations: 


du=2(xdz-+y dy), 
= dx , dy 

el re 

aw = (ax +dy). 


Taking into consideration formula (1) from the preceding section, 
we have 


Ow Ow dz 
On op ae 
or 
Ow Ow dz dy dz 
250 (ede-+y dy) — 5 (S44 )- 2 —ae4-ay), 
whence 
dw 1 dw Ow. 4 dw 
— Oo ESE SE aE fo Bas ee 
nee ( (22 Ou x* Ov +1) ax (2v Ou y* dv +1) dy). 
Consequently, 


OZ Ow 4 Ow 
ses pe te 
( ‘ Ou zx? av +1), 
OZ Ow 4 Ow 
sees Eas Af Oa ed a ee 
z ( y Ou y2 av +1] 


Sec. 7.2. Composite and Implicit Functions 479 


peare ; U2 02 —«« 
Substituting these expressions. for ey and a into the given 
y 


equation, we obtain 


Ow 4 dw Ow 4 ow 
7 9 eer eee —22 2 —_———_ —— — —~ ©) S 
Y? (28 Ou x* dv +1) : ( Gu y? dv +5) (y—=) 2, 
or aD — () 
dv 


2.02. Transform the equation 
d*y 3 ay = 
Pag ag 
setting x = 1/t. 


2.00. Transform the equation 


d?y 2r dy | y 


dx? eee dx |} (+2 


putting x = tan t. 
2.04. Transform the equation 
2 { d?y \° dy dy O*y ( dy )* =0 


dx? } = dx dx 


dx ax® Ox? 


taking y for the argument. 
2.55. Transform the equation 


(zy’ — y)®? = 2ay (1 + y’?) 
by passing to polar coordinates. 
2.56. Transform the expression w = zx a + y ct by pass- 


ing to polar coordinates. 
2.57. Transform the equation 


02 02 
(Oa) Ge GB, 


by passing to new independent variables u and uv ifu = 


=nVo+y’, v = arctan=. 
2 2 
2.58. Transform the equation x Ss + y a . = 0 by pass- 


ing to new independent variables u and v ifu=y, v= 
=) t. 
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72 2. 
2.99. Transform the expression w = — ; by pass- 


ing to polar coordinates. 
2.60. Transform the expression 


07u 4 O*u 07u 1 ou 
ou genie. a ey I =| 
Ww — or2 ST r2 ap? Ag2 | rf. ar 
by passing to spherical coordinates (r= 0 sin 0, g = g, 


= 9 cos 8). 
2.61. Transform the equation 


—+(1—y) = =2 + YZ 


by taking uw = yz —2z, v = xz — y for the new independent 
variables and w = zy—z for the new function. 
2.62. Transform the — 


ot 1 
a 


by taking u = = S20 10r se new independent variables 


and w = 22 —y for the new function. 
2.63. Transform the equation 


022 022s GB 
“ona “opal dnoy | on? 


by taking u = ane vp - = for the new independent 
variables and w = ze” for the new function. 
SEC. 7.3. 


APPLICATIONS OF PARTIAL DERIVATIVES 


1. Taylor’s Formula. If a function f(P) is differentiable m mn 


times in some neighbourhood U ia of the point Py (x?, ..., x9)’ 
then for any point P (a, ..., T,) € U (Po) there holds Taylor s 
formula 
Gb (Pos Aoqs cx NE G7, (Po, Ati, «305 
/(P) =f (Po) 4- SS ns. 
4 amp (Poy Atty is Aen) dm+l#(P, Ax,,..., Arn) i 
7 m! (m-- 1)! | 
where Ar, = 7, — rf, ..., At, = rt, — 79, and P is some point 


of the indicated suriaces 
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For instance, in the case of a function f (z, y) of two variables z 
and y Taylor’s formula is written in the expanded form as follows: 


f(t, y) =F (toy Yo) ay EE (tos Yo) (to) +4, (#01 Yo) (Y—Yo)) 
4 


Toy es (%9, Yo) (x—2)*-+2f,, (Zo, Yo) (©@—Xq) (Y— Yo) 
+ Siy (os¥0) Y= Yo) -r es +e (2) FEW 40) 2)” 
4 0. m+1 
Xf (#0, Yo) + Taayy ( (@— 20) Ga 1 Y — Yo) a) . 
x f (Zo +0 (e—Z), Yo +8 (y—Yp))- (2) 


The last term in formula (2) (the remainder) can be written in 

a shorter form 
o(p™), where p= ¥(t—%)?-+(y—yo)? 
(Peano’s form). 

[n a particular case, for ry = yo = 0, formula (2) is called Maclau- 
rin’s formula. 

Example 1. Applying Taylor's formula, expand the function 
f(z, y) = x® — 52? — zy + y? + 102 + Sy — 4 in the neighbour- 
hood of the point (2, -—1). 

We have f (2, —1) = 2. Let us compute in succession the partial 
(lerivatives of the given function and their values at the point (2, —1): 


fx (a, y) = 32% — 10x — y + 10, fee (2, —4) = 3; 


fox (z, y) = 6r — 10, x2 (2, —1) ee 2; 
fry (x, y) = <1; hoy (2, —1) oad 
Soy (z, y) = 2, fyy (2, —1) = 2; 
f" xxx (t, y) = 6, I xcxxe (2, —41) = 6. 


All consecutive derivatives are identically equal to zero. By formu- 
la (2), we obtain the desired expansion 


f(x, y= 2 +3 (@— 2) + (yr 1) + @— 2)? 
(p= 2) ay a a) ep 

Example 2. Applying Taylor's formula, expand the function 
f(z, y) = y* in the neighbourhood of the point (1, 1) up to second- 
order terms inclusive. 

We have f (1, 1) = 1. Let us compute the partial derivatives 
of the first and second orders for the given function and their values 
at the point (1, 1): 


fx (z, y) = y*Iny, fe (1, 1) = 0; 
fy (2, y) = azy*", fy (4, 1) = 4; 
fx (£, y) = y* ln? y, xx (1, 1) = 0; 
fey (€, y) = y*" (xe Iny + 1), Ixy (14, 1) = 4; 
fyy (2, y) = @ (x — 1) y®, fyy (1, 1) = 0. 


31—01176 
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By formula (2), we get 
f(z, y=1+ y—1)+ @— 1) yY — 1) + o (*), 
where p = Y (x — 1)? + (y — 1)?. 


3.4. Expand f (x +h, y + &) in whole positive powers of 
h and k if f (a, a. 

3.2. Find the increment obtained by the function f (z, y) = 
= —2? -+ Qry + dy? — 6x — 2y —4 when passing from the 
values x = —2, y = 1 to the values x, = —2 +h, y, = 
=1+h&. 

Sei Applying Taylor’s formula, expand the function 
f(z, y) = 2? — 2y® + 3zy in the neighbourhood of the point 
(2, 1). 

3.4. Expand f(z +h, y | k, z+ 1) in whole positive 
powers of h, k, Ll if f(z, y, 2) = z? + 2y? + 32? 4+ zy — 
—2yz + 3x4 —y —4z2 +4 1. 

3.5. Applying Taylor’ s formula, expand the function 
f(z, y,z)=e@4+y4+2 —2 (zy + x42 + y2) in the neigh- 
bourhood of the oat (14, —4, 

3.6. Applying Maclaurin’s formula, expand the function 
f(z, y) = eY cos x up to the terms of the third order inelu- 
Sive. 

3.7. Applying Maclaurin’s formula, expand the function 
f(x, y) = sin asinh y up to the terms of the fourth order 
inclusive. 

3.8. Applying Taylor’s formula, expand the function 
f (x, y) == y/x in the neighbourhood of the point,(1, 1) up 
to the terms of the third order inclusive. 

3.9. Applying Taylor’s formula, expand the function 
f(z, y, 2) = In (zy + 27) in the neighbourhood of the point 
(14, 1, 0) up to the terms of the second order inclusive. 

3.10. Applying Taylor’s formula, expand the implicit 
function z (z, y) defined by the equation z* + 3dyz —4r = 0 
in the neighbourhood of the point (1, 1) up to the terms 
of the second order inclusive if z (41, 1) = 1. 


2. Extremum of a Function. A function u = f(P) has a= mari- 
mun. (minimum) ata point Pp» (2°, ..., «©%) if there exists a neigh- 
bourhood of the point Py such that for all of its points P (4, ..., .,) 
different from the point Py the inequality f (29) >f(P) (Py) < a 
</(P)). The generic term for the maximum and minimum is the 
extremum (or extreme value). 
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Necessary condition for an extremum. If a differentiable function 
j (P) reaches an extremum at a point Po, then at this point 


fx, (Po) = 0 for all k = 1, 2, ..., n, (3) 
or df (Py, Ax,, ..., Ax,) = 0 identically with respect to Az,, ..- 


ey ENE 

Points at which condition (3) is fulfilled are called the stationary 
points of the function u =f (P). Hence, if Py is a point of extremum 
of the function u = f (P), then either P, is a stationary point, or 
the function is not differentiable at this point. 

Sufficient conditions for an extremum. Let Po (z?, ..., 2%) be 
a stationary point of the function u = f (P), and let this function 
be twice differentiable in some neighbourhood of the point Py and 
all of its second partial derivatives be continuousat the point Po. 
Then: 

(1) if the second differential d-u (Py, Ax, ..., Ax,) as a function 


of Az. ..., Av, does not change its sign for all possible sets of 
values of Az, ..., Az,, which are not all zero, then the function 
w-: f (P) has an extremum at the point Py, namely, a maximum 
for d?u (Py, Az, ..., Az,) < O anda minimum for d?u (Py, Az,,... 
a Arn) > Q; 
(2) if d®u (Pe. Az. ..., Ar,) is a function of Ar, ..., Ax, 


with alternating signs, j.c. jt attains both negative and positive 
values, then the point Py is not a point of extremum of the function 
bee 1 (Pe): 

(3) if d@u (Py, Az, ..., Av,) > O or d®u (Po, Ax, ..., Ata) < 

<Q, and there exist such sets "of fe valcs OL Adis 255 Arn. not all 
20r0, for which the value of the second differential vanishes, then the 
function u {(P) may have an extremum al the point /’5, but it 
may have none (in this case additional investigations are needed). 

for a particular case of a function of two variables the sufficient 
conditions for an extremum may be formulated in the Jollowing way. 
Let Po (ra, Yo) be a stationary point of a function z f(r, y), this 
function being twice differentiable in some neighbourhood of the 
point Py, and all of its second partial derivatives being continuous 
at the point P,. Let us introduce the following notation: 


A = frxx (Zo. yo), B= Ixy (Tor 2 Yo), C = fyy (19, Yo), D = AC — B?. 
Then: 

(1) if D > 0, then the function z -~ / (rz, y) has an extremum al the 
point P» (ro, Yo), aa a maximum forA <0 (C < UV) anda mini- 
mum for A>O (C 0); 

(2) if D< 0, then hers is no extremum at the point Po (xo, Yq); 

(3) if D = = 6. then an additional investigation is required. 

Example 3. Investigate the function 


z= 23+ y? — dry 
for an extremum. 
First of all we find partial derivatives of the first order and form 
a system of equations of form a 


02 OZ 
Seen. & os poeta eee —— —-3 (y2—2) —0 
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or 
x — y = 0, 
y°>—z= 0. 
Solving this system, we find two stationary points: 
P, (0, 0) and P, (1, 1). 
Further, we find the partial derivatives of the second order: 


0?z ef nr he 4 


are dxdy =? OY? OU: 
We then write the discriminant D -=- AC — B? for cach station: 
point. 
For the point P, 
pce =0,. “B= ans a 
Ox® |Py . Ox Oy |P 
02z 
— = 0 ——9 0. 
aa |p , D << 


Hence, there is no extemum at the point Py. 
For the point P. 
2 2 
ee aie ey ee 
Oz OY |\Pe dy? 
D= 36—9>0, A> O. 
Consequently, at the ae P, the function has a minimum: 
pag t= dae bee ee Ae 
y 1 


az. 


Pe 


In Problems 3.11 to 3.19 find the extrema of the giv 
functions of two variables. 

3.41. 2= 27 + zy + y? — 3x — By. 

3.12. 2 = zy? 14 —x — y) («& > 0, y > 0). 

3.13. 2 = 32? — a2? 4+ dy? + 4y. 


3.14. 2=ay +24 (2>0, y>0). 
3.15.z2=—2? +y? —2|lnz —18Iny (tx > 0, y > 0). 


3.16. 2 = 22 + day? — Lox — 12y. 
5 ae 2a! ty, + dx? + y?. 
g105 8 = (2% 42) ero), 


3.19. 2=2 —//r + y*. 
In Problems 8.20 to 3.22 find the extrema of the indicat 


functions of three variables. 
3.20. u= 274+ y? + 22 —4xr + by — 2z. 
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o21. u = ry? 2? (1 —x —2y — 32) (x > 0, y > 0, 2 > 
> 0). 


3.22. u=a4+t4+4 =, 


In Problems 3.23 and 3.24 find the extrema of the func- 
tions z represented implicitly. 


3.23". 2? + y? + 22 + 44 — 2y —4z2 —7 = 0. 
3.24. 227 + 2y? + 22 + 8yz —z4+ 8 = 0. 


3. Conditional Extremum. A function u = f(P) = f(x,,-.., 2p) has 
wt conditional marimum (conditional minimum) ata point J’, (z}, ... 
..., 2%) if there exists such a neighbourhood of the point P, for 
all points P of which (P ~P,), satisfying the constraint equations 


Op (P) = Qp (%, ~~ +) Tn) =O (FK=1,2,..., my m<n), 


the inequality f (P59) > f(P) (f (Po) < f (P)) is fulfilled. 
The problem of finding a conditional extremum is reduced to 
investigating Lagrange’s function 


m 


L (x4, see, Un, An, eeey Am) =f (21, a) xn) +- Db? AnPr (21, oneg Sen); 
R-.1 


for an ordinary (unconditional) extremum; A, (fh -: 41, 2, ..., m) 
are called Lagrange’s multipliers. 

The necessary conditions for a conditional] extremuni are expressed 
by a system of n + m equations 


———— = 0 pHa hg aes, RBS Ey 
OX; (i ) (4) 


On(Py=O0. (CHeS1.. 2): snag), 
from which we can find the unknowns 
Lys 2 ey Ins My; 8 eg Aoi 


where «,, .--, t, are the coordinates at which a conditional extremum 
is possible. 

The sufficient conditions fora conditional extremum are connected 
with a study of the sign of the second differential of Lagrange’s func- 
tion d7/, (x8, ..., #9, AP, «~~, May day, .... dr,) for each system 
of values x9, ..., 29, A%, ..., Am, obtained from (4), provided 
that dz,, dv,, ..., dz, satisfy the equations 


2L 
1 OPn (22, +++, Zh) 
> Sie = 0 (k=1, 2, ...,m) (5) 


j=1 
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for dz? + dz3+ ...-+dzi,~0. Namely the function f (P) has 
2 conditional maximum at the point Py (r’, ..., 2%) if for all pos- 
sible values of dz,, ..., dry, satisfying conditions (5), which are 
not all zero, the inequality OP Ye og Eee Mur ke cite” Wns A igh 
dv,) < 0, is fulfilled, and a conditioltal minimum if under these 
conditions dL (Ear oes Pe aS. ae a Ra IO pes a ee) oN 
In case of a ‘function z= f(z, y) with constraint gy (z, y) = O 
Lagrange’s function has the form 


L (xz, y, A) = f (x, y) + A-@ (@, y). 
System (4) consists of three equations: 


OL OL 
a 7 are. p(x, y) =0. 
Let Py (19, Yo), Ao be an arbitrary solution of this system and 
; 0 @x (Po) py (Po) 
A == —|@x (Po) Lxx (Py, do) Lxy (Po, do) |. 


@y (Po) Lxy (Po, ho) Lyy (Pos Ao) 


if A < 0, then the function z — / (x, y) has a conditional maximum 
at the point Py (wg, yo); if A o> 0, then a conditional minimum. 
Example 4. Find the conditional extremum of the function z — 
=r -+ 2y for x? 4- y? = 5. 
Let us form Lagrange’ s function: 


L(t, y, A) = a + 2y 4d (2? + y? — 9). 


We have 
OL OL 
steam, A, ze 9 
ee 1--2Az, ay —2+ 2dry. 
System of equations (4) takes the form 
1+ 2Ac = 0, 
2+ 2ay = 0, 
ats oy? = 5. 
The system has two solutions: z}= —1, yy= — 2, ves tga, 
; 1 7b a2 e7L 
lie Nees se Since Wea ora ee we have 


d2L — 20 (dx? + dy?). 


{ ; sue 
For 4 = > @L> 0. Therefore the function has a conditional] 


minimum at the point P; (—1, —2) and zpin = —5. For A — = 
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d*L <Q. Therefore the function has a conditional maximum 
at the point P, (1, 2) and zmay = 5 
Or in a different way: 
Q(z, yy = w+ y—od, 
Px — 22, Py = 2y, Px (--4, —2) = —2, gy (— o —2) == —4, 
Dx = 41, Lyy -- 0, Lyy = 1 for’ = oe 


consequently, 
0 —2 —4 
A=—{— 2 4 0} == 20 > 0, 
—A4 0 1 
i.e. the function has a conditional minimum at the voint ?,; (—1, —2). 
Analogously, for the point P, (1, 
) 2 4 
A=—j2 —1 G|=- —20 <0, 
4 O —1 


i.e. P, (1, 2) is a point of conditional maximum. 


In Problems 3.25 to 3.33 find the conditional extrema 
of the given functions. 


3.20,2=2+y? —zy+a+ty —4 for r+yf+3= 
= 0. 


3.26. z= for r+y=2. 


3.27. 2 = for x24 y?= 1. 
3.28. 2 = sy” for x + 2y — 1. 
3.29. 2 = 22 + y for 2? + y*? = 1. 
3.30. amas Amma +y? + 2 = 36. 
u 
u 


B31. u =a y+ efor +e 4s = 1 


3.32. zy’2? for x + Oy a7 rs - 12 («>0, y >90, 
z => 0). ; 
3.33. u = xyz for x+y +2=4, zy 4 y2 + 2 =O. 
3.34*. Prove the inequality 
ibe a lg Fac (etude : 
5) 
ifec«>0, y>0, z> 0. 


! 


\ 
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4. The Greatest and the Least Values of a Function. If a function 
f (P) is differentiable in a bounded closed domain, then it attains 
its greatest (least) value either at a stationary point, or at a boundary 
point of the domain. 

Example 5. Find the greatest and the least values of the function 
z= 23+ y® — 3ry in the domain 

C<2=<—2,. =fay = 2. 

The given domain is a rectangle. 

(1) Find the stationary points (see Example 3): P,; (0, 0) and 
P, (1, 1). The respective values of the function at these points are 
2, = Oy ands zy =: 1. 

(2) Investigate the function on the boundaries of the given domain. 

(a) For « - 0 wehave z = y?. This function is increasing monoton- 
ically and at the end points of the interval [—1, 2] takes on the 
following values: z |y—-; = —1, 2 ly. = 8. 

(b) For x = 2 we have z =~ 8+ 7° — 6y. Find the values of this 
function at the stationary point and at the end points of the inter- 
val [—1, 2]. We have 2’ = 3y? — 6; z’ = 0 for y? = 2, or, in the 
civen domain, for y = VY 2; al, a Se Oy 2 6 V2 See 
—4Y2; 2 lyn = 13; 2 lye = 4. 

(c) For y = —1 we have z = x3 — 1+ 32 and 2’ = 3227+ 3> 0. 
The function increases monotonically from z ],—) = —1 toz,—, = 13. 

(d) For y= 2 we have z = 2? + 8 — 62; 2’ = 3x2 — 6; 2’ = 
for «= V2; z| yg 8—4 V2 tag = 8: cle SS 6 

(3) Comparing all found values of the given function, we conclude 
that zgreatest = 13 at the point (2, —1); zjeast = —1 at the points 
(4, 4) and (0, —1). 

Example 6. For what dimensions does an open rectangular bath 
of a given capacity V have the least surface area? Find this area. 

The bath has the shape of a rectangular parallelepiped. Let its 
dimensions be equal to zx, y, z. Since the volume V’ = zyz is given, 


— ~. The surface area of the bath is 


V en as ee 
SxS (x, y=2 (ee bye) +ay=2(@--y) = +ay= W (+=) 4 ay, 
The problem is reduced to finding the minimum of the function 
S (x, y) with z > 0, y > 0 (according to the sense of the problem). 
Solving the system of equations 


’ 2V 
Sx (zt, yJ=— sy +y=0, 
2V 


we find the stationary poinl zo = yo = 7 2V. Let us now check 
whether the sufficient conditions of a minimum are fulfilled: 


” 4V ” ” 4V 
Sxx (x, y= Ta Sxy (2, y)=1, Syy (z, a : 
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Consequently, 
A == Sxx (V/2V, j/2V)-=2, B= Sxy (/2V, Y 2V) =1, 
C = Syy ( 2V, f2V)=2, D=-AC—B®*=4—1>0, A>0. 


Hence, the function S(z, y) has a minimum for z—y-=:}/2V; then 
ee See ae 
— VT 4Ve 
4 4 3/5 3/55 
s m= ( —) + 5Vi— 3 3/ GV. 
min Tp! Vay Vy y 


3.00 Find the greatest value of the funclion z == « — 
— 2y + 9 in the indicated domains: 


(a)xze SO, y>0z¢1¢ty =<; 
(b)z<0,y>0, y —x=<21. 


3.06. Find the greatest and the least values of the func- 
tion z= 224+ y*? —xy —x — y in the domainzg >0, y> 
220, 2 bY =o: 

3.37. Find the greatest and the least values of the func- 
tion z = zy in the domain 2? + y? <1. 

3.38. Find the greatest and the least values of the func- 
tion z = zy? in the domain xz? + y? < 1. 

3.09. Represent the positive number a in the form of the 
product of four positive factors so that the sum of their 
inverses is the least. 

3.40. Among all rectangular parallelepipeds having the 
given sum of the lengths of its edges 12a, find the parallel- 
epiped with the greatest volume. 

3.41. Find the rectangular parallelepiped with the length 
of its diagonal d having the greatest volume. 

3.42. Inside a quadrangle find the point the sum of the 
squares of whose distances from the vertices of the quadrangle 
would be the least. 

3.43. In a hemisphere of radius R inscribe a rectangular 
parallelepiped of the greatest possible volume. 

3.44. In a right circular cone with radius of the base 
R and altitude H inscribe a rectangular parallelepiped of 
the greatest volume. 

3.45. Among all triangles with base a and angle a at the 
vertex find the triangle with the greatest area, 
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3-46*. On the ellipse 2? + 9y? = 9 find the points greatest 
and least distant from the straight line 4z + 9y = 16. 

3.47*. Given on the ellipse 2? + 4y? = 4 are two points: 
A (—V 3, 0.5) and B (1, V3/2). On the same ellipse find 
a lhird point C such that the area of the triangle ABC 
is the greatest. 

3-48. Determine the external dimensions of a closed box 
with a given wall thickness 6 and capacity 1’ so that the 
Jeast amount of material would be spent for its manufacture. 


Fig. 69. Fig. 70. 


3.49. Given in the plane aren material points P, (a,, y,), 
Py (a, Yo), ~~ +s Py (2n+ Yn) With masses equal to m,, Mg, .. 

., M,, Yespectively. At what position of point P (z, y) 
will the moment of inertia of the system about the point P 
be the least? 

3.50*. Points A and B are situated in different optical 
media separated by the plane A,6, (see Fig. 69). The ve- 
locity of light in the first medium is equal to v,, in the second 
lo vs. Making use of Fermat’s principle according to which 
a light ray travelling from one point to another follow 
a path CIMB) such that, compared with nearby paths, 
the lime required is either a minimum or a maximum or 
will remain unchanged, derive the law of refraction of 
a light ray. 

3.01. Applving Fermat’s principle, derive the law of reflec- 
Lion of a light ray from a plane in a homogeneous medium 
(see Fig. 70). 

3.o2*. If in an electric circuit having resistance A there 
{flows an clectric current J, then the amount of heat liber- 
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ated per unil time is proportional to /*R. Determine how 
should the current J be branched into currents /,, /,,..., J, 
with the aid of m conductors whose resistances are R,, Ry, ... 

., R,, respectively, to ensure the least liberation of heat. 


ret 


5. Geometrical Applications of Partial Derivatives. The tangent 
plane toa surface al its point AT (point of tangency) is the plane such 
that each line in the plane which passes through A/, is tangent to the 
surface at M,. 
The normal to a surface is defined as a straight line perpendicular 
to the tangent plane and passing through the point of tangency. 
If the equation of a surface has the form 
BAe: Yo 2) =. 0, 


then the equation of the tangent plane at a point AZy (4g, Yo. Zo} 1s 
Fx (£9, Yor 2y) (% —- 2) 7 Fy (Zor Yor 20) (Y — Yo) 


<- Fz (Lor Yor 20) (2 — 2) = 9. (9) 
The equations of the normal are: 


Ste se 2 Ak eee oe— 20 (6) 
Fx (9, Yo: 20) Fy (Zo, Yo: 20) F, (£0, Yo: 20) 
If a surface is represented explicitly 
z= f(z, y) 


then the equation of the tangent plane at a point Woy (og. 7; 29) 
has the form 
z — 29 = fx (for Yo) (© — 20) + fy (tos Yo) (y — Yo): 
and the equation of the normal: 
SE | aes a | ee as 
fx (®o, Yo) fy (®o, Yo) = 4 


Example 7. Find the equations of the tangent plane and the normal 
to the surface 


xg? + 2y? — 322 + zy + yz — 2rz 4 16 = 0 


at the point M (4, 2, 3). | 
Designating the left-hand side of the given equatton by / (7, 1, 3), 
we find the partial derivatives and their values at the point Aq: 


Fx (x, y, 2) = 2a -+ y — 2z, Fx (4, 2, 3) = —2; 
Fy (zt, ys 2) = 4y t 2-2, Pye 2 Oy 42; 
F, (t, y, 2) = —6z + y— 22, Fz (A, 2, 3) = —18. 


By formulas (5) and (6), we have 
—2 (x — 1) + 12 (y — 2) — 18 (2 — 3) = 0, 
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or 
x— 6y + 9z—16=0 


which is the equation of the tangent plane, 


zr—1 y-—2 2-3 a z—1 y—2 2—3 
—2 12 —18' 1 -—6 9 


which are the equations of the normal. 


Fig. 71. Fig. 72. Fig. 73. 


A singular point of a plane curve f (x, y) = 0 is defined as a point 
M (zo, Yo) Whose coordinates satisfy the system of three equations: 


f(t, Yo) = 0, fx (to, Yo) = 0, Fy (xo, yo) = 9. (7) 
Let conditions (7) be fulfilled, the numbers 


A =TIxx (Zo, Yo), B= fxy (Zo Yo), C = fyy (Zo Yo) 
be not all zero and A = AC — B?. Then: 

(a) if A > 0, then M is an isolated point (Fig. 741); 

(b) if A< 0, then M is a node (a double point) (Fig. 72); 

(c) if A = 0, then M is either a cusp (a cuspidal point) of the first 
kind (Fig. 73) or of the second kind (Fig. 74), or an isolated point, or 
a point of osculation (Fig. 75). 

The slope k = y’ of the tangent to a curve at a singular point 
is found from the equation 


A + 2Bk + Ch? = 


In the case of an isolated point there is no tangent at all, a node has 
two different tangents; there is one common tangent to two branches 
of a curve at a cusp or at a point of osculation. 

If A = 0, then to conclude on the type of a singular point, we 
have to study the arrangement of the points of a curve in some neigh- 
bourhood of this singular point. 

In case of a transcendental curve we may also encounter other 
types of singular points: corner points, end points. 
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Example 8 Investigate the singular points of the conchoid 
(x2 + y*) (x — a)? — Dex? = 0 (a>, b> 0). 


Denoting the left-hand member of the given equation by f (z, y); 
we find the partial derivatives and equate them to zero: 


fa (t, y) = 2a (z — a)? + 2 (2 — a) (x? + y?) — 20% = 0, 
fy (z, y) = 2y (x — a)? = 0. 


The system of equations has a unique solution: rg -: 7) — 0, j.e. the 
curve has one singular point O (0, 0). 


Fig. 74. Fig. 75. 


We then find the second derivatives: 
Fre (Ly y) = 2 ((2 — a)? 4 2x (ry — a) 4 2? + y? + zx (@ — a) — B®), 
Ixy (2, y) = 4y (2 — a), 
fuy (@, y) = 2 (x — a)? 
Evaluating them at the point O, we obtain 
= 2 (a2 — 67), B=0, C = 2a?, A= AC — B? = 4a? (a? — 52), 


If a> b, then A> 0, and O is an isolated point (Fig. 76). Ii 
a< bo, then A <0, and point O is a node (Fig. 77). If a-- 6, then 
A = 0. We find the slope of the tangent: 

b2 — a2 


73 0 


2 (a* — 67) 4-2a?k? =0, k= 


} 


that is the tangent coincides with the z-axis. 


From the equation of the curve we obtain (fora - b) y= + x 


r—-a 
x VY 2ax — x? and, consequently, the curve is symmetric about the 
z-axis (0<2r<a;a< 2 < 2a). Therefore for a = bO is a cuspidal 
point of the first kind (Fig. 78). 

The envelope of a family of plane curves is (lelined as a line (or a set 
of several lines) which touches all curves of a given family, cach of 
its points being a point of tangency. 

If a one-parameter family of curves f (z, y, a) = 0 has an enve- 
lope, then its equation can be obtained from the systein of equations 


f(z, y, @) = 0, fa (z, y, a) =0. (8) 


Eliminating the parameter o from system (8), we obtain an equation 
of the form DPD (x, y) = 0. The curve defined by this equation is called 
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a discriminant curve. This curve consists of an envelope and a set of 
singular points of a given family. | . a 

Example 9. The equation of the trajectory of a projectile launched 
from point O with initial velocity vg at an angle « to horizon (air 
resistance is neglected) is 

a2 

fa 
2vk cos? a 


y-=z tan “@— 


Taking (he angle ~ for a paraineter, find the envelope of all trajecto- 
ries of the projectile contained in one and the same vertical plane. 


Fig. 76. 
We have 
| pz* 
x O&)—=z tana—— — 
/ x gr? Sina x 
Ja (@, y, 0) = — —— sp no. | 
. cos*a@  vecos®a cos? ( v2 2 ; 
Let us write a svstem of form (8) 
4 
Rx 
your tan @——-—___ 
2v% cos? a? 
x 2x 
SPECT EEG (Ma y lan QO, 
COS" % Mp 
, : ve 
From the second equation we obtain: tana = —%& and cos? aq = 
RZ 
{ vez? 
7 > = —— —_. . Substituting i Irs ali 
foie ee ee bstituting into the first equation, we 
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find the equation of the envelope (safety parabola): 


_ th a? beh uh ga? 
y —~ ; ,or y= me 5 
g 26g 2g 205 


3.03. Find the equations of the tangent plane and the 
normal to the following surfaces at the indicated points: 

(a) z = Sin xcosy at the point (n/4, 1/4, 1/2); 

(b) z = e*©S%at the point (1, 7, 1/e). 

3-94. Find the distance from the origin to the plane 


to tangent the surface z=- y tan = at the point (=, a, a). 
3.00. Find the angles formed by the normal to the surface 


Z = arc tan al the point (1, {, =| with the coordinate 
axes. 

3.56. For the surface z = 4% — zy + y? find the equation 
of the tangent plane parallel to the plane 4% -- y | 2z |. 
+ 9 = 0. 

3.57. Find the equations of the tangent plane and the 
normal to the following surfaces at the indicated points: 


(a) x (y + 2) (czy —z) -+ 8 = 0 at the point (2, 1, 3); 

(b) 2° 4-2" - § at the point (2, 2, 1); 

(c) 22 +- 4z + x2 — O at the points of intersection with 
the z-axis. 

3.58. For the surface x? —2z* — 2x + 6y = 4 find the 


Deal 
equations of the normal parallel to the straight line = = 
y  zr4 
= 3-7. 


3.59. On the surface z? | 2y? +32? | 2xy -+- 2x2 {- 2yz = 
= 8 find the points at which the tangent planes are parallel 
to the coordinate planes. 

3.60. Show that the tangent planes to the surface x? + 
| y?/3 + 27/3 _— g?/3 intercept on the coordinate axes seg- 
ments the sum of the squares of which is constant and 
equals a’. 

3.61. Find the equations of the tangent plane and normal 
to the following surfaces represented parametrically at the 
indicated points: 
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(a) 2 == rcos@, y°=rsing, z2-=rcola at the point 
(To, Qo); 

(b)  =ucosv, y =uSinv, Zz = avat the point (Uy, V9). 

3.62*. At what angle do the cylinder x? + y? = a? and 
hyperbolic paraboloid bz = zy intersect at a common point 
(Zo, Yor Zo)? 

3.63*. Show that the following surfaces are pairwise or- 
thogonal: 


(a) 22 + y? 4+ 22 = 2ax and 2? + y? 4+ 2? = 2by; 

(b) zyz = a® and 222 = 224+ y? + f (x? — y?); 

(c) ty = az", pte ye 2? eb and 22 + Qe? = € (22 + 
+ 2y’). 


In Problems 3.64 to 3.74 investigate the given functions 
for singular points. 

3.64. 2 + y? = 2*4 y'. 

3.60. y? (a? + 2?) = 2? (a? — 2’). 3.66. 22 + y* = x8. 

3.67. y? = (z —1)*. 3.68. (y — 227)? = 2°. 

3.69. 4y? = 2° + d2t. 3.70. y*? = az*® 4+ 23. 

a1. ye = 1 —e™. 3.72. y? = 1 —e™. 

x 


dele Yo = Fe SA Ye, 


pee 


3.70. Find the envelope of the family of straight lines 
y=ar-+ a’. 

3.76. Find the envelope of the family of straight lines 
xcosa + ysina =p (p constant, p > 0). 

3.77. Find the envelope of the family of circles 2? - 
+ (y —C)* = R? (R constant). 

3.78. Find the envelope of the family of parabolas y? = 
= 2px + p*. 

3.79. Find the envelope of the family of parabolas y — 
= 8a? + 2ax — 2’. 


3.80. Find the envelope of the family of ellipses a -{. 


+ — 4 (l constant). 


3.81. Find the envelope of the family of circles passing 
through the origin and having centre on the parabola y? = 
== AGL, 
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3.82. Investigate the character of the discriminant curves 
of the family of the following lines (C variable parameter): 

(a) cubical parabolas y —1 = (4 —C)?; 

(b) semicubical parabolas (y —C)* = (« —C)?; 

(c) Nail’s parabolas (y — 1)? = (x —C)?; 

(d) strophoids (a — x) (y —C)? = 2? (a -+- x). 


SEC. 7.4. 
APPROXIMATE NUMBERS AND OPERATIONS ON THEM 


1. Absolute and Relative Errors. Letthe number a be an approz- 


imation to the number A. For instance, A = Y3 and a= 1.7. 
For a >A the number a is said to be an approximation with excess, 
and for a < A—an approvimation with deficit. Thus, the number 1.73 
is an approximation to Y 3 with deficit, while the number 1.74 is an 
approximation to this number with excess. The absolute error (or, 
simply, error) of an approximation (an approximate number) « is 
defined by the equality 


A=|a—A |. 

Since in most cases the exact number A is unknown, the absolute 
error A is also unknown, but we may be given the upper bound of the 
absolute error. The least of the upper bounds A, of the absolute error 
is called the limiting absolute error. For practical purposes, one of the 


upper bounds is often taken for the limiting absolute error. The fol- 
lowing inclusion takes place: 


A€|la— Ay, a+ Aa], 


which is customarily written in the form A = a + A,,. For instance, 
V3 == 1.7321 + 0.0001. 
The relative error of the number a is defined by the equality 


ae 


a 


The limiting relative error is defined in a similar way: 


A 
Sa=—. 
For instance, for A= VY 3 and a=1.7321 
0.0001 
a= 707304 = 0 00006. 


The significant digits of a decimal number are all nonzero digits. 
A zero is regarded to be a significant digit if it is found between sig- 
nificant digits or stands after all significant digits. 


32—01176 
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Dropping decimals after a certain significant digit is called round- 
ing off of a number. When rounding off a number the following rules 
should be observed: 

(4) if the first digit dropped is less than 5, then the preceding 
digit is not changed; 

(2) if the first digit dropped is greater than 5, then the preceding 
digit is increased by 1; 

(3) if the first digit dropped is 5 and some succeeding digit is 
not zero, then the preceding digit is increased by 1; 

(4) if the first digit dropped is 5, and all succeeding digits are 
zero, then the preceding digit is increased by 1 if it is odd, and is left 
unchanged if it is even. 

If the absolute error of an approximate number a does not exceed 
unity of the decimal place expressed by the nth significant digit 
in the decimal notation of this number, then a is said to be a number 
having n correct digits in a broad sense, and if the absolute error does 
not exceed half the unity of the above mentioned decimal place, then 
the approximate number a is said to be a number having n correct 
digits in a narrow sense. For the limiting relative error 5, the following 
inequalities are valid 


4 4 ~~ 4 4 n-l 
ba< (iq) amd ba< ae (55) 
in the first and in the second cases, respectively; in both inequalities k 


denotes the first significant digit of the number a. Conversely, if the 
limiting relative error satisfies the inequality 


1 4 
8a Set) 10 


then the corresponding approximate number a with the first signifi- 
cant digit k has n correct digits in a narrow sense. 


4.1. Find the limiting absolute and relative errors of the 
following approximate numbers obtained in measurements: 

(a) 23.015 kg; (b) 84.5 em; (c) 25°19’. 

4.2. The result obtained in measuring the length of a path 
is 20.2 km to within 2 m, and the result of measuring an 
area (air photography) is 1500 m? with an accuracy to 
30 m*. Compute the limiting absolute and the limiting 
relative errors of both results. 

4.3. The length of a 10-km section of a highway was 
measured wilh an error of 10 m, and the diameter of a nut 
equal to 4 cm was measured with an error of 1 mm. Which 
of these two measurements is more accurate? 

4.4. What are the limiting absolute and relative errors 
of the numbers obtained as a result of rounding off: 

(a) 36.1; (b) 0.08. 
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A.d. Round off the number 29.15 aud 3.25 lo the first 
decimal. 

4.6. Round off the number 5.5726 to thousandths, to 
hundredths, and to tenths. Find the absolute and relative 
errors of each of these roundings off. 

4.7. Round off the numbers 0.02025, 1876672, and 599983 
to three significant digits. 

4.8. Determine the number of correct digifs in a narrow 
sense and write appropriately the following approximate 
numbers: 


(a) 413287.51 for an accuracy of 1%; 
(b) 0.0794 for an accuracy of 2%. 


4.9. With how many digits should the number V 21 be 
Laken so that the limiting relative error would not excecd 
1%? 

4.10. With how many digits should the numbers In 40 
and arc tan 2 be taken so that their limiting relative error 
would not exceed 0.1%? 


2. Operations on Approximate Numbers. Let u = f(z,, t,, .. 
.-, tp) bea differentiable function in a considered demain. hoa the 
limiting absolute error A, of a value of the function is determined 
by the relation 


of 


OZR |  ~k 


: (4) 


where Az, are the limiting absolute crrors of the values of the approp- 
riate arguments. For the limiting relative error the following equal- 
ity takes place 


(2) 


Xp * 


Example 1. Find the limiting absolule and relative errors of the 
volume of a cone of radius r and altitude # if r — 15 + 0.02 cm, 
-- 19.1 + 0.05 cm and nx = 3.14 


We have v = anrth — = 4498.1 cm3. Taking into account that 


r= 15, h= 194, n= 3.14, A, = 0.02, A, =0.05 and Ay = 
4 Ov 


‘) 
— (),( 5 i ove} 2h, — Fe — = =: 599, i ] 
016, we find aa rh 1432.5, ce 5 ttrh => 599.74 anc 


32* 
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So ser - 235.5. Applying formula (1), we obtain the limiting 
od) 


absolute error 
Ov 


eUa= os . 3 
An= | An = 26.06 cm 


Ov 
Ar-+ ah 


Ov 
ee en 
nt |= 


The limiting relative error can be determined from the equality 


§ 26.4 
°"~ 4498 
Thus, v = 4498 + 26.1 cm’. 


= 0.006. 


Prove the following statements. 

4.11*. The limiting absolute error of a sum is equal 
to the sum of the limiting absolute errors of its terms. 

4.12*. The limiting relative error of a product is equal 
to the sum of the limiting relative errors of its factors. 

4.13*. The limiting relative error of the nth power is 
n times the limiting relative error of the base. 

4.14*. The limiting relative error of a quotient is equal 
to the sum of the limiting relative errors of the dividend 
and divisor. 

4.15*. The limiting absolute error A,, of the product 
uv satisfies the relation A, = A,v + A,u. 

In Problems 4.16. to 4.25 perform the indicated operations 
on the approximate numbers in which all the decimals are 
correct in a narrow Sense. 


4.16. 130.6 + 0.255 4- 1.15224 + 41.84 + 11.8216. 
4.17. 17.83 -+- 1.07 + 41.1-10%. 4.18. 153.21 — 81.329. 
4.19. 64.32 — 61.31. 4.20. 35.2-1.748. 

4.21. 65.3-78.5. 4.22. 7.6: 2.314. 4.23. 170: 5. 


4.24. 40.5%. 4.25. V 54.71. 


4.26. 12 cm is the result obtained in measuring the radius 
of a circle with an accuracy to 0.5 cm. Find the absolute 
and relative errors of the area of the circle. 

4.27. Determine the absolute error of the common log- 
arithin of an approximate positive number x computed with 
the relative error 6. 

4.28. With what limiting absolute error should the sides 
of a rectangle a ~ 4 m and b ~% 5 m be measured so that 
its area S could be calculated within 0.4 m?? 
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We have: S = ab and AS = 0.1. Assuming that formula (ft) 
consists of equal terms, we get 


du __ Ay h hes Au 
az; | Sx; n° whence x, : Ai 
OX; 


(the principle of equal contributions). Therefore computing the partial 


derivatives — = 6 = 5 and a a = 4, we find that 
Oa Ob 


ese S| ee ee = 0.0425. 


Distributing the number 0.1 in the formula for A, between the two 
terins not in equal parts, but somehow else, we shal! obtain other 
values for A, and Ay, which, nevertheless, ensure the same limiting 
absolute error. 


4.29. With what absolute error should the side z of 
a square be measured to determine the area of this square 
with an accuracy to 0.001 m’? if2m<2< 3 m? 

4.30. Compute the density of aluminium if an aluminium 
cylinder of diameter 2 cm and altitude 11 cm has a mass 
93.4 g. The relative error of the measurement of the lengths 
is equal to 0.01 and the relative error of determining thie 
mass is 0.001. 

4.31. With what accuracy should the radius of the base 
R and the height HW of a cylindrical tin be computed to 
determine its capacity with an accuracy to 1%? 

4.32. With what accuracy should the approximate value 
of an angle x ~ 25” be Laken to find the value of sin z with 
four correct digits in a narrow sense? 

4.33. How many correct digits in a broad sense should 
the value of the argument x ~ 2 be taken with to obtain 
the value of the function y = e* to within 0.001? 

4.34. With how many correct digits must the constant 
term of the equation x? — 2x 4. log 2 0 be known to 
obtain the roots of this equation with four correct digits 
in a narrow sense? . 

4.35. It is required to measure to an accuracy of 1% 
the area of the lateral surface of the frustum of a cone the 
radii of the bases of which are ~2 m and w1 m, and the 
generatrix wo m. With what accuracy must the radii 
and generatrix be measured and how many digits must the 
number m be taken with to ensure the required accuracy? 


r 
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Answers 


{.4. S$ — VP (p — 2) (p — y) @ Fy = Pd; Oat ep, 0 oy 


S2 reas Soe 
2 pay Ss p12. = Sap VEN HOSS CSS 
= ity al SET 44. 22 + yPe R15. 22-4 


fey? SS Re. 41.6. 22 -- 7? =< RAT. 2 oy SS RAS. ee yy. 
19 —ter+y<cl. 1.10. r+ yx. th caer? + y? < Qe. 
Tt 


1.12. Strips —— + 2kn < z <-> + 2km (k is integer). 1.13. 0< 


<zty<i1for0O<a<il, 22+ y2?>1 for a>1. 1.14. Two 
obtuse vertical angles formed by the straight lines y = Oand y = —2x, 
including the boundary without the common vertex (0, OQ). 
1.15.4 < wet y2 <9. 1.16. A curvilinear triangle formed by the 
straight line y= 2and parabolas y? = +x excluding the vertex (0, 9). 
1.17. 0< ge <n. ft. ae A pay of plane contained between the rays 


g=— — and =>, = and Q= on 1.19. 227+ y?+2?>R?. 
1.20. ie 2 ie 1.21. eae, 1.22. An 
n-dimensional oe. —1<72r, a (k= E Dy ee. ay De “held. DU 


aie 


2 
n-dimensional ellipsoid arr 1.24. / (2,41) = 


f(a, —a) -= 4, 1.25. : (—3, 4) = — 94 203 F(A, oe f (x, i) 
1.26. V 142 {+-22. 1.27. f (x) = 2? — a; z= 2y-+ (rt — y)?. 1.28. atten, 
a2 ee ape ener = 
Denote u=2z-+y, v= a Then oes BE y To’ f (u, v) 
ta uv? su (1—v) 
Heo? (iv? kv 
for wu and v. 1.29. (a) x} — 2x27? + 24; (b) 4x2y?. 1.31. (a) en 22° 
(b) cos (cz? — y?). 4.32. —6. 1.33. 1. 1.34. 0. 1.35. e. 1.36. 


1:37. line? = = along thestraight line y kz; limz =3 fork = 4/3; 
x > 5 


. It remains to substitute x and y 


lim Ee 2 fork = 3/2: limz = 1 fork = 2; limz = —2 fork = 1/2. 
1.40. No limit. 1.4!. No limit. 4.42. Aint. Consider the variation of z 
and y along the parabola y -= 2%. 1.44. (1, —1). 1.45. (m, n), where 
m, n€ %. 1.46. The lines of discontinuity are straight lines z = kn 
and y = mm, where k, m € &%.. 1.47. The line of discontinuity is a circle: 
x2 + y? == 4. 1.48. The lines of discontinuity are a straight line 
g—-+y=2 0 anda parabola y? -— xz. 1.49. The lines of discontinuity 
are a circle a®-+ y?- 1 and a hyperbola 7? -- yy? 4. 4.50. The 
surfaces of discontinuity are the coordinale planes x - ~~ peg: 


z= 0. 1,51. The surface of discontinuity is an ellipsoid: Z a8 4- 
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22 
Pas = 1. 1.52. The surface of discontinuity is a cone: 2? -+ y? — 


~- 2 = = 0. 1. 53. The surface of discontinuity is a hyperboloid of one 
sheet: 2? + 1? — z* = —1. 1.54. The surface of discontinuity is 
a hyperboloid of two sheets 2? + y? — 22 = —+4, 


1.59. is == 523 — 1527 y3 E2644 853 2 _ 991330 xy 
“Ox "Oy "Ox? , 


02z 2..9 022 Oz y 02 
— = — = 20y3 —30r3y. 1.56. —=y—S pane 
Ox Oy 45x y", dy? 2 y 30z y 6 Dx y 7’ ay i 
1 672 2y 62 4 0°z 02 y3 
Sa ee See ig ee ee 
alg x’ Oz? 2x3 Ox dy 2 OY" Be 0x (g2 4. y2)°/? , 
Cr ro aez 3xy Gz 322y? Cy 
dy (gt y28/?? ox (22 4-y2)?/?' dx dy (a2 y2y?/*? Oy? 
3x3 a dz 62z 
— "7 __. 158s =(1—azy) e~ *¥, —— = —r?e*Y, age 
(x2 + y2)°/ OX Oy x 
0°2 0%z 02 
= y (4y — 2) e7*Y a —9?) e- -- g8e"XN, 1.59, — = 
y (Ly — 2) em *Y, co 2) e-xy | ay ze 1.59 — 
__ cos y? 02 2y sin y? dz 2 cosy? 
=~ cn oat a 
2 in y2 2 ny? 2 2 
OP ee SU CIN OF PU NOON egg OF ela, 
O% Oy i Oy? x OX 
Oz 02z 022 022 
—_—— —— x-1 — yx 2 — x-1 In 4 _—— =< 
ay Ox® be Seog yr), Fa 
22 Oz 2y 022 


OZ 
Pane x-2 a hfe aS OO le > — 


22?) oe _ ty i a Wy ee ac 
"@ FPP? aay YP? Gy TR ae 
_ysgnz oz |x| az 2 |zly 022 _(y?—2*) sgn zx 
ay? dy a? + y?? gat (x*- y®)?” da dy (x? -y?)? 
922 _ 2iely 1.63 ou z Oru 
Oy? — (a? + y?)?° fou: EY (x2 Ly? + 22)9/?? Ox? 
ee Oe, OE ae er al 
5/2” ax ay 2 1 7229/2 * — gehap! 
(a2 yay Oe Oy (a2 + y?-+29) 
au 2 a Ou L)? int vu £{z |-4) (4)’ 
oy me ; Oz -(4 aa Ox? x? coo ed 
Pui 2(s—i) / y \? Cu ( £)* ine 07u = 
ye iy? a ae 22 gk p>? Ox Oy 
=2 (4+), ile =—+(+) (142m +} 
xy x OX O02 x x x ’ 
Oru 1 y a( dus, du 
S| — 1.65. —=—y?t!+3, — 
dyds (=) pes ae er ae ay 
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oP Ozu 
— 2ry23tt — 4, SE = B1y 2st $2, = Any? 2313 — 1, me — _:0, at 
oF 2 2u 2 
= 2a2°t*. oe 62ry2zt}, Se = ley, fo == 2yz3t4, 2 = — 
07u 02u 07u O7u 
ee eek — 4,223 43 = 2fh 343 as 
Oy722t eer = 4722313, Al 6zy22th, Dy ai 8xryz3t3, eary 


~ 12cy222t3, 1.66. ff (3, 2)=56, fy (3, 2)=—42, fey (3, 2) = 36 
Fey (3, 2)=31, fy (3, 2)=6, 1.67. f£(1, 2)—e (2e'—1), fi), 2)= 
=4ed, frx(1, 2)=e (6et—1), fey (1, 2)=8e5, fy (1, 2) == 180% 
1.70. fre (0, )=0, f%ey , 1)=2, fyy 0, =O, ffyy (O, 1)=0° 


O4u 6 48 (x—&)? (y—n)? ae 
1.71. ox Oy O& aN —_—=— — pt + 78 ; where [Re 
ee ee eeeY O8u 
= — F)2 —2 2 eae me . 
V (cx—£)P?+(y—n)?. 1.72. 923 Oy? 6 (cos z-!-cos y) 
1785 a igh P78. eee FRR 0 OK 0.0) 0s a: 


Check to see that the function is equal to zero at all the points of the 
t- and y-axes, and make use of the definition of partial derivatives. 
1.86. Hint. Using the differentiation rules and the definition of the partial 


2 y? 
derivative, check to see that fi. (, y)=y (Sar 5 wr 


for 2? + y? #0, fox (0, 0) = 0, and, consequently, fx (0, y) = 


Hence, {sy (0 ; vy) == fxy (0, 0) = --1. Analogously, we find that a ‘ 
x (0, 0) == 4. 1.87. Az = 0.33, dz = 0.3. 1.88. Az = 0.0187, dz = 


ile O174, 
x dx dy 


189. de = a et 1 
V2+ RP yYtVeP+y) VP+ 
y 


=———7 (24 dy — y dz). 1.91. dz tan % (2dy—y dz). 
x? cos? - . 
x 


1.92. du=(zy)?(—de+— dy -+ In (zy) dz } 1.93. df==(x,—a5) zp? “9 ly 


x Inia, dxy + 2727 "9 In xy In zy deg — 2f27** In ay In zy dag + 


ghee Gea icles A cere 1.95. 8.29, 
4 


1.94. df (1, 2, )= 55 


1.96. 2.95. 1.97. 0.227. 1.98. 8.2 m3. 1.99. Reduced by 1.57 
cm. 1.100. Increased by 617.5 cm*®. 1.104. dz == 3x (x + 2y) x 
x dx +3 (22 -- y?) dy, d?z  O((r-{- y) dr? -|- 2x dx dy -- y dy?). 


1.102. dz— (a dy—y dr) (=+—), 2.2 (Sar+ (G——)x 
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dx dy—— ay? ) (08s: dice apes 
y V x2 zy 
— yy? dx? + 2ry dx dy —x?* dy? 1.104. de x2 dy—sxry dx 
ss 2. 3/2 ; St re 21,2\3/2” 
(x? + 2zy) (z?-+ y®) 
Oa (y (222 — y?) dz? 4- 2x (2y2 — x?) dx dy— 3x7y dy”). 


1.105. dz = e®¥ ((y2+ zy + 1) dx + (22+ ay-+1)dy), dz = 
= etl (y (y? + ay + 2) dz? + 2 (2+ y) (cy +2) de dy +a (22+ 


+ ay + 2) dy?). 1.106. dz = (in £—1)a24 = iGe= = pas 
2 x 
+- ; x dy 72 dy 1.407. dz 5a Day Ly (y dx x dy) 
4 
fey Ss : 2). 2 (y2 — 222) de dy —— 
popes ee ee x”) dx dy 


--- 2x (x -+ y) dy*). 1.108. du — (y + 2) dx + (2 -+- x) dy + (x +-- y)X 
x dz, d*u = 2 (dx dy + dy dz -+ dzdz). 1.109. du = e*¥2 (yz dx + 
-+ zi dy -+ xy dz), d2u= eX¥2 ((yz dx-}+- zx dy + sry dz)? +- 2 (2 dx dy-- 
+- x dy dz + y dz dz)). 1.110. dz = e¥ (—cos z da® — 3sin x dx® dy +- 


+ 3 cos x dx dy? + sin x dy’). Sera Cu = 6 (dz? + dy? +- dz? — 
“advan (Ale: Ghee ee as, daw 


(z-+y+2)° 
c= eaxtbytcz (q dx + b dy + c dz)™, 
2.4. os = e2%-8Y (2 seo? t—3)(2t — 4)). 2.2. Sew (S4in veost), 


dt 

. a2 2c! (x—y) dus x (z | Qyt?) — ystet 02 
2; SSS SSS A. Se a a ee eS 23 ee 

: dt xy? ° a dt tx? bee Ox 

enn, O™ dz eX + e¥ (x? +-1) 2.6 Oz y 
eX tet? dr ext eV ; en ya? | 
dz yy ({—2 (z+ 1)?) Ux | 02 
ee A es 


=A ( any ar) , 2.8, dz==((2uv — v?) sin y -- (u? — 2uv) y sin x) dx + 


-+ ad £ COS Y . (u2 — oe cosz)dy. 2.9. Soe == Defi (4, . — 


er os fi (4, v), = or fu (u, vp) — f, (uv, v). Zs 10. a= 
PX Oz , Z , 
3 ye vat (u, v) + yf (u, v), FY iia 1 (u, v) — 72 oa fault, v). 


244, dz= (52'fv(u, v)—yfi (uw, v) sin (zy) dz—(xsin (zy) fi, (u,v) + 


Te es 1 Wes 
7 (cos fi, v) | -_ / t x 


-| Vit (u, v)) dy. 2.12. dz 


x fo (u, ~)) (y (dx —z dy). 
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2.13. du = (2sfx (z, y, 2) -+ 2Qsfy (2, y, 2) + t2fz (x, y, 2)) ds + 
b+ (fs (aes yy 2) — 2th (ey a, 2) + Qsth (x, ys 2)) dt. 2.14, ae = 


x (x1, Lo, Lay X4) icy (7; Zo; Lg) + hes (21, Lo, 3) a (x1, Zo)), 
Ou ; 
az, = Pies (24, Lo, 2X3, 4) ae ee (x1, Lo; Xg, X4) Exo (x1; Lo) + te: x 


X (xy, Lg, Fg, 74) (i, (41, Zo, Zz) + Ne es Tj, 2X3) Bas (xy, Xp)). 


2.19, OE yf (uy o)-b245 a oe 
’ . ax? = YrJuu (t aU -|- fur (u, v) ae a vlu, Vv ax ay — 
ae zx ‘u” 7 O22 ” 

=ryfuu (", a (u, v)-t-fu (u, fe (u, v), ays * 
Y 222 on 99 
xX (u, ¥) — a fue (u, aE ere ae (u, v) cee 3 fo (u, v). 0. i a 

se “ / um f f Ou u ” ” 
= fry + frePy + fy2Qx + frePx y+ fePxy. 2.24. Far = fir y?foe oi 


4 7 ww” ww 02u Ld 7 id 

+ y?2?f35 + 2y fie -+ 2y2f is + 2y*2fho5, dy? = 2 foo + 2u*2fog + x2" f 55, 
0*u ” du ” ” a ” ” 
azz = ry" f55, Be oy eta t tHE ist thie t 22fis + ey etes + fet ahs, 

02u 2 O2u 2 ” 2 ” { ‘x 
Pera ay = ry fis + cy? fog + ry*2fss -+ yf, dy 02 =r wy fos + x7 y2hg3-1- 2h 
2.24. dew = af" (t)- eae dy +2 dz) +. 2f’ (t)-(dz® + dy? -+ 
+ d2*), 2.25. d2u = a? fi, dx? + b/3, dy? + cfg, dz? + 2ab fy, dx dy -+ 
+ 2ae fis dr dz se 2be fo4 dy'az.-2. 26. dz = (sin? y- ff,,— 2y sin xz X 
X sin y+ fi, -- y? sin? x ff, — y cos x-fi) dx? + (x sin 2y-f7,, + 2 &X 
X (sin y cos x — zy sin z cos y) f%,, — y sin 2z- fr, + 2 (cos y-fi, 
— sin x-f,{)) dz dy + (xz? cos? y- fi, + 2x cos z cos y-f7,, + cos* xz X 
X fry — z sin y- fi) dy?. 


dy = -y®e®™*—xe2y dy  ycosz+sin(zr—y) 
ee dx r%e®Y¥-— ye2x * eee dx sin(z—y)—singz * 

dy  ety—-1 Py 4(et+y) dy  1-+y? 
Gay de xyry+ti ’ dz?” (x+y-+ 1)? ° ae de 0ye 
d’y 2 (4-F y?) dy - 
ae 73 . 2a, a eae 

U1 

d@y _ 4 d?y 1 Oz | 
dr? eg Ss “39 “d23 pasty aie oe 2.32. ae ti dy > ) ° 

y= 1 y= 


* In the answers to Problems 2.21 and 2.25 f; and fj; denote the 


partial derivatives of the function f (@, (x, y, 2), > (rz, Y, 2), 
Qs (z, y, z)) with respect to the variables ; or p; and pj. 
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02 ——-yz (x-+- z) — 23 OZ xz (r-+2) dz 
aos: Se Longe Pa? “Oy Play eta 28 = 
Fu, +22, (u, v) an Fi (u, ) + 2y PA (u, ») 

Fi (u, v--22F7 (a, vy? dy Fi (a, Pei (u, 0)’ 
where u=2-+-y+2, v=2?-+ y?2+-2?, 
pm 10 a ze%2f_(u, v) (OZ 2fx, (uw, v) 

SO Ot fy (uy v) + e*2f) (u,v) Oy yf, (u, Y) Face®2/7(u, v) 
Te a _ ez, 1 ey 
where w=yz, v=e 2.00; dZ== FA ,. Dodds G22 
y* (z-|- 3c?) dx | (3y! 4- ze2/¥) dy 2.38 OZ 2—2 OZ 
= y (e27/Y¥ — zy) . Ow ed AA? ay 
__2y Oe ty (e—2) 2.39 i a i a 
~  4--2 *) Oe Oy (14-2)? 5 a? x Gy By? 
aes fot y-t2 Pace ct 2 2 2 
dy 3 dz 9 d7y 3 az 
_ (72 -— a2) dy2 has epee = BO ata key,, | ees 
a (2 a ) dy ). 2.44. Ae =s 5) ’ Ae: ae ’ dx 8 ’ dx? 
o Ax : 4 
=e " >. = oo = 2 == aries 
is 2.43. dy Bi dz, ‘dz = dx, dy = ye (4r*-+ dy?) X 


< dx*, d*z= 522— 22) dz®. 2.46. du= (y—u) dx-+(y —v) dy 


1 
De | =. aes — r—y : 


(x— u) dx-+-(x— v) dy es ae 2 , 
dv — ae , a@v= —d*u = Gaye ((y u) dx? + 
l-(y—v _w—x)dxdy |+(v—x) dy"). 2.48. eee em 
a Ox Oy 
=uv?—uv. 2.49. = cos u coth v, ee sin u coth v. 
Ox oy b 
2.50. dz :e-4((vcosu—usinv) dr+(ucosv-| vsinv) dy). 2.51. dz= 
3 d?y ; » ay 
= —duv dz + > (us v) dy. 2.02. We y 20. 2.93; aye Lip 0 
d?z a x if ke Sg Ou 
—WV. t —_ 5 = 
2.94 ays + 72 0. 2,55. r a0 2.06. w=r ap 
: 02 02 s 02 022 d2u 1 o7u 
Bet yn egg a a gage ae ta ap? 
1 du ; _ Fu 1 Ou 1 =u 2 Ou 
Te Or BO ae or aoe T pe sin® a0 Tp “apt 
cotO du Ow 02 02w 
——__— —— 6 =e 2.02; =A), 2.03. a3 
a 02 00 go Ov : Ou? ar t Ou dv 
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3.4. f(a +h, YR) aye eau yh ele or a 
3.2. Af (a, y) = —h? +- 2hk + 3k?. 3.3. Ske Pores er 
-+- 6 (x — 2)? ee ee Ae (a2) = (y= 
— 1). 3.4. f(z +h po De 
+k (2 + 4y — 22 —4) +1 en a oy es 
7 2, 8 fe) = 8 — BY 1) + AG 2) 4 fe — 1 
+y+1?+ @—2 Bs 2 (Ee A) AY Sp Ay 2 eA) ei 2) 


—2y +1) th iin N=1+y ts W440 
— 3x7) -- o (9%), where p = V 22 + y?. 3.7. f(a, y) = zy + aX 
X (ry® — 23y) + 0 (p!), where p= Va? -+ y®, 3.8. f (x,y ) == 1 ~ 


=e = A) — ee 1s (ey) — z~ 1) + 
a ae a ae ee a a 
3.9. f (x,y, 2) = (@— 1) + (y— 1)—F @ — Py ee Age 


4-0 (p2), where p = Ver Pore 3.10. 224+ 
+2 @— 1-5 U-)- S@—--— | GMP +0 


ae > VLD oa | ieee 3:11.. 2y3, = —9 for 2— 0; 
i 3. Sl 2. Sina 1/64 for z = 4/4, y = V2. BAe ein = 413 
for x -= 0, y = —2/3. No extremum at the stalionary point (2, —2/3). 
3.14. tmin = 30 for c=09, y= 2. 3.15. 2min = 10 — 18 In 38 for 
zr=1, y= 3. 3.16. 2min = —28 for ce = 2, y= 15 2max = 28 for 
r=—2, y= —t. No extrema at the stationary points (1, 2), 
(—14, 2): 3.17. Zmin = Oforz = y=0. Noextrema at the stationary 
points (—-5/3, 0), (1, 4), (14, —4). 3.18. zmin = Oforz = y — 03 2inax -- 
=2e forr= +1, y=0. Noextremaat the stationary points (0, +1). 
3.19. Zax = 2forz = y = 0.3.20. umin = —14for2z2 = 2, y= —3, 
ee aes 7 I Umax, = th? lot 2 A Be. Gay Se 
fore = 2h), = 24/2, 2 29) *. 3.5 23. The equation defines two func- 
tions one of which has a panera Gaus > 6) lor G02. 1, 
the other a minimum (2,,in = —2) for z = —2, y = 1; at the Soins 
of the circle (xz + 2)? te (y — 1)? = 16 either of these functions has 
a boundary extremum z == 2. Hint. The indicated functions are defined 
explicitly by the aquality z=2+4 V416 — (z + 2)? (y — 1)? 
only inside the circle (x + 2)? + G — 4)? = 16 and its circumference 
at whose points both functions attain the value z = 2. This value is 
the least for one function and the greatest for the other. 3.24. The equa- 
os defines two functions one of which has a minimum (2,)jn == 4) for 


== 0, y = —2 and the other a maximum (Zax = —8/7) for « = OQ, 
ie = 16/7, 3.25, Zmin = —19/4 for «= y = —3/2. 3.26. zmin = 2 
10P ey 1; ra Zmin = —1 —2 V2 forxz= —4/VY2, y= 
— 14/2; Zmax = 1 -~ 2 V2 for «: ee Aa V2: 
3,28, Zen UOT aie ye aps Oe ees Ay 2 os Pe ye Tas 
3.20.2. ci = aa5 forz —2/ V5, par 2A V5: ie == V5 fors = 
= = 25, y = 1/ V5. 3.30. Umin = —18 for 2 = —4, y = —2,2 = 4) 


Umax = 18 fore = 4, y = 2,2 = —4. 3.31. unin = 4 fora = y = 0, 
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z 25 tony = TOtor & te4.y he Usp fore gee Vay fe 
no extremum. 3.32. Ujay 28 + x yo 2 = 2. 3.33. Uyay = 2 al 
points (2, 4, 1), ae 2, “4), (t, DE eae Se OUT AL paints (2/3, 


573, 5/3), (5/3, 2/3, By: (13, we 2/3). 3.34. Hint. Look for a mini- 
mum of the arenes w=: (23 + ro cr 2)/3 for x--Fy-z=s. 
3.35. (a) Zoreatest = 6 for z = 1, y = 0; (b) Zgreatest = 9 forz = y = 
= 0. 3.36. "greatest — for x= 3, y= 0 and for c=0, y= 3; 
Zleast <= 1 for -= y = 1.3.37. zereatest = 1/2 forzr — y = Vo: 
Zleast ~: —1/2 fore + —y = 41/2. 3.38. zgreatest — 2/(3 ¥3) fot 
a= 1/V3, y= + V2/3; Zleast | | 213 V3) forz = —1/Y3,y= 
= + 2/3. 3.39. a — jay a-ya-ya. 3.40. A cube with edge of 
length a. 3.41. A cube with edge of length d/ V 3. 3.42. The coordinates 
of the desired point are equal to the arithmetic means of the coordi- 
nates of the vertices. 3.43. The lengths of the sides of the inscribed 


parallelepiped: 2R/V3, 2R/Y3, R/Y3. 3.44. The lengths of the 
ae poe 3.45.An 


IOS Ike triangle with the lateral side oe sin a/2). 3.46. (—12/5, 
- 3/5), (12/5, 3/5). Hint. Replace the sufficient conditions for an 
V3—-1 1473 
V2 2Y2 
Hint. Take advantage of the expression of the area of a triangle in 
terms of the coordinates of its vertices. 


Aes epee VIO6: 390. ee ae 
m,4-mye-|-...-- mp 
mMiYs + Moo .+- 7 Mnyn 3.50 sin a ae 
m,+ Me+...+Mn ; toc sin B Ug. < 
Ifint. Obviously, the point M at which the light ray passes from one 
a 


COS a 


sides of the inscribed parallelepiped: 


extremum by geometrical considerations. 3.47. c{ 


yo 


medium to the other must lie between A, and B,, and AM = 


BM = mat A,iM =atana, ByM=btanfB. The duration of 
b 


. ‘ a 
motion of the ray is equal to ———— + ———, 
v,COS& ~ vy, cos 


? 


. The problem is 


reduced to finding (he minimum of the function f{ (a, B) — ees a 
V1 COS & 


-++ ————- on the condition that a tana + btan$® — c. 3.51. a — B. 
Vs cos B 
{ 1 


See Peles os & 2 eee ae . Hint. Find the mini- 
i 


mum of the function I ay ig dy Sd ald haa & <4 
+ InR, for tit .«. aoe a =— J. 


3.53. (a) e—-y—224-1=0, ———— =——* =—_* : (b) 2 t-ez— 
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z 
yy 2ct yen "ee 4, na : 
2 =), 4 —- () — e e 3: 4. » V6 e 3.99. 
ee ne cos y= — = 3.96. 4% + y + 22 
Vo’ 7a Vo ees 


x—2 y—-1 ‘2-3 


Cosa — 


—78=(). 3.57. (a) 2a4-7y —524-4=0, ee ;.(b) « +y— 
Bag eee aes es 

‘z= (), r r —z i ©) 2 0, >: oT (at point 
(0, 0, 0)); z= —A, see An (at pvint (0, 0, —4)). 

0 O 1 
ee 

. ie ae 3 24-4 

3.98. cana ea 


3.59. At points (0, +2 Y2, =2 Y2) the tangent planes are 
parallel to the ry-plane, at the points (4-2, 4-4, +2)—to the rz- 
plane, at the points (+4, --2, 0)—to the yc-plane. 

3.61. (a) rcos G4 y Sin @—z tan « =0, oO se FO he 


COS Po SIN Qo 
== ———_————- ; (b az SIN V~a— Ay COS Vag UnZ = AU? —— = 
tia. (b) 0 y ot Uo 00) “Ga sin vy 
_ Y—Up SIN _—«Z— AV 3.62 = 262 
= ea ee e ° cos § = —_ . 
—4COS Uo Up A Va+te 


ITint. The angle between two surfaces at the point of their intersection 
is defined as the angle between the tangent planes drawn to these 
surfaces at a given point. 3.63. Hint. Surfaces are said to be orthogonal 
if they intersect at right angles at each point of the line of their inter- 
section. 3.64. An isolated point (0, 0). 3.65. Node (0, 0). 3.66. Isolated 
point (0, 0). 3.67. Cuspidal point of the first kind (1, 0). 3.68. Cuspi- 
dal point of the second kind (0, 0). 3.69. Point of osculation (0, 0). 
3.70. (0, 0) is an isolated point if a < 0; a node if a > 0; a cuspidal 
point of the first kind if a = 0. 3.71. Node (0, 0). 3.72. Cusp of the 
first kind (0, 0). 3.73. Corner point (0, 0). Hint.Showthat lim y’= 


x > + 0 
== 0 lim y’ = 1. 3.74. End point (0, 1). Hint. Show that 
x>~— 0 
lim) y = 1.3.75. y= —22/4. 3.76. 22 + y? = p?. 3.77. 2 = ER. 
x7>+0 
4 


3.78. No envelope. 3.79. y = Taz 3.80. 22 -4- rR -— EP. 
2 
3.81. 2% = ae = 55° 3.82. (a) The discriminant curve y = 1 isanenvelope 


and the set of inflection points of the given family; (b) the discriminant 


eurve decomposes into two straight lines: y— x — 4 (envelope) 


Answers 5411 


and y -: « (set of cuspidal points of the first kind); (¢) Uhe discrimi- 
nant curve y=: 4 is a set of cuspidal points of the lirst kind and is 
nol an envelope; (d) the discriminant curve decomposes into two 
straight lines: « =: —a (envelope) and z = 0 (set of nodes). 

4.14. (a) 1 g, 0.0043%; (b) 1 mm, 0.12%; (c) 1’, 0.066%. 
4.2, (1)A = 0.002 km, 6 = 0.008%; (2) A = 30m?, 6 — 2%. 4.3. The 
first one. 4.4. (a) 0.05. 0.149%); (b) 0.005, 6.25%. 4.5. 29.2 and 3.2. 


4.6. (4)5.373, 0.0004, 0.0074% ; (2) 5.73, 0.0026, 0.048%; (3) 5.4, 0.0274, 
0.51%. 4.7. 202-10-!, 188-10', 600-108. 4.8. (a) Two, 44-10'; (b) one, 
8-10-2. 4.9. Not less than with two digits. 4.10. Not less than with 
three digits. 4.41. -4.15. Hint. Take advantage of formula (1) 
(Sec. 7.4). 4.16. 185.7. 4.17. 1.3-10%. 4.18. 71.88. 4.19. Subtraction 
cannot be performed. 4.20. 61.6. 4.21. 512-10. 4.22. 3.3. 4.23. 3-40. 
4.24. 66-103. 4.25. 7.397. 4.26. <12m cm®, <8.3%. 4.27. ~0.436. 
4.29. <0.17 mm. 4.30. (2.7 + 0.1) g/cm®. 4.31. According to the 
principle of equal contributions, R should be measured with a relative 
error 0.25%, and the altitude /7 with a relative error 0.5%. 4.32. 12”. 
4.33. 4. 4.34. 4. 4.35. According to the principle of equal influences, 
m may be taken with three correct digils in the narrow sense, the 
radii should be measured with an accuracy to 0.8 cm, and the gen- 
eratrix with an accuracy to 1.25 cm. 
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